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C H A P T E R  1 1  
Vectors and the Geometry of Space 

Section 11.1   Vectors in the Plane 

 1. Answers will vary. Sample answer: A scalar is a real 
number such as 2. A vector is represented by a directed 
line segment. A vector has both magnitude and direction. 

For example 3,1 has direction 
6

π
and a magnitude  

of 2. 

 2. Notice that ( )6, 7 2 4 , 1 6 .QP= − = − − − − =v


Hence, Q is the initial point and P is the terminal point. 

 3. (a) 5 1, 4 2 4, 2v = − − =  

(b)  

 4. (a) ( )4 2, 3 3 6, 0v = − − − − − = −  

(b)  

 5. 5 3, 6 2 2, 4

3 1, 8 4 2, 4

u

v

u v

= − − =

= − − =

=

 

 6. ( )
( )

1 4 , 8 0 5, 8

7 2, 7 1 5, 8

u

v

u v

= − − − =

= − − − =

=

 

 7. 6 0, 2 3 6, 5

9 3, 5 10 6, 5

u

v

u v

= − − − = −

= − − = −

=

 

 8. ( ) ( )11 4 , 4 1 15, 3

25 0,10 13 15, 3

u

v

u v

= − − − − − = −

= − − = −

=

 

 9. (b) 5 2, 5 0 3, 5v = − − =  

(c) 3 5v i j= +  

(a), (d)   

 10. (b) ( )3 4, 6 6 1,12v = − − − = −  

(c) 12v i j= − +  

(a), (d)   

 11. (b) 6 8, 1 3 2, 4v = − − − = − −  

(c) 2 4v i j= − −  

(a),  (d)   

 12. (b) ( )5 0, 1 4 5, 3v = − − − − − = −  

(c) 5 3v i j= − +  

(a) and  (d).   

  

5432

1

1

3

2

4

5

x

v

(4, 2)

y

4

2

−2

−2

−4

−4−6−8
x

v(−6, 0)

y

x
−1 1 2 3 4 5

−1

1

2

3

4

5 (3, 5)
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 13. (b) 6 6, 6 2 0, 4v = − − =  

(c) 4v j=  

(a) and  (d).   

 14. (b) ( )3 7, 1 1 10, 0v = − − − − − = −  

(c) 10v i= −  

(a) and  (d).   

 15. (b) 3 51 4
2 2 3 3, 3 1,v = − − = −  

(c) 5
3

v i j= − +  

(a) and  (d)   

 16. (b) 0.84 0.12,1.25 0.60 0.72, 0.65v = − − =  

(c) 0.72 0.65v i j= +  

(a) and  (d).   

 17. 

( )

1

2

4 1

2 3

3, 5

u

u

Q

− = −
− =

=

 1

2

3

5

Terminal point

u

u

=
=

 

 18. 

( )

1

2

5 4

3 9

9, 6

u

u

Q

− =
− = −

= −

 1

2

9

6

Terminal point

u

u

=
= −

 

 19. 

2

4

4 4

i=

= =

v

v

 

 20. 

( )2

9

9 9

j= −

= − =

v

v

 

 21. 

2 2

8, 15

8 15 17

=

= + =

v

v

 

 22. 

( )2 2

24, 7

24 7 25

= −

= − + =

v

v

 

 23. 

( ) ( )2 2

5

1 5 26

= − −

= − + − =

v i j

v

 

 24. 

2 2

3 3

3 3 18 3 2

= +

= + = =

v i j

v

 

 25. (a) 2 2 3, 5 6,10v = =  

   

(b) 3 9, 15v− = − −  

   

(c) 7 3521
2 2 2,v =  

   

64

6

4

2

2
x

v
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(6, 2)

y

x
v
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3
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5
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(d) 102
3 32,v =  

   

 26. (a) 4 4 2, 3 8,12v = − = −  

   

(b) 31
2 21,v− = −  

   

(c) 0 0, 0v =  

   

(d) 6 12, 18u− = −  

   

 27. 4, 9 , 2, 5u  v= = −  

(a) 82 2
3 3 3

4, 9 , 6u = =  

(b) 3 3 2, 5 6, 15= − = −v  

(c) 2, 5 4, 9 2, 14v u− = − − = − −  

(d) 2 5 2 4, 9 5 2, 5

8, 18 10, 25

18, 7

u v+ = + −

= + −

= −

 

 28. 3, 8 , 8, 7= − − =u v  

(a) 162 2
3 3 3

3, 8 2,= − − = − −u  

(b) 3 3 8, 7 24, 21= =v  

(c) 8, 7 3, 8 11, 15u− = − − − =v  

(d) 2 5 2 3, 8 5 8, 7

6, 16 40, 35

34, 19

u v+ = − − +

= − − +

=

 

 29.  

 30. Twice as long as given vector u. 

   

 31.  

  

x
−1 1 2 3 4 5

−1

1

2

3

4

5 (3, 5)

v
v

y

10
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2
3

2, ( (

−2−4−6−8 2 4 6

4

6

8
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4v

y
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(−2, 3)

x

(−2, 3)

v

y
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−2

−3

2

3

1, − 3
2( (

v1
2−

−1−2−3 1

−1

1

2

3

x

(−2, 3)

v

y

0v

−2−6 2 6 10 14

−6

−10

−14

−18

x

(−2, 3)

y

v

−6v

(12, −18)

x

−u

y

x

u

2u

y

x
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−v
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 32.  

 33.  

 34.  

 35. 3,12v =  

  2 23 12 153v = + =  

  
v

u
v

= =
3,12 3 12

,
153 153 153

17 4 17
, unit vector

17 17

=

=

 

 36. 5, 15

25 225 250 5 10

5, 15 10 3 10
, unit vector

10 105 10

v

v

v
u

v

= −

= + = =

−
= = = −

 

 37. 
3 5

,
2 2

v =  

  
2 2

3 5 34

2 2 2
v    = + =   

   
 

  

3 5
,

2 2 3 5
,

34 34 34

2

3 34 5 34
, unit vector

34 34

v
u

v

   
   
   = = =

=

 

 38. 

( ) ( )2 2

6.2, 3.4

6.2 3.4 50 5 2

6.2, 3.4 31 2 17 2
, unit vector

50 505 2

v

v

v
u

v

= −

= − + = =

−
= = = −

 

 39. 1, 1 , 1, 2u v= − = −  

(a) 1 1 2u = + =  

(b) 1 4 5v = + =  

(c) 0, 1

0 1 1

u v

u v

+ =

+ = + =

 

(d) 
1

1, 1
2

1

u

u

u

u

= −

=

 

(e) 
1

1, 2
5

1

v

v

v

v

= −

=

 

(f ) 0,1

1

u v

u v

u v

u v

+ =
+

+ =
+

 

 40. 0,1 , 3, 3u v= = −  

(a) 0 1 1u = + =  

(b) 9 9 3 2v = + =  

(c) 3, 2

9 4 13

u v

u v

+ = −

+ = + =

 

(d)  

(e) 
1

3, 3
3 2

1

v

v

v

v

= −

=

 

(f ) 
1

3, 2
13

1

u v

u v

u v

u v

+ = −
+

+ =
+

 

0,1

1

u

u

u

u

=

=

x

y

v1
2

x
−v

u

u − v

y

x

u

u v+ 2

2v
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 41. 
1

1, , 2, 3
2

u v= =  

(a) 
1 5

1
4 2

u = + =  

(b) 4 9 13v = + =  

(c) 
7

3,
2

49 85
9

4 2

u v

u v

+ =

+ = + =

 

(d) 
2 1

1,
25

1

u

u

u

u

=

=

 

(e) 
1

2, 3
13

1

v

v

v

v

=

=

 

(f ) 
2 7

3,
285

1

u v

u v

u v

u v

+ =
+

+ =
+

 

 42. 2, 4 , 5, 5u v= − =  

(a) 4 16 2 5u = + =  

(b) 25 25 5 2v = + =  

(c) 7, 1

49 1 5 2

u v

u v

+ =

+ = + =

 

(d) 
1

2, 4
2 5

1

u

u

u

u

= −

=

 

(e) 
1

5, 5
5 2

1

v

v

v

v

=

=

 

(f ) 
1

7,1
5 2

1

u v

u v

u v

u v

+ =
+

+ =
+

 

 43. 2,1

5 2.236

5, 4

41 6.403

7, 5

74 8.602

74 5 41

u

u

v

v

u v

u v

u v u v

=

= ≈

=

= ≈

+ =

+ = ≈

+ ≤ +

≤ +

 

 44. 3, 2

13 3.606

1, 2

5 2.236

2, 0

2

2 13 5

u

u

v

v

u v

u v

u + v u v

= −

= ≈

= −

= ≈

+ = −

+ =

≤ +

≤ +

 

 45. 
1

0, 3 0,1
3

6 6 0,1 0, 6

0, 6

u

u

u

u

v

= =

 
= =  

 
=

 

 46. 
1

1,1
2

4 2 2 1,1

2 2, 2 2

u

u

u

u

v

=

 
=  

 

=

 

 47. 
1 1 2

1, 2 ,
5 5 5

1 2
5 5 , 5, 2 5

5 5

5, 2 5

u

u

u

u

v

= − = −

 
= − = −  

 

= −

 

 48. 
1

3, 3
2 3

1
2 3, 3

3

1, 3

u

u

u

u

v

=

 
=  

 

=

 

 49. ( ) ( )3 cos 0 sin 0 3 3, 0v i j i=  ° + °  = =   

  

x

y

u

u + v

v

−1
1 2 3 4 5 6 7

1

2

3

4

5

6

7

−1−2−3 1 2 3
−1

−2

−3

1

2

3

x

y

u

u + v

v
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 50. ( ) ( )5 cos 120 sin 120

5 5 3 5 5 3
,

2 2 2 2

v i j

i j

=  ° + °  

= − + = −

 

 51. ( ) ( )2 cos 150 sin 150

3 3,1

v i j

i j

=  ° + °  

= − + = −

 

 52. ( ) ( )4 cos 3.5 sin 3.5

3.9925 0.2442

3.9925, 0.2442

v i j

i j

=  ° + °  
≈ +

=

 

 53. ( ) ( )

( ) ( )

cos 0 sin 0

3 2 3 2
3 cos 45 3 sin 45

2 2

2 3 2 3 2 2 3 2 3 2
,

2 2 2 2

u i j i

v i j i j

u v i j

= ° + ° =

= ° + ° = +

 + ++ = + =  
 

 

 54. ( ) ( )
( ) ( )

4 cos 0 4 sin 0 4

2 cos 30 2 sin 30 3

5 3 5, 3

u i j i

v i j i j

u v i j

= ° + ° =

= ° + ° = +

+ = + =

 

 55. ( ) ( )
( ) ( )
( ) ( )

2 cos 4 2 sin 4

cos 2 sin 2

2 cos 4 cos 2 2 sin 4 sin 2

2 cos 4 cos 2, 2 sin 4 sin 2

u i j

v i j

u v i j

= +

= +

+ = + + +

= + +

 

 56. ( ) ( )
( ) ( )
( ) ( )
( )

5 cos 0.5 5 sin 0.5

5 cos 0.5 5 sin 0.5

5 cos 0.5 5 sin 0.5

10 cos 0.5 10 cos 0.5, 0

u i j

i j

v i j

u v i

=  −  +  −    
= −

= +

+ = =

 

 57. The forces act along the same direction. .θ = 0°  

 58. The forces cancel out each other. 180 .θ = °  

 59.  

  0.XY YZ ZX+ + =
  

 

  Vectors that start and end at the same point have a 
magnitude of 0. 

 60. (a) True. d has the same magnitude as a but is in the opposite direction. 

(b) True. c and s have the same length and direction. 

(c) True. a and u are the adjacent sides of a parallelogram. So, the resultant vector, ,+a u  is the diagonal of the 

parallelogram, c. 

(d) False. The negative of a vector has the opposite direction of the original vector. 

(e) True. ( ) 0+ = + − =a d a a  

(f) False. ( )
( ) ( ) ( ) ( )

2

2 2 2 2 2 2 4

u v u u u

b t b b b u u

− = − − =

− + = − + = − = −  −  = 

 

 61. 4, 5 1, 2 1, 1a b= = + −v  

  4

5 2

a b

a b

= +
= −

 

  Adding the equations, 9 3 3.a a=  =  

  Then you have 4 4 3 1.b a= − = − =  

  3, 1a b= =  

 62. 7, 2 1, 2 1, 1a b= − − = + −v  

  7

2 2

a b

a b

− = +
− = −

 

  Adding the equations, 9 3 3.a a− =  = −  

  Then you have ( )7 7 3 4.b a= − − = − − − = −  

  3, 4a b= − = −  

 63. 6, 0 1, 2 6 1, 1a= − = + −v  

  6

0 2

a b

a b

− = +
= −

 

  Adding the equations, 6 3 2.a a− =  = −  

  Then you have ( )6 6 2 4.b a= − − = − − − = −  

  2, 4a b= − = −  

 64. 0, 6 1, 2 1, 1v a b= = + −  

  0

6 2

a b

a b

= +
= −

 

  Adding the equations, 6 3 2.a a=  =  

  Then you have 2.b a= − = −  

  2, 2a b= = −  

  

X

Y

Z
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 65. 1, 3 1, 2 1, 1a b= − = + −v  

  1

3 2

a b

a b

= +
− = −

 

  Adding the equations, 
2

2 3 .
3

a a− =  = −  

  Then you have 
2 5

1 1 .
3 3

b a
 = − = − − = 
 

 

  
2 5

,
3 3

a b= − =  

 66. 1, 8 1, 2 1, 1a b= − = + −v  

  1

8 2

a b

a b

− = +
= −

 

  Adding the equations, 
7

7 3 .
3

a a=  =  

  Then you have 
7 10

1 1 .
3 3

b a= − − = − − = −  

  
7 10

,
3 3

a b= = −  

 67. ( ) ( ) ( )2 , 2 , 3 6f x x f x x f′ ′= = =  

(a) 6.m = Let 1, 6 , 37,w w= = then 
1

1, 6 .
37

w

w
± = ±   

(b) 1
6.m = − Let 6,1 , 37,w w= − = then 

1
6,1 .

37

w

w
± = ± −  

 68.  

(a) 2.m = − Let 1, 2 ,w = − 5,w = then 
1

1, 2 .
5

w

w
± = ± −  

(b) 
1

.
2

m = Let 2,1 , 5,w w= = then 
1

2,1 .
5

w

w
± = ±  

 69. ( ) ( )3 2, 3 3f x x f x x′= = = at 1.x =  

(a) 3.m = Let 1, 3 ,w = 10,w = then 
1

1, 3 .
10

w

w
= ±  

(b) 
1

.
3

m = − Let 3, 1 , 10,w w= − = then 
1

3, 1 .
10

w

w
= ± −  

 70. ( ) ( )3 2, 3 12f x x f x x′= = = at 2.x = −  

(a) 12.m = Let 1,12 ,w = 145,w = then 
1

1,12 .
145

w

w
= ±  

(b) 
1

.
12

m = − Let 12, 1 , 145,w w= − = then 
1

12, 1 .
145

w

w
= ± −  

 71. ( ) 225f x x= −  

  ( )
2

3

425

x
f x

x

− −′ = =
−

at 3.x =  

(a) 
3

.
4

m = − Let 4, 3 ,w = − 5,w = then 
1

4, 3 .
5

w

w
= ± −  

(b) 
4

.
3

m = Let 3, 4 , 5,w w= = then 
1

3, 4 .
5

w

w
= ±  

( ) ( ) ( )2 5, 2 , 1 2f x x f x x f′ ′= − + = − = −

x

y

−2 2 4 6 8 10

2

4

6

8

10

(3, 9)

(a)

(b)

−1−3 1 2 3
−1

1

2

3

4

x

y

(1, 4)

(a)

(b)

x

y

1 2

1

2
(a)

(b)(1, 1)

−2−4−6 2 4

−4

−6

−10

x

y

(a)

(b)

x

y

−1 1 2 3 4 5

1

2

3

4
(3, 4)

(a)
(b)
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 72. ( )

( ) 2

tan

sec 2 at
4

f x x

f x x x
π

=

′ = = =

 

(a) 2.m = Let 1, 2 ,w = 5,w = then 
1

1, 2 .
5

w

w
= ±  

(b) 
1

.
2

m = − Let 2,1 ,w = − 5,w = then 
1

2,1 .
5

w

w
= ± −  

 73. 

( )

2 2

2 2

2

2 2 2 2
,

2 2 2 2

u i j

u v j

v u v u i j

= +

+ =

= + − = − + = −

 
 74. 

( ) ( ) ( )

2 3 2

3 3 3

3 2 3 3 3 2

u i j

u v i j

v u v u i j

= +

+ = − +

= + − = − − + −

 

    3 2 3, 3 3 2= − − −  

 75. ( ) ( ) ( )( ) ( ) ( )
( ) ( )

1 2

2 2

1 2

500 cos 30 500 sin 30 200 cos 45 200 sin 45 250 3 100 2 250 100 2

250 3 100 2 250 100 2 584.6 N

250 100 2
tan 10.7

250 3 100 2
θ θ

+ = ° + ° + − ° + − ° = + + −

+ = + + − ≈

−=  ≈ °
+

F F i j i j i j

F F

 

 76. (a) ( )180 cos 30 sin 30 275 430.88 90i j i i j° + ° + ≈ +  

 Direction: ( )90
arctan 0.206 11.8

430.88
α  ≈ ≈ ≈ ° 

 
 

 Magnitude: 2 2430.88 90 440.18+ ≈ newtons 

(c)  

(d)    

 77. ( ) ( ) ( )
( ) ( )

1 2 3

1 2 3

1 2 3

75 125 75 125
2 2 2 2

75 cos 30 75 sin 30 100 cos 45 100 sin 45 125 cos 120 125 sin 120

3 50 2 50 2 3

228.5 N

71.3θ θ + +

+ + = ° + ° + ° + ° + ° + °

= + − + + +

= + + ≈
= ≈ °R F F F

F F F i j i j i j

i j

R F F F

 

 78.  

  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )

( ) ( )

1 2 3

2 2

400 cos 30 sin 30 280 cos 45 sin 45 350 cos 135 sin 135

200 3 140 2 175 2 200 140 2 175 2

200 3 35 2 200 315 2 385.2483 newtons

200 315 2
arctan 0.6908

200 3 35 2
R

F F F i j i j i j

i j

R

θ

     + + = − ° + − ° + ° + ° + ° + °     

   = + − + − + +   

= − + − + ≈

 − += ≈  − 
39.6≈ °

4
π

2
π

4
π−

2
π−

x

y

−1.0

0.5

1.0

1.5

2.0
(a)

(b)

θ  0°  30°  60°  90°  120°  150°  180°  

M 455 440.2 396.9 328.7 241.9 149.3 95 

α  0°  11.8°  23.1°  33.2°  40.1°  37.1°  0°  

0 180
0

M

500

0 180
0

α

50

(b)  ( ) ( )2 2
275 180 cos 180 sin

180 sin
arctan

275 180 cos

M θ θ

θα
θ

= + +

 
=  + 

 

(e)    M decreases because the forces change from acting 
  in the same direction to acting in the opposite 

direction as θ increases from 0° to 180 .°  



  Section 11.1   Vectors in the Plane 1099 

 © 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 

 79. ( )
( )
cos 30 sin 30

cos 130 sin 130

CB

CA

u u i j

v v i j




= = ° + °

= = ° + °

 

 

 Vertical components:  

 Horizontal components:  

 Solving this system, you obtain 

1958.1u ≈ newtons, 

2638.2v ≈ newtons. 

 80. 1
24

arctan 0.8761 or 50.2
20

θ  = ≈ ° 
 

 

2
24

arctan 1.9656 or 112.6
10

θ π = + ≈ ° − 
 

( )
( )

1 1

2 2

cos sin

cos sin

u u i j

v v i j

θ θ

θ θ

= +

= +
 

 Vertical components: 1 2sin sin 5000u vθ θ+ =  

 Horizontal components: 1 2cos cos 0u vθ θ+ =  

 Solving this system, you obtain 

2169.4u ≈ and 3611.2.v ≈  

 

 81. Horizontal component cos

120 cos 6 119.343 m sec

θ=

= ° ≈

v  

  Vertical component sin

120 sin 6 12.543 m sec

θ=

= ° ≈

v  

 82. To lift the weight vertically, the sum of the vertical components of u and v must be 100 and the sum of the horizontal 
components must be 0. 

  ( )
( )
cos 60 sin 60

cos 110 sin 110

u u i j

v v i j

= ° + °

= ° + °

 

  So, sin 60 sin 110 100,u v° + ° = or 
3

sin 110 100.
2

u v
 

+ ° =  
 

 

  And cos 60 cos 110 0u v° + ° = or 
1

cos 110 0.
2

u v
  + ° = 
 

 

  Multiplying the last equation by ( )3 and adding to the first equation gives 

  ( )sin 110 3 cos 110 100 65.27 newtons.° − ° =  ≈u v  

  Then, 
1

65.27 cos 110 0
2

u   + ° = 
 

gives 44.65 newtons.≈u  

(a) The tension in each rope: 44.65 N,

65.27 N

=

=

u

v

 

(b) Vertical components: sin 60 38.67 N,

sin 110 61.33 N

° ≈

° ≈

u

v

 

  

sin 30 sin 130 3000u v° + ° =

cos 30 cos 130 0u v° + ° =

A B

C
30°

30°50° 130°

uv

y

x

A B

C

v u

y

x

θ1

θ2

100 N

20° 30°

u
v
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 83. ( )
( )

900 cos 148 sin 148

100 cos 45 sin 45

u i j

v i j

= ° + °

= ° + °

 

  ( ) ( )

( ) ( )2 2

900 cos 148 100 cos 45 900 sin 148 100 sin 45

692.53 547.64

547.64
arctan 38.34 ; 38.34 North of West

692.53

692.53 547.64 882.9 km h

u v i j

i j

u v

θ

+ = ° + ° + ° + °

≈ − +

 ≈ ≈ − ° ° − 

+ ≈ − + ≈

 

 84. ( )
( ) ( )( ) ( )

( ) ( )

400 resultant

50 cos 45 sin 45 25 2 25 2 wind

400 25 2 25 2 364.64 35.36 plane

35.36
tan 5.54

364.64
θ θ

=

= − ° + − ° = −

− = − + ≈ +

=  ≈ °

u i

v i j i j

u v i j i j

 

  Compass direction: N 84.46 E≈ °  

  Speed: 366.35 km h≈  

 85. False. Weight has direction. 

 86. True 

 87. True 

 88. True 

 89. True 

 90. True 

 91. True 

 92. False 

  0a b= =  

 93. False 

  2a b ai j+ =  

 94. True 

 95. 2 2

2 2

cos sin 1,

sin cos 1

u

v

θ θ

θ θ

= + =

= + =

 

 96. Let the triangle have vertices at ( ) ( )0, 0 , , 0 ,a and ( ), .b c

Let u be the vector joining ( )0, 0 and ( ), ,b c as indicated 

in the figure. Then v, the vector joining the midpoints, is  

  

( )

2 2 2

2 2
1 1

2 2

a b a c

b c

b c

v i j

i + j

i j u.

+ = − + 
 

=

= + =

 

 97. Let u and v be the vectors that determine the 
parallelogram, as indicated in the figure. The two 
diagonals are u v+ and .v u− So, 

( ) ( ), 4 .xr u v s v u= + = − But,  

  

( ) ( ) ( ) ( ) .x y x y x y

u r s

u v v u u v

= −

= + − − = + + −

 

  So, 1x y+ = and 0.x y− = Solving you have 
1
2.x y= =  

   

  

x

a + b c

a

2 2

2

,( (

(( , 0

(b, c)

(a, 0)(0, 0)

u

v

y

u

s

r

v
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 98. 

( ) ( )
cos sin cos sin

cos cos sin sin

2 cos cos sin cos
2 2 2 2

v v u u

u v u v

u v u v u v u v

w u v v u

u v i v j v u i u j

u v i j

u v i j

θ θ θ θ

θ θ θ θ

θ θ θ θ θ θ θ θ

= +

   = + + +   

=  + + +  

 + − + −       = +                

 

   

  So, ( ) 2w u vθ θ θ= + and w bisects the angle between u and v. 

 99. The set is a circle of radius 5, centered at the origin. 

  2 2 2 2, 5 25x y x y x yu = = + =  + =  

 100. Let 0 cosx v t α= and 2
0

1
sin .

2
y v t gtα= −  

  

( )

2

0
0 0 0

2 2
2
0

2
2

2
0

2 2 2 2
0 02

2 2
0 0

2 2 2 2 4
0 0 02

2 2 2 2
0 0

2 2
0

1
sin

cos cos 2 cos

tan sec
2

tan 1 tan
2

tan tan
2 2 2 2

tan 2 tan
2 2 2

2 2

x x x
t y v g

v v v

g
x x

v

gx
x

v

v gx gx v
x

g v v g

v gx gx v v

g v v gx g x

v gx

g v

α
α α α

α α

α α

α α

α α

   
=  = −   

   

= −

= − +

= − − + −

  
= − − − +  

   

= −
22 2

0
2 2
0 0

tan
2

gx v

v gx
α

 
− − 

 

 

  If 
2 2
0

2
0

,
2 2

v gx
y

g v
≤ − then α can be chosen to hit the point ( ), .x y To hit ( )0, :y Let 90 .α = ° Then  

  
22 2

0 02
0

0

1
1 ,

2 2 2

v v g
y v t gt t

g g v

 
= − = − − 

 
and you need 

2
0 .

2

v
y

g
≤  

  The set H is given by 0 ,x≤ 0 y< and 
2 2
0

2
02 2

v gx
y

g v
≤ −  

  Note: The parabola 
2 2
0

2
02 2

v gx
y

g v
= − is called the “parabola of safety.” 

Section 11.2   Space Coordinates and Vectors in Space

 1. 0x is directed distance to yz-plane. 

  0y is directed distance to xz-plane. 

  0z is directed distance to xy-plane. 

 2. The y-coordinate of any point in the xz-plane is 0. 

 3. (a) 4x = is a point on the number line. 

(b) 4x = is a vertical line in the plane. 

(c) 4x = is a plane in space. 

 4. The nonzero vectors u and v are parallel if there exists a 
scalar such that .c=u v  
  

sin cos
2 2tan tan

2cos cos
2 2

u v u v

u v
w

u v u v

θ θ θ θ
θ θθ

θ θ θ θ

+ −   
    +    = =  + −     
   
   

(x, y)

x

y

α
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 5.  

 6.  

 7.  

 8.  

 9. 3,x = − 4,y = 5:z = ( )3, 4, 5−  

 10. 7,x = 2,y = − 1:z = −  ( )7, 2, 1− −  

 11. ( )0, 12: 12, 0, 0y z x= = =  

 12. ( )0, 3, 2: 0, 3, 2x y z= = =  

 13. The point is 1 unit above the xy-plane. 

 14. The point is 6 units in front of the xz-plane. 

 15. The point is on the plane parallel to the -planeyz that 

passes through 3.x = −  

 16. The point is 5 units below the xy-plane. 

 17. The point is to the left of the xz-plane. 

 18. The point more than 4 units away from the yz-plane. 

 19. The point is on or between the planes 3y = and 

3.y = −  

 20. The point is in front of the plane 4.x =  

 21. The point ( ), ,x y z is 3 units below the xy-plane, and 

below either quadrant I or III. 

 22. The point ( ), ,x y z is 4 units above the xy-plane, and 

above either quadrant II or IV. 

 23. The point could be above the xy-plane and so above 
quadrants II or IV, or below the xy-plane, and so below 
quadrants I or III. 

 24. The point could be above the xy-plane, and so above 
quadrants I and III, or below the xy-plane, and so below 
quadrants II or IV. 

 25. ( ) ( ) ( )2 2 2
8 4 2 1 6 5

16 1 1

18 3 2

d = − + − + −

= + +

= =

 

 26. ( )( ) ( ) ( )2 2 2
3 1 5 1 3 1

4 16 16

36 6

d = − − − + − + − −

= + +

= =

 

 27. ( ) ( ) ( )2 2 2
3 0 2 2 8 4

9 0 16

25 5

d = − + − + −

= + +

= =

 

 28. ( )( ) ( ) ( )2 2 2
5 3 8 7 4 1

4 1 25

30

d = − − − + − + − −

= + +

=

 

 29. ( ) ( ) ( )0, 0, 4 , 2, 6, 7 , 6, 4, 8A B C −  

  

( )

( ) ( )

2 2 2

22 2

2 22

2 2 2

2 6 3 49 7

6 4 12 196 14

4 2 15 245 7 5

245 49 196

AB

AC

BC

BC AB AC

= + + = =

= + + − = =

= + − + − = =

= = + = +

 

  Right triangle 

 30. ( ) ( ) ( )3, 4, 1 , 0, 6, 2 , 3, 5, 6

9 4 1 14

0 1 25 26

9 1 16 26

A B C

AB

AC

BC

= + + =

= + + =

= + + =

 

  Because ,AC BC= the triangle is isosceles. 

  

x

y432

4

1
2

3

3

4
5
6

z

(2, 1, 3) (−1, 2, 1)

x y

(3, −2, 5)

2
3, 4, −2 ( (

8

6

4

2

z

6
6

x y

(4, 0, 5)

(0, 4, −5)

8

z

6

2

−2

−4

−6

6
6

x y

(4, 0, 5)

(0, 4, −5)

8

z

6

2

−2

−4

−6

6
6
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 31. ( ) ( ) ( )1, 0, 2 , 1, 5, 2 , 3, 1,1A B C− − − − −  

  0 25 16 41AB = + + =  

  4 1 9 14AC = + + =  

  4 36 1 41BC = + + =  

  Because ,AB BC= the triangle is isosceles. 

 32. ( ) ( ) ( )4, 1, 1 , 2, 0, 4 , 3, 5, 1

4 1 9 14

1 36 0 37

1 25 9 35

A B C

AB

AC

BC

− − − −

= + + =

= + + =

= + + =

 

  Neither 

 33. ( )4 8 0 8 6 20
, , 6, 4, 7

2 2 2

+ + − +  = 
 

 

 34. 
7 5 2 2 2 3 1

, , 1, 0,
2 2 2 2

− − −   = −   
   

 

 35. ( )3 1 4 8 6 0
, , 2, 6, 3

2 2 2

+ + +  = 
 

 

 36. 
( )5 2 9 3 7 3 3

, , , 3, 5
2 2 2 2

 + − − + +  = −   
  

 

 37. Center: ( )7, 1, 2−  

  Radius: 1 

  ( ) ( ) ( )2 2 2
7 1 2 1x y z− + − + + =  

 38. Center: ( )1, 5, 8− −  

  Radius: 5 

  ( ) ( ) ( )2 2 2
1 5 8 25x y z+ + + + − =  

 39. Center is midpoint of diameter: 

  
2 1 1 3 3 1 3

, , , 2, 1
2 2 2 2

+ + −   =   
   

 

  Radius is distance from center to endpoint: 

  ( ) ( )
2

2 23 1 21
1 2 3 1 1 1 4

2 4 2
d

 = − + − + + = + + = 
 

 

  ( ) ( )
2

2 23 21
2 1

2 4
x y z
 − + − + − = 
 

 

 40. Center is midpoint of diameter: 

  ( )2 4 4 0 5 3
, , 3, 2, 1

2 2 2

− − + − +  = − − 
 

 

  Radius is distance from center to endpoint: 

  ( )( ) ( ) ( )( )2 22
4 3 0 2 3 1 1 4 16 21d = − − − + − + − − = + + =  

  ( ) ( ) ( )2 2 2
3 2 1 21x y z+ + − + + =  

 41. Center: ( )7, 7, 6−  

  Tangent to xy-plane 

  Radius is z-coordinate, 6. 

  ( ) ( ) ( )2 2 2
7 7 6 36x y z+ + − + − =  

 42. Center: ( )4, 0, 0−  

  Tangent to yz-plane 

  Radius is distance to yz-plane, 4. 

  ( )2 2 24 16x y z+ + + =  

 43. 

( ) ( ) ( )
( ) ( ) ( )

2 2 2

2 2 2

2 2 2

2 6 8 1 0

2 1 6 9 8 16 1 1 9 16

1 3 4 25

x y z x y z

x x y y z z

x y z

+ + − + + + =

− + + + + + + + = − + + +

− + + + + =

 

  Center: ( )1, 3, 4− −  

  Radius: 5 
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 44. 

( ) ( )

( ) ( )

2 2 2

2 2 2

2
2 2

9 2 10 19 0

81 81
9 2 1 10 25 19 1 25

4 4

9 109
1 5

2 4

x y z x y z

x x y y z z

x y z

+ + + − + + =

 + + + − + + + + = − + + + 
 

 + + − + + = 
 

 

  Center: 
9

,1, 5
2

 − − 
 

 

  Radius: 
109

2
 

 45. 

( ) ( )
( ) ( ) ( )

2 2 2

2 2 2

2 2 2

2 2 2

2 1
3 9

2 1 1 1
3 9 9 9

1
3

9 9 9 6 18 1 0

2 0

2 1 1

1 0 1

x y z x y

x y z x y

x x y y z

x y z

+ + − + + =

+ + − + + =

− + + + + + = − + +

− + + + − =

 

  Center: ( )1
3, 1, 0−  

  Radius: 1 

 46. 

( ) ( ) ( )
( ) ( ) ( )

2 2 2

2 2 2

22 2

231 1
4 4 4

1
2

4 4 4 24 4 8 23 0

6 9 2 1 9 1

3 1 16

x y z x y z

x x y y z z

x y z

+ + − − + − =

− + + − + + + + = + + +

− + − + + =

 

  Center: ( )1
23, , 1−  

  Radius: 4 

 47. (a) 2 4, 4 2, 3 1 2, 2, 2v = − − − = −  

(b) 2 2 2v i j k= − + +  

(c)  

 48. (a) 4 0, 0 5, 3 1 4, 5, 2v = − − − = −  

(b) 4 5 2v i j h= − +  

(c)  

 49. (b) ( )3 1 , 3 2, 4 3 4,1,1v = − − − − =  

(c) 4v i j k= + +  

(a), (d)   

 50. (b) ( ) ( )4 2, 3 1 , 7 2 6, 4, 9v = − − − − − − = −  

(c) 6 4 9v i j k= + +  

(a), (d)   

  

x

y43
2

1
1

−3

−2

2
3

2

1

3

4

5

z

〈−2, 2, 2〉

x y

〈4, −5, 2〉

8

z

6

4

2

6
4

24
2

6

x

y4
2

−2

2

4

2

3

4

5

z

(−1, 2, 3)
(3, 3, 4)

(0, 0, 0)

(4, 1, 1)
v

x y

12
(−4, 3, 7)

(−6, 4, 9)

(2, −1, −2)

z

9

6

3

9
9
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 51. 4 3, 1 2, 6 0 1, 1, 6

1 1 36 38

v

v

= − − − = −

= + + =

 

  Unit vector: 
1, 1, 6 1 1 6

, ,
38 38 38 38

− −=  

 52. ( )2 1, 4 2 , 2 4 1, 6, 6v = − − − − − = −  

  1 36 36 73v = + + =  

  Unit vector: 
1, 6, 6 1 6 6

, ,
73 73 73 73

− −=  

 53. 0 4, 5 2, 2 0 4, 3, 2= − − − = −v  

  ( )2 2 24 3 2 16 9 4 29= − + + = + + =v  

  Unit vector: 

  
1 4 3 2

4, 3, 2 , ,
29 29 29 29

− = −  

 54. ( )

( )22 2

1 1, 2 2 , 3 0 0, 0, 3

0 0 3 3

= − − − − − − = −

= + + − =

v

v

 

  Unit vector: 

  
1

0, 0, 3 0, 0, 1
3

− = −  

 55. ( ) ( ) ( )1 2 3, , 0, 6, 2 3, 5, 6q q q − = −  

  ( )3,1, 8Q =  

 56. ( ) ( ) ( )
( )

1 2 3
5 2 1
2 3 2

4
3

, , 0, 2, 1, ,

1, , 3

q q q

Q

− = −

= −

 

 57. (a) 2 2, 4, 4v =  

   

(b) 1, 2, 2v− = − − −  

   

(c) 3 3
2 2, 3, 3v =  

   

(d) 0 0, 0, 0v =  

   

 58. (a) 2, 2, 1v− = − −  

   

(b) 2 4, 4, 2v = −  

   

(c) 1 1
2 2

1, 1,v = −  

   

(d) 5 5
2 25, 5,v = −  

   

  

x

y
21

1
−2

2
3

4

2

3

4

5

z

〈2, 4, 4〉

x

3
2

1

−3
−2

−2
−3

2
3

y

2

−2

−3

3

z

〈−1, −2, −2〉

x

1

−3
−2

−2
−3

2
3

y

2

−2

−3

3

z

3
2〈   , 3, 3〉

x

1
2

3

−3
−2

−2
−3

2
1

3
y

2

1

−2

−1

−3

3

z

〈0, 0, 0〉

x y

4

〈−2, 2, −1〉

z

3

2

1

3
3

x y

8

〈4, −4, 2〉

z

6

4

2

6
6

〈1, −1,   〉

x y

2

2
11,

z

1

1

〈5, −5,   〉

x y

8

2
5

z

6

4

2

6
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 59. 

1, 2, 3 2, 2, 1 4, 0, 4

3, 0, 0

z = − +

= − − + −

=

u v w  

 60. 1
25 3

5,10,15 6, 6, 3 2, 0, 2

3, 4, 20

z u v w= − −

= − − − −

= −

 

 61. 
1

3
3

1
3

3
9 3

9 1, 2, 3 3 4, 0, 4

9, 18, 27 12, 0, 12

21, 18, 15

− =

= +

= +

= + −

= + −

=

z u w

z u w

z u w

 

 62. 1 2 3

1 2 3

1 1

2 2

3 3

2 3 2 1, 2, 3 2, 2, 1 4, 0, 4 3 , , 0, 0, 0

0, 6, 9 3 , 3 , 3 0, 0, 0

0 3 0 0

6 3 0 2

9 3 0 3

0, 2, 3

z z z

z z z

z z

z z

z z

u v w z

z

+ − + = + − − − + =

+ =

+ =  =
+ =  = −
+ =  = −

= − −

 63. (a) and (b) are parallel because 

6, 4,10 2 3, 2, 5− − = − − and 

104 2
3 3 32, , 3, 2, 5 .− = −  

 64. (b) and (d) are parallel because 

( )3 34 1 2
3 2 2 3 42i j k i j k− + − = − − + and 

( )3 9 3 31 2
4 8 2 2 3 4 .i j k i j k− + = − +  

 65. 3 4 2z i j k= − + +  

  (a) is parallel because 6 8 4 2 .i j k z− + + =  

 66. 7, 8, 3z = − −  

  (b) is parallel because ( ) 14,16, 6 .z z− = −  

 67. ( ) ( ) ( )0, 2, 5 , 3, 4, 4 , 2, 2,1P Q R− −  

  

3
2

3, 6, 9

2, 4, 6

3, 6, 9 2, 4, 6

PQ

PR




=

=

=

 

  So, PQ


and PR


are parallel, the points are collinear. 

 68. ( ) ( ) ( )

1
2

4, 2, 7 , 2, 0, 3 , 7, 3, 9

6, 2, 4

3, 1, 2

3, 1, 2 6, 2, 4

P Q R

PQ

PR





− − −

= − −

= −

− = − − −

 

  So, PQ


and PR


 are parallel. The points are collinear. 

 69. ( )1, 2, 4 ,P ( ) ( )2, 5, 0 , 0,1, 5Q R  

  1, 3, 4

1, 1,1

PQ

PR




= −

= − −

 

  Because PQ


and PR


are not parallel, the points are not 

collinear. 

 70. ( ) ( ) ( )0, 0, 0 , 1, 3, 2 , 2, 6, 4

1, 3, 2

2, 6, 4

P Q R

PQ

PR





− −

= −

= −

 

  Because PQ


 and PR


 are not parallel, the points are not 

collinear. 

 71. ( ) ( ) ( ) ( )

( )

2, 9,1 , 3,11, 4 , 0,10, 2 , 1,12, 5

1, 2, 3

1, 2, 3

2,1,1

2,1,1

A B C D

AB

CD

AC

BD









=

=

= −

= −

 

  Because AB CD
 

= and ,AC BD
 

= the given points 

form the vertices of a parallelogram. 

 72. ( ) ( ) ( ) ( )1,1, 3 9, 1, 2 , 11, 2, 9 , 3, 4, 4

8, 2, 5

8, 2, 5

2, 3, 7

2, 3, 7

A B C D

AB

DC

AD

BC









− − − −

= − −

= − −

= −

= −

 

  Because AB DC
 

= and ,AD BC
 

= the given points 

form the vertices of a parallelogram. 
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 73. 

( )2 2 2

1, 0, 1

1 0 1

1 1 2

= −

= − + +

= + =

v  

 74. 

( ) ( ) ( )2 2 2

5, 3, 4

5 3 4

25 9 16

50

5 2

= − − −

= − + − + −

= + +

=

=

v  

 75. 3 5 0, 3, 5

0 9 25 34

v j k

v

= − = −

= + + =

 

 76. 2 5 2, 5, 1

4 25 1 30

v i j k

v

= + − = −

= + + =

 

 77. 2 3 1, 2, 3

1 4 9 14

v i j k

v

= − − = − −

= + + =

 

 78. 4 3 7 4, 3, 7v i j k= − + + = −  

  16 9 49 74v = + + =  

 79. 2, 1, 2

4 1 4 3

v

v

= −

= + + =

 

(a) 
1

2, 1, 2
3

v

v
= −  

(b) 
1

2, 1, 2
3

v

v
− = − −  

 80. 6, 0, 8

36 0 64 10

v

v

=

= + + =

 

(a) 
1

6, 0, 8
10

v

v
=  

(b) 
1

6, 0, 8
10

v

v
− = −  

 81. 4 5 3

16 25 9 50 5 2

= − +

= + + = =

v i j k

v

 

(a) ( )1 2 2 2 3 2
4 5 3

5 2 105 2
= − + = − +v

i j k i j k
v

 

(b) ( )1 2 2 2 3 2
4 5 3

5 2 105 2
− = − − + = − + −v

i j k i j k
v

 

 82. 5 3

25 9 1 35

= + −

= + + =

v i j k

v

 

(a) ( )1 35 3 35 35
5 3

7 35 3535
= + − = + −v

i j k i j k
v

 

(b) ( )1 35 3 35 35
5 3

7 35 3535
− = − + − = − − +v

i j k i j k
v

 

 83. 
0, 3, 3

10 10
3 2

1 1 10 10
10 0, , 0, ,

2 2 2 2

u
v

u
= =

= =

 

 84. 
1,1,1

3 3
3

1 1 1 3 3 3
3 , , , ,

3 3 3 3 3 3

u
v

u
= =

= =

 

 85. 
( )2, 2, 13 3 3 2 2 1 1

, , 1, 1,
2 2 3 2 3 3 3 2

u
v

u

− −= = = = −  

 86. 
4, 6, 2 14 21 7

7 7 , ,
142 14 14 14

u
v

u

− −= = =  
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 87. ( ) ( )2 cos 30 sin 30

3 0, 3, 1

v j k

j k

=  ± ° + ± °  

= ± = ±

 

   

 88. ( ) ( )

( ) ( )

5 2
5 cos 45 sin 45 or

2

5 2
5 cos 135 sin 135

2

v i k i k

v i k i k

= ° + ° = +

= ° + ° = − +

 

   

 89. 

( ) ( ) ( )

2
3

3, 6, 3

2, 4, 2

4, 3, 0 2, 4, 2 2, 1, 2

v

v

= − −

= − −

+ − − = −

 

 90. 

( ) ( ) ( )
102

3 3

10 13
3 3

5, 6, 3

, 4, 2

1, 2, 5 , 4, 2 , 6, 3

v

v

= −

= −

+ − =

 

 91. A sphere of radius 4 centered at ( )1 1 1, , .x y z  

  

( ) ( ) ( )
1 1 1

2 2 2
1 1 1

, ,

4

x x y y z z

x x y y z z

= − − −

= − + − + − =

v  

  ( ) ( ) ( )2 2 2
1 1 1 16x x y y z z− + − + − =  

 92. ( ) ( ) ( )
( ) ( ) ( )

2 2 2
0

2 2 2

1 1 1 2

1 1 1 4

r r x y z

x y z

− = − + − + − =

− + − + − =

 

  This is a sphere of radius 2 and center ( )1,1,1 .  

 93. The set of all points ( ), ,x y z such that 1>r  represent 

outside the sphere of radius 1 centered at the origin. 

 94. (a) ( ) ( ), , 3, 3, 3x y z =  

   
3, 3, 3 3, 0, 0

3 3, 3 0, 3 0 0, 3, 3

= −

= − − − =

v
 

(b) ( ) ( ), , 4, 4, 8x y z =  

   
4, 4, 8 4, 0, 0

4 4, 4 0, 8 0 0, 4, 8

= −

= − − − =

v
 

 95. The terminal points of the vectors ,v u vt t+ and 

s tu v+ are collinear. 

   

 96. (a)  

(b) ( )a b a a b b= + = + + + =w u v i j k 0  

 0, 0, 0a a b b= + = =  

 So, a and b are both zero. 

(c) ( ) 2

1, 2, 1

a a b b

a a b b

i j k i j k

w u v

+ + + = + +

= + = =
= +

 

(d) ( ) 2 3

1, 2, 3

a a b b

a a b b

i j k i j k+ + + = + +

= + = =

 

 Not possible 

 97. Let α be the angle between v and the coordinate axes. 

  ( ) ( ) ( )

( )

cos cos cos

3 cos 1

1 3
cos

33

3 3
1,1,1

3 3

v i j k

v

v i j k

α α α

α

α

= + +

= =

= =

= + + =

 

   

  

x

−2

−2
−1

2

1
y

2

1

−2

−1

z

〈0,     3, 1〉

〈0,     3, −1〉

x y

8

2
5   2

( + )i k 2
5   2

( + )− i k

z

6

4

2

6
6

u

u + tv su

su + tv

v

tv

1

1

1

v

u

yx

z

y

x

0.2

0.2

0.4

0.6

0.4

0.4

0.6

3 3 3
3 3 3

, ,( (

z
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 98. ( )

( )

2

2

2400 22.5 15 30

5,760,000 1631.25

3531.034

59.423

59.423 22.5 15 30

1337 891 1783

c

c

c

c

= − −

=

≈
≈

≈ − −

≈ − −

i j k

F i j k

i j k

 

 99. (a) The height of the right triangle is 2 218 .h L= −   

 The vector PQ


is given by 0, 18, .PQ h


= −  

 The tension vector T in each wire is 0, 18,c hT = − where 
24

8.
3

ch = =  

 So, 
8

0, 18, h
h

T = − and ( )2 2 2 2 2

2 2 2 2

8 8 8
18 18 18 , 18.

18 18
T

L
T h L L

h L L
= = + = + − = >

− −
 

   

(b)  

(c)  

 18x = is a vertical asymptote and 8y = is a  

 horizontal asymptote. 

 100. As in Exercise 99(c), x a= will be a vertical asymptote. So, 
0

lim .
r a

T
−→

= ∞  

 101. 1 1

2 2

3

1 2 3

0, 70, 115 , 0, 70, 115

60, 0, 115 , 60, 0, 115

45, 65, 115 , 45, 65, 115

0, 0, 500

AB C

AC C

AD C

= =

= − = −

= − = −

= + + =
3

F

F

F

F F F F







 

  So: 

( )

2 3

1 3

1 2 3

60 45 0

70 65 0

115 500

C C

C C

C C C

− + =
− =

+ + =

 

  Solving this system yields 1 2
104 28
69 23, ,C C= = and 3

112
69 .C = So: 

  1

2

3

202.919N

157.909 N

226.521N

≈

≈

≈

F

F

F

 

  

L 20 25 30 35 40 45 50 

T 18.4 11.5 10 9.3 9.0 8.7 8.6 

Q

P

L

(0, 0, 0)

(0, 18, 0)

18

(0, 0, h)

0 100
0

30 L = 18

T = 8

(d) 

( )

2 218

2 2 2

8
lim

18

8 8
lim lim 8

18 1 18

L

L L

L

L

L

L L

+→

→∞ →∞

= ∞
−

= =
− −

 

  (e) From the table, 10T = implies 30L = centimeters. 
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 102. Let A lie on the y-axis and the base of the wall on the x-axis. Then ( ) ( )0, 4, 0 , 3, 0, 2 ,A B= = ( )4, 0, 2C = − and 

3, 4, 2 , 4, 4, 2 .AB AC= − = − −
 

 

  29, 6AB AC= =  

  Thus, 1 21650 , 2020
AB AC

AB AC
= =F F

 
   

  1 2 919.2, 1225.6, 612.8 1346.7, 1346.7, 673.3 427.5, 2572.3, 1286.1= + ≈ − + − − = − −F F F  

  2907.5 N≈F  

 103. ( ) ( )2d AP d BP=                              

  ( ) ( ) ( ) ( )
( )

( )

( )

2 2 2 22 2

2 2 2 2 2 2

2 2 2

2 2 2

2 2
2

1 1 2 1 2

2 2 2 4 2 4 5

0 3 3 3 8 18 2 18

16 1 8 16 2 1
6 9 6 9

9 9 3 9 3 9

44 4 1
3

9 3 3

x y z x y z

x y z y z x y z x y

x y z x y z

x x y y z z

x y z

+ + + − = − + − +

+ + + − + = + + − − +

= + + − − + +

   − + + + = − + + − + + + +   
   

   = − + − + +   
   

 

  Sphere; center: 
4 1

, 3, ,
3 3

 − 
 

radius: 
2 11

3
 

Section 11.3   The Dot Product of Two Vectors

 1. The vectors are orthogonal (perpendicular) if the dot 
product of the vectors is zero. 

 2. If 2arccos 30 ,
v = °
v

then 2cos 30 .
v° =
v

 

  So, the angle between v and j is 30°. 

 3. 3, 4 , 1, 5u v= = −  

(a) ( ) ( )3 1 4 5 17u v⋅ = − + =  

(b) ( ) ( )3 3 4 4 25u u⋅ = + =  

(c) ( )2 2 21 5 26v = − + =  

(d) ( ) 17 1, 5 17, 85u v v⋅ = − = −  

(e) ( ) ( ) ( )3 3 3 17 51u v u v⋅ = ⋅ = =  

 4. 4,10 , 2, 3u v= = −  

(a) ( ) ( )4 2 10 3 22u v⋅ = − + =  

(b) ( ) ( )4 4 10 10 116u u⋅ = + =  

(c) ( )22 22 3 13v = − + =  

(d) ( ) 22 2, 3 44, 66u v v⋅ = − = −  

(e) ( ) ( ) ( )3 3 3 22 66u v u v⋅ = ⋅ = =  

 5. 6, 4 , 3, 2u = v− = −  

(a) ( ) ( )( )6 3 4 2 26u v⋅ = − + − = −  

(b) ( ) ( )( )6 6 4 4 52u u⋅ = + − − =  

(c) ( )22 23 2 13v = − + =  

(d) ( ) 26 3, 2 78, 52u v v⋅ = − − = −  

(e) ( ) ( ) ( )3 3 3 26 78u v u v⋅ = ⋅ = − = −  

 6. 7, 1 , 4, 1= − − = − −u v  

(a) ( ) ( )7 4 1 1 29⋅ = − − + − − =u v  

(b) ( ) ( )7 7 1 1 50⋅ = − − + − − =u u  

(c) ( ) ( )2 2 2
4 1 17= − + − =v  

(d) ( ) 29 4, 1 116, 29⋅ = − − = − −u v v  

(e) ( ) ( ) ( )3 3 3 29 87⋅ = ⋅ = =u u u v  
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 7. 2, 3, 4 , 0, 6, 5u v= − =  

(a) ( ) ( )( ) ( )( )2 0 3 6 4 5 2u v⋅ = + − + =  

(b) ( ) ( )( ) ( )2 2 3 3 4 4 29u u⋅ = + − − + =  

(c) 2 2 2 20 6 5 61v = + + =  

(d) ( ) 2 0, 6, 5 0,12,10u v v⋅ = =  

(e) ( ) ( ) ( )3 3 3 2 6u v u v⋅ = ⋅ = =  

 8. 5, 0, 5 , 1, 2, 1= − = −u v  

(a) ( ) ( ) ( )5 1 0 2 5 1 10⋅ = − − + + =u v  

(b) ( )( ) ( )( ) ( )5 5 0 0 5 5 50⋅ = − − + + =u u  

(c) ( )2 2 2 21 2 1 6= − + + =v  

(d) ( ) 10 1, 2, 1 10, 20, 10⋅ = − = −u v v  

(e) ( ) ( ) ( )3 3 3 10 30⋅ = ⋅ = =u v u v  

 9. 2 ,u i j k v i k= − + = −  

(a) ( ) ( )( ) ( )2 1 1 0 1 1 1u v⋅ = + − + − =  

(b) ( ) ( )( ) ( )( )2 2 1 1 1 1 6u u⋅ = + − − + =  

(c) ( )22 21 1 2v = + − =  

(d) ( )u v v v i k⋅ = = −  

(e) ( ) ( ) ( )3 3 3 1 3u v u v⋅ = ⋅ = =  

 10. 2 2 , 3 2u i j k v i j k= + − = − +  

(a) ( ) ( ) ( )( )2 1 1 3 2 2 5u v⋅ = + − + − = −  

(b) ( ) ( ) ( )( )2 2 1 1 2 2 9u u⋅ = + + − − =  

(c) ( )22 2 21 3 2 14v = + − + =  

(d) ( ) ( )5 3 2 5 15 10u v v i j k i j k⋅ = − − + = − + −  

(e) ( ) ( ) ( )3 3 3 5 15u v u v⋅ = ⋅ = − = −  

 11. 1,1 , 2, 2u v= = −  

  
0

cos 0
2 8

θ ⋅= = =u v

u v
 

  (a) 
2

πθ =  (b) 90θ = °  

 12. 3,1 , 2, 1u v= = −  

  
5 1

cos
10 5 2

θ ⋅= = =u v

u v
 

  (a) 
4

πθ =  (b) 45θ = °  

 13. 3 , 2 4u i j v i j= + = − +  

  
2 1

cos
10 20 5 2

θ ⋅ − −= = =u v

u v
 

  (a) 
1

arccos 1.713
5 2

θ  = − ≈ 
 

 

(b) 98.1θ ≈ °  

 

14.

 

( )

3 1
cos sin

6 6 2 2

3 3 2 2
cos sin

4 4 2 2

cos

3 2 1 2 2
1 3

2 2 2 2 4

π π

π π

θ

   = + = +   
   

   = + = − +   
   
⋅=

   
= − + = −      

   

u i j i j

v i j i j

u v

u v

 

  (a) ( )2 7
arccos 1 3

4 2

πθ
 

= − = 
  

 

  (b) 105θ = °  

 15. 1,1,1 , 2,1, 1u v= = −  

  
2 2

cos
33 6

θ ⋅= = =u v

u v
 

  (a) 
2

arccos 1.080
3

θ = ≈  

  (b) 61.9θ ≈ °  

 16. 3 2 , 2 3u i j k v i j= + + = −  

  
( ) ( )3 2 2 3 0

cos 0θ
+ − +⋅= = =u v

u v u v
 

  (a) =
2

πθ  

  (b) 90θ = °  

 17. 3 4 , = 2 3= + − +u i j v j k  

  
8 8 13

cos
655 13

θ ⋅ − −= = =u v

u v
 

  (a) 
8 13

arccos 2.031
65

θ
 

= − ≈  
 

 

  (b) 116.3θ ≈ °  
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 18. 2 3 , 2u i j k v i j k= − + = − +  

  
9 9 3 21

cos
1414 6 2 21

θ ⋅= = = =u v

u v
 

  (a) 
3 21

arccos 0.190
14

θ
 

= ≈  
 

 

  (b) 10.9θ ≈ °  

 19. cos
u v

u v
θ⋅ =  

  ( )( )8 5 cos 20
3

u v
π⋅ = =  

 20. 

( )( )

cos

5
40 25 cos 500 3

6

u v

u v

u v

θ

π

⋅ =

⋅ = = −

 

 21. 1 2
2 3

4, 3 , ,

not parallel

0 orthogonal

u v

u v

u v

c

= = −

≠ 
⋅ = 

 

 22. ( )1
3

1
6

2 , 2 4

parallel

u i j v i j

u v

= − − = −

= − 

 

 23. 6 , 2

not parallel

8 0 not orthogonal

Neither

u j k v i j k

u v

u v

c

= + = − −
≠ 
⋅ = − ≠ 

 

 24. 2 3 , 2u i j k v i j k= − + − = + −  

  not parallelcu v≠   

  0 orthogonalu v⋅ =   

 25. 2, 3, 1 , 1, 1, 1

not parallel

0 orthogonal

u v

u v

u v

c

= − = − − −
≠ 
⋅ = 

 

 26. cos , sin , 1 ,

sin , cos , 0

not parallel

0 orthogonal

u

v

u v

u v

c

θ θ
θ θ

= −

= −
≠ 
⋅ = 

 

 27. The vector 1, 2, 0 joining ( )1, 2, 0 and ( )0, 0, 0 is 

perpendicular to the vector 2,1, 0− joining ( )2,1, 0−

and ( )0, 0, 0 : 1, 2, 0 2,1, 0 0⋅ − =  

  The triangle has a right angle, so it is a right triangle. 

 28. Consider the vector 3, 0, 0− joining ( )0, 0, 0 and 

( )3, 0, 0 ,− and the vector 1, 2, 3 joining ( )0, 0, 0 and 

( )1, 2, 3 : 3, 0, 0 1, 2, 3 3 0− ⋅ = − <  

  The triangle has an obtuse angle, so it is an obtuse triangle. 

 29. ( ) ( ) ( )31
2 22, 0,1 , 0,1, 2 , , , 0A B C −  

  5 3
2 2

1 1
2 2

2, 1, 1

, , 1

, , 2

AB

AC

BC

= −

= − −

= − −






        5 3

2 2

1 1
2 2

2, 1, 1

, , 1

, , 2

BA

CA

CB

= − −

= −

= −






 

  3
2

1
2

5 3
4 4

5 1 0

1 2 0

2 0

AB AC

BA BC

CA CB

⋅ = + − >

⋅ = − − + >

⋅ = + + >

 

 

 

 

  The triangle has three acute angles, so it is an acute 
triangle. 

 30. ( ) ( ) ( )2, 7, 3 , 1, 5, 8 , 4, 6, 1A B C− − −  

  

3, 12, 5

2, 13, 4

5, 1, 9

AB

AC

BC

= −

= −

= −






        

3, 12, 5

2, 13, 4

5, 1, 9

BA

CA

CB







= − −

= − −

= − −

 

  

6 156 20 0

15 12 45 0

10 13 36 0

AB AC

BA BC

CA CB

⋅ = − + − >

⋅ = − + >

⋅ = + + >

 

 

 
 

  The triangle has three acute angles, so it is an acute 
triangle. 

 31. 2 2 , 1 4 4 3= + + = + + =u i j k u  

  

2 2 2

1
3

2
3

2
3

1 4 4
9 9 9

cos 1.2310 or 70.5

cos 0.8411 or 48.2

cos 0.8411 or 48.2

cos cos cos 1

α α

β β

γ γ

α β γ

=  ≈ °

=  ≈ °

=  ≈ °

+ + = + + =

 

 32. 

2 2 2

5 3 , 25 9 1 35

5
cos 0.5639 or 32.3

35

3
cos 1.0390 or 59.5

35

1
cos 1.7406 or 99.7

35

25 9 1
cos cos cos 1

35 35 35

u i j k u

α α

β β

γ γ

α β γ

= + − = + + =

=  ≈ °

=  ≈ °

−=  ≈ °

+ + = + + =
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 33. 7 , 49 1 1 51= + − = + + =u i j k u  

  
7

cos 11.4
51

α α=  ≈ °  

  
1

cos 82.0
51

β β=  ≈ °  

  
1

cos 98.0
51

γ γ= −  ≈ °  

 34. 4 3 5 , 16 9 25 50 5 2u i j k u= − + + = + + = =  

  

2 2 2

4
cos 2.1721 or 124.4

5 2

3
cos 1.1326 or 64.9

5 2

5 1
cos or 45

45 2 2

16 9 25
cos cos cos 1

50 50 50

α α

β β

πγ γ

α β γ

−=  ≈ °

=  ≈ °

= =  ≈ °

+ + = + + =

 

 35. 

2 2 2

0, 6, 4 , 0 36 16 52 2 13

cos 0  or 90
2

3
cos 0.5880 or 33.7

13

2
cos 2.1588 or 123.7

13

9 4
cos cos cos 0 1

13 13

πα α

β β

γ γ

α β γ

= − = + + = =

=  = °

=  ≈ °

= −  ≈ °

+ + = + + =

u u  

 36. 1, 5, 2 , 1 25 4 30u u= − = + + =  

  

2 2 2

1
cos 1.7544 or 100.5

30

5
cos 0.4205 or 24.1

30

2
cos 1.1970 or 68.6

30

1 25 4
cos cos cos 1

30 30 30

α α

β β

γ γ

α β γ

−=  ≈ °

=  ≈ °

=  ≈ °

+ + = + + =

 

 37. )6, 7 , 1, 4u v= =  

(a) 1w =

( ) ( )

2

2 2

proj

6 1 7 4
1, 4

1 4
34

1, 4 2, 8
17

v
u v

u v
v

 ⋅=   
 

+
=

+

= =

 

(b) )2 1 6, 7 2, 8 4, 1w u w= − = − = −  

 38. 9, 7 , 1, 3u v= =  

(a) 1w =

( ) ( )

2

2

proj

9 1 7 3
1, 3

1 3
30

1, 3 3, 9
10

v
u v

u v
v

 ⋅=   
 

+
=

+

= =

 

(b) 2 1 9, 7 3, 9 6, 2w u w= − = = = −  

 39. 2 3 2, 3 , 5 5,1u i j v i j= + = = + =  

(a) 1w =

( ) ( )

2

2

proj

2 5 3 1
5, 1

5 1
13 5 1

5, 1 ,
26 2 2

v
u v

u v
v

 ⋅=   
 

+
=

+

= =

 

(b) 2 1
5 1 1 5

2, 3 , ,
2 2 2 2

w u w= − = − = −  

 40. 2 3 2, 3 , 3 2 3, 2u i j v i j= − = − = + =  

(a) 1w =

( ) ( )( )

2

2 2

proj

2 3 3 2
3, 2

3 2

0 3, 2 0, 0

v
u v

u v
v

 ⋅=   
 

+ −
=

+
= =

 

(b) 2 1 2, 3w u w= − = −  
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 41. 0, 3, 3 , 1,1,1u v= = −  

(a) 1w =

( ) ( ) ( )

2
proj

0 1 3 1 3 1
1,1,1

1 1 1
6

1,1,1 2, 2, 2
3

v
u v

u v
v

 ⋅=   
 

− + +
= −

+ +

= − = −

 

(b) 2 1 0, 3, 3 2, 2, 2 2,1,1w u w= − = − − =  

 42. ( )8, 2, 0 , 2,1, 1u v= = −  

(a) 1w =

( ) ( ) ( )

2

2

proj

8 2 2 1 0 1
2,1, 1

2 1 1
18

2,1, 1 6, 3, 3
6

v
u v

u v
v

 ⋅=   
 

+ + −
= −

+ +

= − = −

 

(b) 2 1 8, 2, 0 6, 3, 3 2, 1, 3w u w= − = − − = −  

 43. 9 2 4 , 4 4= − − − = +u i j k v j k  

(a) 

( )( ) ( )( )

1 2

2 2

proj

2 4 4 4
0, 4, 4

4 4

3
0, 4, 4

4
0, 3, 3

 ⋅ = =
 
 

 − + − 
=  + 

= −

= − −

v
u v

w u v
v

 

(b) 2 1

9, 2, 4 0, 3, 3

9, 1, 1

= −

= − − − − − −

= − −

w u w  

 44. 5 , 5 8= − − = − + +u i j k v i j k  

(a)

 

( ) ( )( ) ( )( )
( )

1 2

2 2 2

proj

5 1 1 5 1 8
1, 5, 8

1 5 8

18
1, 5, 8

90
1

1, 5, 8
5

1 8
, 1,

5 5

v
u v

w u v
v

 ⋅ = =
 
 

 − + − + −
 = −
 − + + 
−= −

−= −

= − −
 

 45. u is a vector and ⋅v w is a scalar. You cannot add a 
vector and a scalar. 

 46. 
2

c
u v

v u u v u
v

 ⋅ =  =   
 

and v are parallel. 

 47. Yes, 
2 2

2 2

1 1

u v v u
v u

v u

v u
u v v u

v u

v u

u v

⋅ ⋅=

⋅ = ⋅

=

=

 

 48. (a) Orthogonal, 
2

πθ =  

(b) Acute, 0
2

πθ< <  

(c) Obtuse, 
2

π θ π< <  

 49. 3240, 1450, 2235

2.25, 2.95, 2.65

=

=

u

v

 

  ( ) ( ) ( )3240 2.25 1450 2.95 2235 2.65

$17,490.25

⋅ = + +

=

u v  

  This represents the total revenue the restaurant earned on 
its three products. 

  

(b) 2 1

1 8
5, 1, 1 , 1,

5 5

24 3
, 0,

5 5

= −

= − − − − −

=

w u w  
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 50. 3240, 1450, 2235

2.25, 2.95, 2.65

=

=

u

v

 

  Decrease prices by 2%: 0.98v  

  New total revenue: 

  ( )0.98 3240, 1450, 2235 2.25, 2.95, 2.65 0.98 17490.25

$17,140.45

⋅ =

=

 

 51. Answers will vary. Sample answer: 

  
1 3

.
4 2

u i j= − + Want 0.u v⋅ =  

  12 2v i j= + and 12 2v i j− = − − are orthogonal to u. 

 52. Answers will vary. Sample answer:  

  9 4 .u i j= − Want 0.u v⋅ =  

  4 9v i j= + and 4 9v i j− = − −  

  are orthogonal to u. 

 53. Answers will vary. Sample answer: 

  3,1, 2 .u = − Want 0.u v⋅ =  

  0, 2,1v = and 0, 2, 1v− = − − are orthogonal to u. 

 54. Answers will vary. Sample answer: 

  4, 3, 6 .u = − Want 0u v⋅ =  

  0, 6, 3v = and 0, 6, 3v− = − −  

  are orthogonal to u. 

 55. Let s = length of a side. 

  , ,

3

s s s

s

v

v

=

=

 

  
1

cos cos cos
3 3

1
arcos 54.7

3

s

s
α β γ

α β γ

= = = =

 = = = ≈ ° 
 

 

   

 56. 1

1

2

2

, ,

3

, , 0

2

2 2 6
cos

32 3

6
arcos 35.26

3

s s s

s

s s

s

v

v

v

v

θ

θ

=

=

=

=

= =

= ≈ °

 

 57. (a) Gravitational Force 22= −F j  

 cos 10 sin 10= ° + °v i j  

 ( )

( )( )
( )

1 2

22 sin 10

3.82 cos 10 sin 10

⋅= = ⋅

= − °

≈ − ° + °

F v
w v F v v

v

v

i j

 

 1 3.82 metric tons≈w  

(b) 

( )
2 1

22 3.82 cos 10 sin 10

3.76 21.34

= −

≈ − + ° + °

≈ −

w F w

j i j

i j

 

 2 21.67 metric tons≈w  

 58. (a) Gravitational Force 24,000= −F j  

 cos 18 sin 18= ° + °v i j  

 ( )

( )( )
( )

1 2

24,000 sin 18

7416.4 cos 18 sin 18

⋅= = ⋅

= − °

≈ − ° + °

F v
w v F v v

v

v

i j

 

 1 7416.4 N=w  

(b) 

( )
2 1

24,000 7416.4 cos 18 sin 18

7053.4 21,708.2

= −

= − + ° + °

≈ −

w F w

j i j

i j

 

 2 22,825.3 N≈w  

  

y

x

v

s

s

s

z

y

x

v1

v2

(s, s, 0)

(s, s, s)

z
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 59. 
1 3

85
2 2

10

425 JW

 
= +  

 
=
= ⋅ =

F i j

v i

F v

 

 60. 

( )( )( )

proj

cos 20

cos 20 65 50

3054.0 J

PQW PQ

PQ

=

= °

= °

≈

F

F






 

 61. ( )1600 cos 25 sin 25

2000

F i j

v i

= ° + °

=

 

  ( )1600 2000 cos 25

2,900,184.9 Newton-meters (joules)

2900.2 kJ

W = ⋅ = °

≈
≈

F v  

 62. 

( )

( )( )

proj

cos 60

1
400 40

2
8000 J

PQW PQ

PQ

=

= °

=

=

F

F





 

 63. False. 

  For example, let 1, 1 , 2, 3u v= = and 1, 4 .w =
Then 2 3 5u v⋅ = + = and 1 4 5.u w⋅ = + =  

 64. True 

  ( ) 0 0 0w u v w u w v⋅ + = ⋅ + ⋅ = + = so, w and 

u v+ are orthogonal. 

 65. (a) The graphs 2
1y x= and 1 3

2y x= intersect at  

 ( )0, 0 and ( )1,1 .  

(b) 1 2y x′ = and 2 2 3

1
.

3
y

x
′ =  

 At ( )0, 0 , 1, 0± is tangent to 1y and 0,1± is 

tangent to 2.y  

 At ( ) 11,1 , 2y′ = and 2
1

.
3

y′ =  

 
1

1, 2
5

± is tangent to 1
1

, 3, 1
10

y ± is tangent  

to 2.y  

(c) At ( )0, 0 , the vectors are perpendicular ( )90 .°  

 At ( )1,1 ,  

 
( )( )

1 1
1, 2 3,1

5 15 10cos
1 1 50 2

45

θ

θ

⋅
= = =

= °

 

   

 66. (a) The graphs 3
1y x= and 1 3

2y x= intersect at  

 ( )1, 1 ,− − ( )0, 0 and ( )1,1 .  

(b) 2
1 3y x′ = and 2 2 3

1
.

3
y

x
′ =  

 At ( )0, 0 , 1, 0± is tangent to 1y and 0,1± is 

tangent to 2.y  

 At ( )1,1 , 1 3y′ = and 2
1

.
3

y′ =  

 
1

1, 3
10

± is tangent to 1
1

, 3,1
10

y ± is tangent 

to 2.y  

 At ( ) 11, 1 , 3y′− − = and 2
1

.
3

y′ =  

 
1

1, 3
10

± is tangent to 1
1

, 3, 1
10

y ± is tangent 

to 2.y  

   

(c) At ( )0, 0 , the vectors are perpendicular ( )90 .°  

  At ( )1,1 ,  

( )( )

1 1
1, 3 3,1

6 310 10cos .
1 1 10 5

0.9273 or 53.13

θ

θ

⋅
= = =

≈ °

 

  By symmetry, the angle is the same at ( )1, 1 .− −  

  

y

x
−1 1 2

−1

1

2
y = x2

(1, 1)

(0, 0)

y = x1/3

y

x
−1−2 1 2

−1

−2

1

2

(1, 1)

(0, 0)

(−1, −1)

y = x3

y = x1/3
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 67. (a) The graphs of 2
1 1y x= − and 2 2 1y x= −  intersect at ( )1, 0 and ( )1, 0 .−  

(b) 1 2y x′ = − and 2 2 .y x′ =  

  At ( ) 11, 0 , 2y′ = − and 2 2.y′ = 1
1, 2

5
± − is tangent to 1

1
, 1, 2

5
y ± is tangent to 2.y  

  At ( ) 11, 0 , 2y′− = and 2 2.y′ = − 1
1, 2

5
± is tangent to 1

1
, 1, 2

5
y ± − is tangent to 2.y  

(c) At ( )1, 0 ,
1 1 3

cos 1, 2 1, 2 .
55 5

θ −= − ⋅ − =  

  0.9273 or 53.13θ ≈ °  

 By symmetry, the angle is the same at ( )1, 0 .−  

 68. (a) To find the intersection points, rewrite the second  

 equation as 31 .y x+ = Substituting into the first 

equation 

 ( )2 61 0,1.y x x x x+ =  =  =  

 There are two points of intersection, ( )0, 1− and 

( )1, 0 , as indicated in the figure. 

   

(b) First equation: 

( ) ( ) ( )
2 1

1 2 1 1
2 1

y x y y y
y

′ ′+ =  + =  =
+

At ( ) 1
1, 0 , .

2
y′ =  

 Second equation: 3 21 3 .y x y x′= −  = At 

( )1, 0 , 3.y′ =  

 
1

2, 1
5

± unit tangent vectors to first curve, 

1
1, 3

10
± unit tangent vectors to second curve 

 At ( )0,1 , the unit tangent vectors to the first curve 

are 0,1 ,± and the unit tangent vectors to the second 

curve are 1, 0 .±  

(c) At ( )1, 0 ,  

 
1 1 5 1

cos 2,1 1, 3 .
5 10 50 2

θ = ⋅ = =  

 
4

πθ ≈ or 45°  

 At ( )0, 1− the vectors are perpendicular, 90 .θ = °  

 69. In a rhombus, .u v= The diagonals are u v+ and 

.u v−  

  ( ) ( ) ( ) ( )

2 2 0

u v u v u v u u v v

u u v u u v v v

u v

+ ⋅ − = + ⋅ − + ⋅

= ⋅ + ⋅ − ⋅ − ⋅

= − =

 

  So, the diagonals are orthogonal. 

   

 70. If u and v are the sides of the parallelogram, then the 
diagonals are u v+ and ,u v− as indicated in the 

figure. 

  the parallelogram is a rectangle. 

  

( ) ( ) ( ) ( )
2 2

0

2 2

The diagonals are equal in length.

u v

u v u v

u v u v u v u v

u v u v

⇔ ⋅ =
⇔ ⋅ = − ⋅

⇔ + ⋅ + = − ⋅ −

⇔ + = −

⇔

 

   

  

y

x
−1 1 2

−2

1

(1, 0)

(0, −1)

y = x3 − 1

x = (y + 1)2

u

v

u + v

u − v

u

v

u + v

u − v
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 71. (a)  

(b) Length of each edge: 2 2 20 2k k k+ + =  

(c) ( )( )
2 1

cos
22 2

1
arccos 60

2

k

k k
θ

θ

= =

 = = ° 
 

 

(d) 1

2

, , 0 , , , ,
2 2 2 2 2 2

0, 0, 0 , , , ,
2 2 2 2 2 2

k k k k k k
r k k

k k k k k k
r

= − = −

= − = − − −





 

 

2

2

14cos
3

3
2

109.5

k

k
θ

θ

−
= = −
  ⋅ 
 

= °

 

 72. cos , sin , 0 , cos , sin , 0u vα α β β= =  

  The angle between u and v is .α β− (Assuming  that 

).α β> Also, 

  ( )

( )( )

cos

cos cos sin sin

1 1

cos cos sin sin .

u v

u v
α β

α β α β

α β α β

⋅− =

+=

= +

 

 73. ( ) ( )
( ) ( )

( )

2

2 2

22 2

2

2

u v u v u v

u v u u v v

= u u v u u v v v

u u v v

u u v v u v

+ = + ⋅ +

= + ⋅ + + ⋅

⋅ + ⋅ + ⋅ + ⋅

= + ⋅ +

≤ + + ≤ +

 

  So, .u v u v+ ≤ +  

 74. Let 1 proj ,vw u= as indicated in the figure. Because 1w
is a scalar multiple of ,v you can write 

1 2 2.cu w w v w= + = +  

  Taking the dot product of both sides with v produces 

  ( )2 2c cu v v w v v v w v⋅ = + ⋅ = ⋅ + ⋅  

  2,c v= because 2w and v are orthogonol. 

  So, 2
2

c c
u v

u v v
v

⋅⋅ =  = and 

1 2
proj .cv

u v
w u v v

v

⋅= = =  

   

 75. cos

cos

cos

because cos 1.

u v u v

u v u v

u v

u v

θ

θ

θ

θ

⋅ =

⋅ =

=

≤ ≤

 

Section 11.4   The Cross Product of Two Vectors in Space 

 1. ×u v is a vector that is perpendicular (orthogonal) to 
both u and v. 

 2. If u and v are the adjacent sides of a parallelogram, then 

.A = ×u v  

 3. 0 1 0

1 0 0

i j k

j i k× = = −  

   

 4. 0 1 0

0 0 1

i j k

j k i× = =  

   

  

x

y

(k, 0, k)

(k, k, 0)

(0, k, k)

k
k

k

z

θ

w1

w2
u

v

x y

i

j

−k
1

1

1

−1

z
x y

i

j

k

z

1
1

1

−1
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 5. 1 0 0

0 0 1

i j k

i k j× = = −  

   

 6. 0 0 1

1 0 0

i j k

k i j× = =  

   

 7. (a) 2 4 0 20 10 16

3 2 5

i j k

u v i j k× = − = + −  

(b) ( ) 20 10 16v u u v i j k× = − × = − − +  

(c) v v 0× =  

 8. (a) 3 0 5 15 16 9

2 3 2

i j k

u v i j k× = = − + +
−

 

(b) ( ) 15 16 9v u u v i j k× = − × = − −  

(c) v v 0× =  

 9. (a) 7 3 2 17 33 10

1 1 5

i j k

u v i j k× = = − −
−

 

(b) ( ) 17 33 10v u u v i j k× = − × = − + +  

(c) v v 0× =  

 10. (a) 2 1 9

6 2 1

19 56 2

× = −
− − −

= − + +

i j k

u v

i j k

 

(b) ( ) 19 56 2× = − × = − −v u u v i j k  

(c) 0v v× =  

 11. 4, 1, 0 , 6, 3, 0= − = −u v  

  4 1 0 6 0, 0, 6

6 3 0

× = − = =
−

i j k

u v k  

  ( ) ( ) ( )( ) ( )4 0 1 0 0 6 0⋅ × = + − + =  ⊥ ×u u v u u v  

  ( ) ( ) ( ) ( )6 0 3 0 0 6 0⋅ × = − + + =  ⊥ ×v u v v u v  

 12. 5, 2, 2 , 0, 1, 8= − =u v  

  5 2 2 14 40 5 14, 40, 5

0 1 8

× = − = + − = −
i j k

u v i j k  

  ( ) ( )( ) ( ) ( )5 14 2 40 2 5 0⋅ × = − + + − =  ⊥ ×u u v u u v  

  ( ) ( )( ) ( ) ( )0 14 1 40 8 5 0v u v v u v⋅ × = + + − =  ⊥ ×  

  

x y

−1

i

k− j

z

1
1

1

−1

x y

i

j

k

1
1

1

−1

z
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 13. , 2u i j k v i j k= + + = + −  

  1 1 1 2 3 2, 3, 1

2 1 1

i j k

u v i j k× = = − + − = − −
−

 

  ( ) ( ) ( ) ( )1 2 1 3 1 1

0

u u v

u u v

⋅ × = − + + −

=  ⊥ ×

 

  ( ) ( ) ( ) ( )( )2 2 1 3 1 1

0

v u v

v u v

⋅ × = − + + − −

=  ⊥ ×

 

 14. 6 , 2u i j v i j k= + = − + +  

  1 6 0 6 13

2 1 1

i j k

u v i j k× = = − +
−

 

  ( ) ( ) ( ) ( )1 6 6 1 0u u v u u v⋅ × = + − =  ⊥ ×  

  ( ) ( ) ( ) ( ) ( )2 6 1 1 1 13 0v u v v u v⋅ × = − + − + =  ⊥ ×  

 

15.

 

4, 3,1

2, 5, 3

4 3 1 14 10 26

2 5 3

1
14, 10, 26

972

1
14, 10, 26

18 3

7 5 13
, ,

9 3 9 3 9 3

= −

=

× = − = − − +

× = − −
×

= − −

= − −

u

v

i j k

u v i j k

u v

u v

 

 16. 8, 6, 4

10, 12, 2

8 6 4 60 24 156

10 12 2

1
60, 24, 156

36 22

5 2 13
, ,

3 22 3 22 3 22

= − −

= − −

× = − − = + +
− −

× =
×

=

u

v

i j k

u v i j k

u v

u v

 

 17. 3 2 5

4

3 2 5 3 7

1 1 4

1
3, 7, 1

59

3 7 1
, ,

59 59 59

= − + −
= − +

× = − − = + +
− −

× =
×

=

u i j k

v i j k

i j k

u v i j k

u v

u v

 

 18. 

( )

2

4 6

0 0 2 8

4 0 6

1
8 0, 1, 0

8

=
= +

× = =

× = = =
×

u k

v i k

i j k

u v j

u v
j j

u v

 

 19. 

0 1 0

0 1 1

u j

v j k

i j k

u v i

=
= +

× = =

 

  1u v iA = × = =  

 20. 

1 1 1

0 1 1

u i j k

v j k

i j k

u v j k

= + +
= +

× = = − +

 

  2u v j kA = × = − + =  

 21. 3, 2, 1

1, 2, 3

3 2 1 8, 10, 4

1 2 3

u

v

i j k

u v

= −

=

× = − = −

 

  8, 10, 4 180 6 5A u v= × = − = =  
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 22. 2, 1, 0

1, 2, 0

u

v

= −

= −

 

  
2 1 0 0, 0, 3

1 2 0

0, 0, 3 3A

i j k

u v

u v

× = − =
−

= × = =

 

 23. ( ) ( ) ( ) ( )0, 3, 2 , 1, 5, 5 , 6, 9, 5 , 5, 7, 2A B C D  

  

1, 2, 3

1, 2, 3

5, 4, 0

5, 4, 0

AB

DC

BC

AD









=

=

=

=

 

  Because AB DC
 

= and ,BC AD
 

= the figure ABCD is 

a parallelogram. 

  AB


and AD


are adjacent sides 

  1 2 3 12,15, 6

5 4 0

AB AD

i j k
 

× = = − −  

  144 225 36 9 5A AB AD
 

= × = + + =  

 24. ( ) ( ) ( ) ( )2, 3,1 , 6, 5, 1 , 7, 2, 2 , 3, 6, 4A B C D− − −  

  

4, 8, 2

4, 8, 2

1, 3, 3

1, 3, 3

AB

DC

BC

AD









= −

= −

= −

= −

 

  Because AB DC
 

= and ,BC AD
 

= the figure ABCD is 

a parallelogram. 

  AB


and AD


are adjacent sides 

  4 8 2 18, 14, 20

1 3 3

324 196 400 2 230

AB AD

A AB AD

i j k
 

 

× = − = − −
−

= × = + + =

 

 25. ( ) ( ) ( )0, 0, 0 , 1, 0, 3 , 3, 2, 0A B C −  

  

1 1 11
2 2 2

1, 0, 3 , 3, 2, 0

1 0 3 6, 9, 2

3 2 0

36 81 4

AB AC

AB AC

A AB AC

i j k

 

 

 

= = −

× = = − −
−

= × = + + =

 

 26. ( ) ( ) ( )2, 3, 4 , 0,1, 2 , 1, 2, 0A B C− −  

  

1 1
2 2

2, 4, 2 , 3, 5, 4

2 4 2 6 2 2

3 5 4

44 11

AB AC

AB AC

A AB AC

i j k

i j k

 

 

 

= − − = − −

× = − − = − − +
− −

= × = =

 

 27. 100= −F k  

  ( )0.17 cos 40 sin 40PQ = ° + °j k


 

  0 0.17 cos 40 0.17 sin 40

0 0 100

17 cos 40

PQ × = ° °
−

= − °

i j k

F

i


 

  17 cos 40 13.02 N-mPQ × = ° ≈F


 

   

 28. ( )2000 cos 30 sin 30 1000 3 1000

0.05PQ

= − ° + ° = − −

=

F j k j k

k


 

  0 0 0.05

0 1000 3 1000

50 3

PQ × =
− −

=

i j k

F

i


 

  
50 3 N-mPQ × =F


 

   

  

x

y

40°

0.17 m
PQ

F

z

x

y

60°

PQ
F

0.05 m

z
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 29. (a) 

( )

40 cm 0.4 m

32 cm 0.32 m

0.4 0.32

180 cos sin

AC

BC

AB

θ θ

= =
= =

= − +

= − +

j k

F j k



 

(c) When 
1 3

30 , 72 57.6 85.88
2 2

ABθ
  = ° × = + ≈       

F


 

(d) If 72 sin 57.6 cos ,T θ θ= + 0T = for 
57.6

72 sin 57.6 cos tan 141.34 .
72

θ θ θ θ= −  = −  ≈ °  

For 0 141.34 ,θ° < < ° ( ) 72 cos 57.6 sin 0T θ θ θ′ = − = 72
tan 51.34 .

57.6
ABθ θ =  ≈ °


and F are 

perpendicular. 

(e)  

 From part (d), the zero is 141.34 ,θ ≈ ° which is when the vectors are parallel. 

 30. (a) Place the wrench in the xy-plane, as indicated in the figure. 

  The angle from AB


to F is 30 180 210θ θ° + ° + = ° +  

 

( ) ( )

( ) ( )

( ) ( )

50 cm 0.5 m

3 1
0.5 cos 30 sin 30

4 4

56 cos 210 sin 210

3 1
0

4 4
56 cos 210 56 sin 210 0

OA

OA

OA

θ θ

θ θ

= =

=  ° + °  = + 

=  ° + + ° +  

× =

° + ° +

i j i j

F i j

i j k

F







 

                 ( ) ( )

( ) ( )

( )

14 3 sin 210 14 cos 210

14 3 sin 210 cos cos 210 sin 14 cos 210 cos sin 210 sin

1 3 3 1
14 3 cos sin 14 cos sin 28 sin

2 2 2 2

θ θ

θ θ θ θ

θ θ θ θ θ

 = ° + − ° + 

 = ° + ° − ° − ° 

    
= − − − − + = −            

k

k

k k

 

  28 sin , 0 180OA θ θ× = ° ≤ ≤ °F


 

(b) When 
2

45 , 28 14 2 19.80
2

OAθ = ° × = = ≈F


 

(c) Let 28 sin

28 cos 0 when 90 .

T

dT

d

θ

θ θ
θ

=

= = = °

 

 This is reasonable. When 90 ,θ = ° the force is perpendicular to the wrench. 

  

(b)  

( )

0 0.4 0.32

0 180 cos 180 sin

72 sin 57.6 cos

72 sin 57.6 cos

AB

AB

θ θ

θ θ

θ θ

× = −
− −

= +

× = +

i j k

F

i

F





 

y

x30°

30°

50 cm
A B

F

O

θ

θ

A

B

F

C 40 cm

32 cm

θ

0 180

120

0

0 180

30

0

y = 28 sinθ
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 31. ( )
1 0 0

0 1 0 1

0 0 1

u v w⋅ × = =  

 32. ( )
1 1 1

2 1 0 1

0 0 1

u v w⋅ × = = −  

 33. ( )
2 0 1

0 3 0 6

0 0 1

u v w⋅ × = =  

 34. ( )
2 0 0

1 1 1 0

0 2 2

u v w⋅ × = =  

 35. ( )

( )

1 1 0

0 1 1 2

1 0 1

2V

u v w

u v w

⋅ × = =

= ⋅ × =

 

 36. ( )

( )

1 3 1

0 6 6 72

4 0 4

72

u v w

u v wV

⋅ × = = −
− −

= ⋅ × =

 

 37. 

( )

( )

3, 0, 0

0, 5,1

2, 0, 5

3 0 0

0 5 1 75

2 0 5

75V

u

v

w

u v w

u v w

=

=

=

⋅ × = =

= ⋅ × =

 

 38. 

( ) ( )

( )

0, 4, 0

3, 0, 0

1, 1, 5

0 4 0

3 0 0 4 15 60

1 1 5

60

u

v

w

u v w

u v wV

=

= −

= −

⋅ × = − = − − =
−

= ⋅ × =

 

 39. (a) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

b

c

d

h

x

u v w v w u

w u v u v w

v w u u w v

v w u w u v

⋅ × = × ⋅

= ⋅ × = × ⋅

= ⋅ × = − ⋅

= ⋅ × = × ⋅

 

(e) ( ) ( ) ( )
( ) ( ) ( )

f

g

u w v w v u

w v u u v w

⋅ × = ⋅ ×

= ⋅ × = − × ⋅

 

 So, a b c d h= = = = and e f g= =  

 40. u v 0 u× =  and v are parallel. 

  u v 0 u⋅ =  and v are orthogonal. 

  So, u or v (or both) is the zero vector. 

 41. The cross product is orthogonal to the two vectors, so it 
is orthogonal to the yz-plane. It lies on the x-axis, since it 

is of the form , 0, 0 .k  

 42. Form the vectors for two sides of the triangle, and 
compute their cross product. 

  2 1 2 1 2 1 3 1 3 1 3 1, , , ,x x y y z z x x y y z z− − − × − − −  

 43. False. If the vectors are ordered pairs, then the cross 
product does not exist. 

 44. False. The cross product is zero if the given vectors are 
parallel. 

 45. False. Let , 01, 0, 0 , 1, 0 , 1, 0, 0 .u v w= = = −  

  Then, , but .u v u w 0 v w× = × = ≠  

 46. True 

 47. 1 2 3 1 2 3 1 2 3, , , , , , , ,u u u v v v w w wu v w= = =  

  ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

1 2 3

1 1 2 2 3 3

2 3 3 3 2 2 1 3 3 3 1 1 1 2 2 2 1 1

2 3 3 2 1 3 3 1 1 2 2 1 2 3 3 2 1 3 3 1 1 2 2 1

u u u

v w v w v w

u v w u v w u v w u v w u v w u v w

u v u v u v u v u v u v u w u w u w u w u w u w

i j k

u v w

i j k

i j k i j k

u v u w

× + =
+ + +

=  + − +  −  + − +  +  + − +      
= − − − + − + − − − + −

= × + ×
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 48. 1 2 3 1 2 3, , , , , , is a scalar:u u u v v v cu v= =  

  ( )

( ) ( ) ( )
( ) ( ) ( ) ( )

1 2 3

1 2 3

2 3 3 2 1 3 3 1 1 2 2 1

2 3 3 2 1 3 3 1 1 2 2 1

i j k

u v

i j k

i j k u v

c cu cu cu

v v v

cu v cu v cu v cu v cu v cu v

c u v u v u v u v u v u v c

× =

= − − − + −

=  − − − + −  = × 

 

 49. 

( ) ( ) ( )

1 2 3

1 2 3 2 3 3 2 1 3 3 1 1 2 2 1

1 2 3

, ,u u u

u u u u u u u u u u u u u u u

u u u

u =

i j k

u u i j k 0× = = − − − + − =

 

 50. ( )

( ) ( )

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3

u v w

u v w w u v

u u u

v v v

w w w

w w w

u u u

v v v

⋅ × =

× ⋅ = ⋅ × =

 

  
( ) ( ) ( )
( ) ( ) ( ) ( )

1 2 3 2 3 2 1 3 1 3 3 1 2 1 2

1 2 3 2 3 2 1 3 1 3 3 1 2 1 2

w u v v u w u v v u w u v v u

u v w w v u v w w v u v w w v u v w

= − − − + −

= − − − + − = ⋅ ×
 

 51. ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2 3 3 2 1 3 3 1 1 2 2 1

2 3 3 2 1 3 1 1 3 2 1 2 2 1 3

2 3 3 2 1 3 1 1 3 2 1 2 2 1 3

u v i j k

u v u 0

u v v 0

u v u v u v u v u v u v

u v u v u u v u v u u v u v u

u v u v v u v u v v u v u v v

× = − − − + −

× ⋅ = − + − + − =

× ⋅ = − + − + − =

 

  So, u v u× ⊥ and .u v v× ⊥  

 52. If u and v are scalar multiples of each other, cu v= for some scalar c. 

  ( ) ( ) ( )u v v v v v 0 0c c c× = × = × = =  

  If ,u v 0× = then sin 0.u v θ = ( )Assume , .u 0 v 0≠ ≠ So, sin 0, 0,θ θ= = and u and v are parallel. So, 

  cu v= for some scalar c. 

 53. sinu v u v θ× =  

  If u and v are orthogonal, 2θ π= and sin 1.θ = So, .u v u v× =  

 54. 1 1 1 2 2 2 3 3 3,, , , , , , ,ca b a b c a b cu v w= = =  

  ( ) ( ) ( )

( )
( ) ( ) ( )

2 2 2 2 3 3 2 2 3 3 2 2 3 3 2

3 3 3

1 1 1

2 3 3 2 3 2 2 3 2 3 3 2

i j k

v w i j k

i j k

u v w

a b c b c b c a c a c a b a b

a b c

a b c

b c b c a c a c a b a b

× = = − − − + −

× × =
− − −

 

  

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( )

1 2 3 3 2 1 3 2 2 3 1 2 3 3 2 1 2 3 3 2

1 3 2 2 3 1 2 3 3 2

2 1 3 1 3 1 3 3 1 2 1 2 1 2 2 1 3 1 3 1 3 3 1 2 1 2 1 2

2 1 3 1 3 1 3 3 1 2 1 2

u v w i j

k

i j

b a b a b c a c a c a a b a b c b c b c

a a c a c b b c b c

a a a b b c c a a a b b c c b a b b b c c b a a b b c c

c a a b b c c c a a b b

× × =  − − −  −  − − −    
+  − − −  

=  + + − + +  +  + + − + +    
+ + + − + +( )

( ) ( ) ( ) ( )
1 2

1 3 1 3 1 3 2 2 2 1 2 1 2 1 2 3 3 3, , , ,

k

u w v u v w

c c

a a b b c c a b c a a b b c c a b c

  
= + + − + + = ⋅ − ⋅
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 55. 1 2 3 1 2 3 1 2 3, ,+ + += + = + = +u v wu u i u j k v v i v j k w w i w j k  

  ( )

( ) ( )

1 2 3 2 3 2 3 1 3 1 3 1 2 1 2

1 2 3

1 2 3 2 3 2 3 1 3 1 3 1 2 1 2

1 2 3 1 3 2 2 1 3 2 3 1 3 1 2 3 2 1

1 2 3

1 2 3

1 2 3

, ,

, , , ,

v v v v w w v v w w v v w w v

w w w

u u u v w w v v w w v v w w v

u v w u v w u v w u v w u v w u v w

u u u

v v v

w w w

× = = − − − −

× × = ⋅ − − − −

= − − + + −

=

i j k

v w

u v w

 

Section 11.5   Lines and Planes in Space

 1. The parametric equations of a line L parallel to
, , ,a b c=v and passing through the point ( )1 1 1, ,P x y z

are 1 1 1, , .x x at y y bt z z ct= + = + = +  

  The symmetric equations are 

1 1 1 .
x x y y z z

a b c

− − −= =
 

 2. In the equation of the plane  

  ( ) ( ) ( )2 1 4 3 5 0,x y z− + − − + = 2, 4,a b= = and 

1.c = − Therefore, the normal vector is 2, 4, 1 .−  

 3. Answers will vary. Any plane that has a missing x-
variable in its equation is parallel to the x-axis. 

  Sample answer: 3 5y z− =  

 4. First choose a point Q in one plane. Then use Theorem 
11.13: 

  
PQ n

D
⋅

=
n



 

  where P is a point in the other plane and n is normal to 
that plane. 

 5. 2 , 3 , 4x t y t z t= − + = = +  

(a) ( )0, 6, 6 : For 0 2 ,x t= = − + you have 2.t =

Then ( )3 2 6y = = and 4 2 6.z = + = Yes, 

( )0, 6, 6 lies on the line. 

(b) ( )2, 3, 5 : For 2 2 ,x t= = − + you have 4.t =

Then ( )3 4 12 3.y = = ≠ No, ( )2, 3, 5 does not lie 

on the line. 

(c) ( )4, 6, 2 :− − For 4 2 ,x t= − = − + you have 

2.t = −  

 Then ( )3 2 6y = − = − and 4 2 2.z = − =  Yes, 

( )4, 6, 2− − lies on the line. 

 6. 
3 7

2
2 8

x y
z

− −= = +  

(a) ( )7, 23, 0 : Substituting, you have  

 
7 3 23 7

0 2
2 8

2 2 2

− −= = +

= =

 

 Yes, ( )7, 23, 0 lies on the line. 

(b) ( )1, 1, 3 :− − Substituting, you have  

 
1 3 1 7

3 2
2 8

1 1 1

− − −= = − +

− = − = −

 

  Yes, ( )1, 1, 3− − lies on the line. 

(c) ( )7, 47, 7 :− − Substituting, you have 

 
7 3 47 7

7 2
2 8

5 5 5

− − −= = − +

− ≠ ≠ −

 

 No, ( )7, 47, 7− − does not lie on the line. 

 7. Point: ( )0, 0, 0  

  Direction vector: 3,1, 5  

  Direction numbers: 3, 1, 5 

(a) Parametric: 3 , , 5x t y t z t= = =  

(b) Symmetric: 
3 5

x z
y= =  
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 8. Point: ( )0, 0, 0  

  Direction vector: 
5

2, , 1
2

v = −  

  Direction numbers: 4, 5, 2−  

(a) Parametric: 4 , 5 , 2x t y t z t= − = =  

(b) Symmetric: 
4 5 2

x y z= =
−

 

 9. Point: ( )2, 0, 3−  

  Direction vector: 2, 4, 2v = −  

  Direction numbers: 2, 4, 2−  

(a) Parametric: 2 2 , 4 , 3 2x t y t z t= − + = = −  

(b) Symmetric: 
2 3

2 4 2

x y z+ −= =
−

 

 10. Point: ( )3, 0, 2−  

  Direction vector: 0, 6, 3v =  

  Direction numbers: 0, 2, 1 

(a) Parametric: 3, 2 , 2x y t z t= − = = +  

(b) Symmetric: 2, 3
2

y
z x= − = −  

 11. Point: ( )1, 0,1  

  Direction vector: 3 2v i j k= − +  

  Direction numbers: 3, 2,1−  

(a) Parametric: 1 3 , 2 , 1x t y t z t= + = − = +  

(b) Symmetric: 
1 1

3 2 1

x y z− −= =
−

 

 12. Point: ( )3, 5, 4−  

  Directions numbers: 3, 2,1−  

(a) Parametric: 3 3 , 5 2 , 4x t y t z t= − + = − = +  

(b) Symmetric: 
3 5

4
3 2

x y
z

+ −= = −
−

 

 13. Points: ( ) 2 2
5, 3, 2 , , , 1

3 3
 − − − 
 

 

  Direction vector: 
17 11

3
3 3

v i j k= − −  

  Direction numbers: 17, 11, 9− −  

(a) Parametric: 
5 17 , 3 11 , 2 9x t y t z t= + = − − = − −  

(b) Symmetric: 
5 3 2

17 11 9

x y z− + += =
− −

 

 14. Points: ( ) ( )0, 4, 3 , 1, 2, 5−  

  Direction vector: 1, 2, 2−  

  Direction numbers: 1, 2, 2−  

(a) Parametric: , 4 2 , 3 2x t y t z t= = + = −  

(b) Symmetric: 
4 3

2 2

y z
x

− −= =
−

 

 15. Points: ( ) ( )7, 2, 6 , 3, 0, 6− −  

  Direction vector: 10, 2, 0−  

  Direction numbers: 10, 2, 0−  

(a) Parametric: 7 10 , 2 2 , 6x t y t z= − = − + =  

(b) Symmetric: Not possible because the direction 
number for z is 0. But, you could describe the  

line as 
7 2

, 6.
10 2

x y
z

− += =
−

 

 16. Points: ( ) ( )0, 0, 25 , 10,10, 0  

  Direction vector: 10,10, 25−  

  Direction numbers: 2, 2, 5−  

(a) Parametric: 2 , 2 , 25 5x t y t z t= = = −  

(b) Symmetric: 
25

2 2 5

x y z −= =
−

 

 17. Point: ( )2, 3, 4  

  Direction vector: v k=  

  Direction numbers: 0, 0, 1 

  Parametric: 2, 3, 4x y z t= = = +  

 18. Point: ( )4, 5, 2−  

  Direction vector: v j=  

  Direction numbers: 0, 1, 0  

  Parametric: 4, 5 , 2x y t z= − = + =  

 19. Point: ( )2, 3, 4  

  Direction vector: 3 2v i j k= + −  

  Direction numbers: 3, 2, 1−  

  Parametric: 2 3 , 3 2 , 4x t y t z t= + = + = −  

 20. Point ( )4, 5, 2−  

  Direction vector: 2v i j k= − + +  

  Direction numbers: 1, 2, 1−  

  Parametric: 4 , 5 2 , 2x t y t z t= − − = + = +  
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 21. Point: ( )5, 3, 4− −  

  Direction vector: 2, 1, 3v = −  

  Direction numbers: 2, 1, 3−  

  Parametric: 5 2 , 3 , 4 3x t y t z t= + = − − = − +  

 22. Point: ( )1, 4, 3− −  

  Direction vector: 5v i j= −  

  Direction numbers: 5, 1, 0−  

  Parametric: 1 5 , 4 , 3x t y t z= − + = − = −  

 23. Point: ( )2,1, 2  

  Direction vector: 1,1,1−  

  Direction numbers: 1,1,1−  

  Parametric: 2 , 1 , 2x t y t z t= − = + = +  

 24. Point: ( )6, 0, 8−  

  Direction vector: 2, 2, 0−  

  Direction numbers: 2, 2, 0−  

  Parametric: 6 2 , 2 , 8x t y t z= − − = =  

 25. Let ( )0: 3, 1, 2t P= = − − ( )other answers possible  

  1, 2, 0v = − ( )any nonzero multiple of  is correctv  

 26. Let ( )0: 0, 5, 4t P= = ( )other answers possible  

  4, 1, 3v = − ( )any nonzero multiple of  is correctv  

 27. Let each quantity equal 0:  

  ( )7, 6, 2P = − − ( )other answers possible  

  4, 2,1v = ( )any nonzero multiple of  is correctv  

 28. Let each quantity equal 0:  

  ( )3, 0, 3P = − ( )other answers possible  

  5, 8, 6v = ( )any nonzero multiple of  is correctv  

 29. 1 1: 3, 2, 4L = −v and ( )6, 2, 5P = − on 1L  

  2 2: 6, 4, 8L = − −v and ( )6, 2, 5P = − on 2L  

  The lines are identical. 

 30. 1 1: 2, 1, 3L = −v and ( )1, 1, 0P = − on 1L  

  2 2: 2, 1, 3L = −v and P not on 1L  

  The lines are parallel. 

 31. 1 1: 4, 2, 3L = −v and ( )8, 5, 9P = − − on 1L  

  2 2: 8, 4, 6L = − −v and ( )8, 5, 9P = − − on 2L  

  The lines are identical. 

 32. 1 1: 4, 2, 4L =v and ( )1, 1, 3P = − on 1L  

  2 2: 1, 0.5, 1L =v and P not on 2L  

  The lines are parallel. 

 33. At the point of intersection, the coordinates for one line 
equal the corresponding coordinates for the other line. 
So,  

  (i) 4 2 2 2,t s+ = + (ii) 3 2 3,s= + and  

(iii) 1 1.t s− + = +  

  From (ii), you find that 0s = and consequently, from 
(iii), 0.t = Letting 0,s t= = you see that equation (i) 

is satisfied and so the two lines intersect. Substituting 

zero for s or for t, you obtain the point ( )2, 3,1 .  

  ( )
( )

4 First line

2 2 Second line

8 1 7 7 17
cos

5117 9 3 17

55.5

u i k

v i j k

u v

u v
θ

θ

= −

= + +

⋅ −= = = =

≈ °

 

 34. By equating like variables, you have 

  (i) 3 1 3 1,t s− + = + (ii) 4 1 2 4,t s+ = + and  

(iii) 2 4 1.t s+ = − +  

  From (i) you have ,s t= − and consequently from (ii), 
1
2t = and from (iii), 3.t = − The lines do not intersect. 

 35. Writing the equations of the lines in parametric form you 
have 

  3

1 4

x t

x s

=
= +

 2

2

y t

y s

= −
= − +

 1

3 3 .

z t

z s

= − +
= − −

 

  For the coordinates to be equal, 3 1 4t s= + and 

2 2 .t s− = − + Solving this system yields 17
7t = and 

11
7

.s = When using these values for s and t, the z 

coordinates are not equal. The lines do not intersect. 
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 36. Writing the equations of the lines in parametric form you 
have 

  2 3

3 2

x t

x s

= −
= +

 2 6

5

y t

y s

= +
= − +

 3

2 4 .

z t

z s

= +
= − +

 

  By equating like variables, you have 2 3 3 2 ,t s− = +
2 6 5 ,t s+ = − + 3 2 4 .t s+ = − + So, 1, 1t s= − =

and the point of intersection is ( )5, 4, 2 .−  

  ( )
( )

3, 6, 1 First line

2, 1, 4 Second line

4 4 2 966
cos

48346 21 966

82.6

u

v

u v

u v
θ

θ

= −

=

⋅
= = = =

≈ °

 

 37. 2 4 1 0x y z+ − − =  

(a) ( ) ( ) ( ) ( )7, 2, 1 : 7 2 2 4 1 1 0− − − + − − − =  

 Point is in plane. 

(b) ( ) ( ) ( )5, 2, 2 : 5 2 2 4 2 1 0+ − − =  

 Point is in plane. 

(c) ( ) ( ) ( )6, 1, 1 : 6 2 1 4 1 1 1 0− − − + − − − = − ≠  

 Point is not in plane. 

 38. 2 3 6 0x y z+ + − =  

(a) ( ) ( ) ( )3, 6, 2 : 2 3 6 3 2 6 0− + + − − =  

 Point is in plane. 

(b) ( ) ( ) ( )1, 5, 1 : 2 1 5 3 1 6 6 0− − − + + − − = − ≠  

 Point is not in plane. 

(c) ( ) ( ) ( )2, 1, 0 : 2 2 1 3 0 6 1 0+ + − = − ≠  

 Point is not in plane. 

 39. Point: ( )1, 3, 7−  

  Normal vector: 0, 1, 0n j= =  

  ( ) ( ) ( )( )0 1 1 3 0 7 0

3 0

x y z

y

− + − + − − =

− =

 

 40. Point: ( )0, 1, 4−  

  Normal vector: 0, 0, 1n k= =  

  ( ) ( ) ( )0 0 0 1 1 4 0

4 0

x y z

z

− + + + − =

− =

 

 41. Point: ( )3, 2, 2  

  Normal vector: 2 3n i j k= + −  

  ( ) ( ) ( )2 3 3 2 1 2 0

2 3 10 0

x y z

x y z

− + − − − =

+ − − =

 

 42. Point: ( )0, 0, 0  

  Normal vector: 3 2n i k= − +  

  ( ) ( ) ( )3 0 0 0 2 0 0

3 2 0

x y z

x z

− − + − + − =

− + =

 

 43. Point: ( )1, 4, 0−  

  Normal vector: 2, 1, 2v = − −  

  ( ) ( ) ( )2 1 1 4 2 0 0

2 2 6 0

x y z

x y z

+ − − − − =

− − + =

 

 44. Point: ( )3, 2, 2  

  Normal vector: 4 3v i j k= + −  

  ( ) ( ) ( )4 3 2 3 2 0

4 3 8 0

x y z

x y z

− + − − − =

+ − − =

 

 45. Let u be the vector from ( )0, 0, 0 to 

( )2, 0, 3 : 2, 0, 3u =  

  Let u be the vector from ( )0, 0, 0 to 

( )3, 1, 5 : 3, 1, 5v− − = − −  

  Normal vectors: 2 0 3 3, 19, 2

3 1 5

i j k

u v× = = − −
− −

 

  ( ) ( ) ( )3 0 19 0 2 0 0

3 19 2 0

x y z

x y z

− − − − − =

− − =

 

 46. Let u be the vector from ( )3, 1, 2− to ( )2,1, 5 :  

  1, 2, 3u = −  

  Let u be the vector from ( )3, 1, 2− to ( )1, 2, 2 :− −  

  2, 1, 4v = − − −  

  Normal vector:  

  1 2 3 5, 10, 5 5 1, 2, 1

2 1 4

i j k

u v× = − = − − = − −
− − −

 

  ( ) ( ) ( )1 3 2 1 2 0

2 1 0

x y z

x y z

− + + − − =

+ − + =
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 47. Let u be the vector from ( )1, 2, 3 to 

( )3, 2,1 : 2 2u i k= −  

  Let v be the vector from ( )1, 2, 3 to 

( )1, 2, 2 : 2 4v i j k− − = − − −  

  Normal vector: 

( ) ( )1
2

1 0 1 4 3 4

2 4 1

i j k

u v i j k× − = − = − +  

  ( ) ( ) ( )4 1 3 2 4 3 0

4 3 4 10 0

x y z

x y z

− − − + − =

− + − =

 

 48. ( )1, 2, 3 , Normal vector: 

( ), 1 1 0, 1 0v i x x= − = − =  

 49. ( )1, 2, 3 , Normal vector: 

( ), 1 3 0, 3 0v k z z= − = − =  

 50. The plane passes through the three points 

( ) ( ) ( )0, 0, 0 , 0, 1, 0 , 3, 0, 1 .  

  The vector from ( )0, 0, 0 to ( )0,1, 0 : u j=  

  The vector from ( )0, 0, 0 to ( )3, 0,1 : 3v i k= +  

  Normal vector: 0 1 0 3

3 0 1

i j k

u v i k× = = −  

  3 0x z− =  

 51. The direction vectors for the lines are 2 ,u i j k= − + +
3 4 .v i j k= − + −  

  Normal vector: ( )2 1 1 5

3 4 1

i j k

u v i j k× = − = − + +
− −

 

  Point of intersection of the lines: ( )1, 5,1−  

  ( ) ( ) ( )1 5 1 0

5 0

x y z

x y z

+ + − + − =

+ + − =

 

 52. The direction of the line is 2 .u i j k= − + Choose any 

point on the line, ( )0, 4, 0 , for example ,   and let v be the 

vector from ( )0, 4, 0 to the given point ( )2, 2,1 :  

  2 2v i j k= − +  

  Normal vector: 2 1 1 2

2 2 1

i j k

u v i k× = − = −
−

 

  ( ) ( )2 2 1 0

2 0

x z

x z

− − − =

− =

 

 53. Let v be the vector from ( )1,1, 1− − to ( )2, 2,1 :

3 2v i j k= + +  

  Let n be a vector normal to the plane 
2 3 3: 2 3x y z n i j k− + = = − +  

  Because v and n both lie in the plane P, the normal 
vector to P is 

  3 1 2 7 11

2 3 1

i j k

v n i j k× = = − −
−

 

  ( ) ( ) ( )7 2 1 2 11 1 0

7 11 5 0

x y z

x y z

− + − − − =

+ − − =

 

 54. Let v be the vector from ( )3, 2,1 to ( )3, 1, 5 :−

6v j k= − −  

  Let n be the normal to the given plane: 
6 7 2n i j k= + +  

Because v and n both lie in the plane P, the normal 
vector to P is:  

  

( )

0 1 6 40 36 6

6 7 2

2 20 18 3

i j k

v n i j k

i j k

× = − − = − +

= − +

 

  ( ) ( ) ( )20 3 18 2 3 1 0

20 18 3 27 0

x y z

x y z

− − − + − =

− + − =

 

 55. Let =u i and let v be the vector from ( )1, 2, 1− − to 

( )2, 5, 6 : 7 7= + +v i j k  

  Because u and v both lie in the plane P, the normal 
vector to P is: 

  ( )1 0 0 7 7 7

1 7 7

× = = − + = − −
i j k

u v j k j k  

  ( ) ( )2 1 0

1 0

y z

y z

 − −  −  − −  =   
− + =
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 56. Let  and let =u k v be the vector from ( ) ( )4, 2, 1  to 3, 5, 7 : 7 3 6v i j k− = − + +  

  Because u and v both lie in the plane P, the normal vector to P is:  

  ( )0 0 1 3 7 3 7

7 3 6

× = = − − = − +
−

i j k

u v i j i j  

  ( ) ( )3 4 7 2 0

3 7 26 0

x y

x y

− + − =

+ − =

 

 57. Let ( ), ,x y z be equidistant from ( ) ( )2, 2, 0  and 0, 2, 2 .  

  ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 2

2 2 2 2 2 2

2 2 0 0 2 2

4 4 4 4 4 4 4 4

4 8 4 8

0 Plane

x y z x y z

x x y y z x y y z z

x z

x z

− + − + − = − + − + −

− + + − + + = + − + + − +
− + = − +

− =

 

 58. Let ( ), ,x y z be equidistant from ( ) ( )1, 0, 2  and 2, 0, 1 .  

  ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 2

2 2 2 2 2 2

1 0 2 2 0 1

2 1 4 4 4 4 2 1

2 4 5 4 2 5

2 2 0

0 Plane

x y z x y z

x x y z z x x y z z

x z x z

x z

x z

− + − + − = − + − + −

− + + + − + = − + + + − +
− − + = − − +

− =
− =

 

 59. Let ( ), ,x y z be equidistant from ( ) ( )3, 1, 2  and 6, 2, 4 .− −  

  ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 2

2 2 2 2 2 2

3 1 2 6 2 4

6 9 2 1 4 4 12 36 4 4 8 16

6 2 4 14 12 4 8 56

18 6 4 42 0

9 3 2 21 0 Plane

x y z x y z

x x y y z z x x y y z z

x y z x y z

x y z

x y z

+ + − + − = − + + + −

+ + + − + + − + = − + + + + + − +
− − + = − + − +
− + − =
− + − =

 

 60. Let ( ), ,x y z be equidistant from ( ) ( )5, 1, 3  and 2, 1, 6 .− − −  

  ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 2

2 2 2 2 2 2

5 1 3 2 1 6

10 25 2 1 6 9 4 4 2 1 12 36

10 2 6 35 4 2 12 41

14 4 18 6 0

7 2 9 3 0 Plane

x y z x y z

x x y y z z x x y y z z

x y z x y z

x y z

x y z

+ + − + + = − + + + −

+ + + − + + + + = − + + + + + − +
− + + = − + − +
− + − =
− + − =

 

 61. First plane: 1 5, 2, 8= − −n and ( )0, 3, 0P = on plane 

  Second plane: 2 115, 6, 24 3= − = −n n and P not on 

plane 

  Parallel planes 

  (Note: The equations are not equivalent.) 

 62. First plane: 1 2, 1, 3= −n and ( )4, 0, 0P = on plane 

  Second plane: 2 18, 4, 12 4= − =n n and P not on 

plane. 

  Parallel planes 

  (Note: The equations are not equivalent.) 
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 63. First plane: 1 3, 2, 5= −n and ( )0, 0, 2P = on plane 

  Second plane: 2 175, 50, 125 25= − =n n and P on plane 

  Planes are identical. 

  (Note: The equations are equivalent.) 

 64. First plane: 1 1, 4, 1= − −n and ( )6, 0, 0P = − on plane 

  Second plane: 2 1
5 5 5
2 2 2
, 10,= − − =n n and P on plane 

  Planes are identical. 

  (Note: The equations are equivalent.) 

 65. (a) 1 23 2  and 4 2= + − = − +n i j k n i j k  

 1 2

1 2

7 6
cos

614 21
θ

⋅ −
= = =

n n

n n
 

 65.91θ ≈ °  

(b) The direction vector for the line is  

 ( )2 1 4 2 7 2 .

3 2 1

× = − = +
−

1

i j k

n n j k  

 Find a point of intersection of the planes. 

 

6 4 2 14

4 2 0

7 14

2

x y z

x y z

x

x

+ − =
− + =

=
=

 

 Substituting 2 for x in the second equation, you have 

 4 2 2 or 2 1.y z z y− + = − = −  

 Letting 1,y = a point of intersection is ( )2, 1, 1 .  

 2, 1 , 1 2x y t z t= = + = +  

 66. (a) 1 2, 1, 1= −n and 2 6, 3, 2= −n  

 1 2

1 2

13 13 6
cos

426 49

40.70

θ

θ

⋅ −
= = =

 ≈ °

n n

n n
 

(b) The direction vector for the line is 

 ( )1 2 2 1 1 5 2 .

6 3 2

i j k

n n i j× = − = +
−

 

 Find a point of intersection of the planes. 

 6 3 3 6

6 3 2 4

5 10

2

x y z

x y z

z

z

− + + =
− + =

=
=

 

 Substituting 2 for z in the first equation, you have 
2 0x y− + = or 2 .y x= Letting 0,x = a point  

of intersection is ( )0, 0, 2 .  

 5 , 10 , 2x t y t z= = = or , 2 , 2x t y t z= = =  

 67. (a) 1 3, 1, 1= −n and 2 4, 6, 3=n  

 1 2

1 2

9 9 671
cos

67111 61

69.67

θ

θ

⋅
= = =

 ≈ °

n n

n n
 

(b) The direction vector for the line is 

 1 2 3 1 1 9 5 22 .

4 6 3

× = − = − − +
i j k

n n i j k  

 Find a point of intersection of the planes. 

 18 6 6 42

4 6 3 2

22 9 44

x y z

x y z

x z

− + =
+ + =

+ =

 

 Let 0, 22 44 2z x x= =  = and 

( )3 2 0 7 1.y y− + =  = −  

 A point of intersection is ( )2, 1, 0 .−  

 2 9 , 1 5 , 22x t y t z t= − = − − =  

 68. (a) 1 26 3 , 5= − + = − + +n i j k n i j k  

 1 2

1 2

4 2 138
cos

20746 27

1.6845 96.52

θ

θ

⋅ −
= = =

≈ ≈ °

n n

n n
 

(b) The direction vector for the line is  

 1 2 6 3 1 16, 31, 3 .

1 1 5

× = − = − −
−

i j k

n n  

 Find a point of intersection of the planes. 

 6 3 5   6 3 5

5 5 6 6 30 30

3 31 35

x y z x y z

x y z x y z

y z

− + =  − + =
− + + =  − + + =

+ =

 

 Let ( )9, 2 4 4, 9, 2 .

4 16 , 9 31 , 2 3

y z x

x t y t z t

= − =  = −  − −

= − − = − − = +
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 69. The normal vectors to the planes are  

  1 2
1 2

1 2

5, 3, 1 , 1, 4, 7 , cos 0.θ
⋅

= − = = =
n n

n n
n n

 

  So, 2θ π= and the planes are orthogonal. 

 70. The normal vectors to the planes are  

  1 23, 1, 4 , 9, 3, 12 .= − = − −n n  

  Because 2 13 ,= −n n the planes are parallel, but not 

equal. 

 71. The normal vectors to the planes are  

  1 23 6 , 5 ,= − + = + −n i j k n i j k  

  1 2

1 2

5 3 6 4 138 2 138
cos .

414 20746 27
θ

⋅ − −
= = = =

n n

n n
 

  So, 
2 138

arccos 83.5 .
207

θ
 

= ≈ °  
 

 

 72. The normal vectors to the planes are  

  1 23 2 , 4 2 ,= + − = − +n i j k n i j k  

  1 2

1 2

3 8 2 7 6 6
cos .

42 614 21
θ

⋅ − −
= = = =

n n

n n
 

  So, 
6

arccos 65.9 .
6

θ
 

= ≈ °  
 

 

 73. The normal vectors to the planes are 1 1, 5, 1= − −n

and 2 5, 25, 5 .= − −n Because 2 15 ,=n n the planes 

are parallel, but not equal. 

 74. The normal vectors to the planes are  

  1 22, 0, 1 , 4, 1, 8 ,= − =n n  

  1

1 2

cos 0θ
⋅

= =2n n

n n
 

  So, 
2

πθ = and the planes are orthogonal. 

 75. 2y ≤ −  

   

 76. 1z =  

   

 77. 6x z+ =  

   

 78. 2 8x y+ =  

   

 79. 4 2 6 12x y z+ + =  

   

 80. 3 6 2 6x y z+ + =  

   

 81. 2 3 4x y z− + =  

   

  

−2

−2

1

2

(0, −2, 0)

y

x

1

2

1

z

−2

−1
x

2

(0, 0, 1)

2

2

z

y

yx

z

(0, 0, 6)

(6, 0, 0)
8

8

8

yx

z

(0, 8, 0)

(4, 0, 0)

8
8

8

x
y

6

6

4

6

4

z

(0, 0, 2)

(0, 6, 0)

(3, 0, 0)

x
y2 3

2
3

3

z

(0, 0, 3)

(0, 1, 0)

(2, 0, 0)

x

y−1

−4

3

3

2

z

(0, −4, 0)

(2, 0, 0)

4
3 ((0, 0, 
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 82. 2 4x y z− + =  

   

 83. Writing the equation of the line in parametric form and 
substituting into the equation of the plane you have: 

  7 2 , 4 , 1 5x t y t z t= − + = + = − +  

  ( ) ( ) ( )7 2 3 4 1 5 6

6 6

t t t− + + + − − + =

=

 

  The equation is valid for all t. 

  The line lies in the plane. 

 84. Writing the equation of the line in parametric form and 
substituting into the equation of the plane you have: 

  

( ) ( )

1 4 , 2 , 3 6

1
2 1 4 3 2 5,

2

x t y t z t

t t t

= + = = +
−+ + = − =

 

  Substituting 1
2

t = − into the parametric equations for 

the line you have the point of intersection ( )1, 1, 0 .− −  

The line does not lie in the plane. 

 85. Writing the equation of the line in parametric form and 
substituting into the equation of the plane you have: 

  1 3 , 1 2 , 3x t y t z t= + = − − = +  

  ( ) ( )2 1 3 3 1 2 10, 1 10,t t+ + − − = − = contradiction  

  So, the line does not intersect the plane. 

 86. Writing the equation of the line in parametric form and 
substituting into the equation of the plane you have: 

  

( ) ( )
4 2 , 1 3 , 2 5

5 4 2 3 1 3 17, 0

x t y t z t

t t t

= + = − − = − +

+ + − − = =

 

  Substituting 0t = into the parametric equations for the 

line you have the point of intersection ( )4, 1, 2 .− −  

The line does not lie in the plane. 

 87. Point: ( )0, 0, 0Q  

  Plane: 2 3 12 0x y z+ + − =  

  Normal to plane: 2, 3, 1=n  

  Point in plane: ( )6, 0, 0P  

  Vector 6, 0, 0PQ = −


 

  
12 6 14

714

PQ
D

⋅ −
= = =

n

n



 

 88. Point: ( )0, 0, 0Q  

  Plane: 5 9 0x y z+ − − =  

  Normal to plane: 5, 1, 1= −n  

  Point in plane: ( )0, 9, 0P  

  Vector 0, 9, 0PQ = −


 

  
9

3
27

PQ
D

⋅ −
= = =

n

n



 

 89. Point: ( )2, 8, 4Q  

  Plane: 2 5x y z+ + =  

  Normal to plane: 2, 1, 1=n  

  Point in plane: 0, 0, 5P  

  Vector: 2, 8, 1PQ = −


 

  
11 11 6

66

PQ
D

⋅
= = =

n

n



 

 90. Point: ( )1, 3, 1Q −  

  Plane: 3 4 5 6 0x y z− + − =  

  Normal to plane: 3, 4, 5= −n  

  Point in plane: ( )2, 0, 0P  

  Vector : 1, 3, 1PQ − −


 

  
20

2 2
50

PQ
D

⋅ −
= = =

n

n



 

 91. The normal vectors to the planes are 1 1, 3, 4= −n and 

2 1, 3, 4 .= −n Because 1 2,=n n  the planes are 

parallel. Choose a point in each plane. 

  ( )10, 0,0  is a point in 3 4 10.P x y z− + =  

  ( )6, 0, 0  is a point in 3 4 6.Q x y z− + =  

  
1

1

4 2 26
4, 0, 0 , 

1326

PQ
PQ D

⋅
= − = = =

n

n




 

 92. The normal vectors to the planes are 1 2, 7, 1=n and 

2 2, 7, 1 .=n Because 1 2,=n n the planes are parallel. 

Choose a point in each plane. 

  ( )0, 0, 13P is a point in 2 7 13.x y z+ + =  

  ( )0, 0, 9Q is a point in 2 7 9.x y z+ + =  

  0, 0, 4PQ =


 

  
1

1

4 2 6

954

PQ
D

⋅
= = =

n

n



 

x

y1

−4

3

4

1

2

z

(0, 0, 4)

(0, −4, 0)

(2, 0, 0)
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 93. The normal vectors to the planes are 1 3, 6, 7= −n and 

2 6, 12, 14 .= − −n Because 2 12 ,= −n n the planes are 

parallel. Choose a point in each plane. 

  ( )0, 1, 1  is a point in 3 6 7 1.P x y z− − + + =  

  
25

, 0, 0  is a point in 6 12 14 25.
6

Q x y z
  − − = 
 

 

  

1

1

25
, 1, 1

6

27 2 27 27 94

18894 2 94

PQ

PQ
D

= −

⋅ −
= = = =

n

n





 

 94. The normal vectors to the planes are 1 1, 6, 2= −n and 

2
1
2
, 3, 1 .= −n Because 1 22 ,=n n the planes are 

parallel. Choose a point in each plane. 

  ( )3, 0, 0P − is a point in 6 2 3.x y z− + + =  

  ( )0, 0, 4Q is a point in 1
2

3 4.x y z− + + =  

  3, 0, 4PQ =


 

  
1

1

5 5 41

4141

PQ
D

⋅
= = =

n

n



 

 95. 4, 0, 1= −u is the direction vector for the line. 

( )1, 5, 2Q − is the given point, and ( )2, 3, 1P − is on the 

line.  

  3, 2, 3PQ = −


 

  3 2 3 2, 9, 8

4 0 1

PQ × = − = − − −
−

i j k

u


 

  
149 2533

1717

PQ
D

×
= = =

u

u



 

 96. 2, 1, 2=u is the direction vector for the line. 

( )1, 2, 4Q − is the given point, and ( )0, 3, 2P − is a point 

on the line ( )let 0 .t =  

  1, 1, 2PQ =


 

  1 1 2 0, 2, 1

2 1 2

PQ × = = −
i j k

u


 

  
5 5

39

PQ
D

×
= = =

u

u



 

 97. 1, 1, 2= − −u is the direction vector for the line.  

  ( )2, 1, 3Q − is the given point, and ( )1, 2, 0P is on the 

line ( )let 0 in the parametric equations for the line .t =  

  3, 1, 3PQ = − −


 

  3 1 3 1, 9, 4

1 1 2

PQ × = − − = − − −
− −

i j k

u


 

  
1 81 16 98 7 7 3

31 1 4 6 3

PQ
D

× + += = = = =
+ +

u

u



 

 98. 0, 3, 1=u is the direction vector for the line. 

  ( )4, 1, 5Q − is the given point, and ( )3, 1, 1P is on the line.  

  1, 2, 4PQ = −


 

  1 2 4 14, 1, 3

0 3 1

PQ × = − = − −
i j k

u


 

  

214 1 9 206 103 515

10 5 59 1

PQ
D

×
=

+ += = = =
+

u

u



 

 99. The direction vector for 1 1 is 1, 2, 1 .L = −v  

  The direction vector for 2 2 is 3, 6, 3 .L = − −v  

  Because 2 13 ,= −v v the lines are parallel. 

  Let ( )2, 3, 4Q to be a point on ( )1  and 0, 1, 4L P a point 

on 2.L 2, 2, 0 .PQ =


 

  2=u v is the direction vector for 2.L  

  2 2 2 0 6, 6, 18

3 6 3

PQ × = = − −
− −

i j k

v


 

  
2

2

36 36 324 396 22 66

54 3 39 36 9

PQ
D

×
=

+ += = = =
+ +

v

v


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 100. The direction vector for 1 1 is 6, 9, 12 .L = −v  

  The direction vector for 2 2 is 4, 6, 8 .L = −v  

  Because 1 2
3
2

,=v v the lines are parallel. 

  Let ( ) ( )13, 2, 1  to be a point on  and 1, 3, 0Q L P− − a point 

on 2. 4, 5, 1 .L PQ = −


 

  2=u v is the direction vector for 2.L  

  2 4 5 1 34, 36, 44

4 6 8

PQ × = − =
−

i j k

v


 

  
2

2

2 2 234 36 44

16 36 64

4388 1097 31813

29 29116

PQ
D

×
=

+ +=
+ +

= = =

v

v



 

 101. Exactly one plane contains the point and line. Select two 
points on the line and observe that three noncolinear 
points determine a unique plane. 

 102. There are an infinite number of planes orthogonal to a 
given plane in space. 

 103. Yes, Consider two points on one line, and a third distinct 
point on another line. Three distinct points determine a 
unique plane. 

 104. (a) 0ax by d+ + =  matches (iv). The plane is 

 parallel to the z-axis. 

(b) 0ax d+ = matches (i). The plane is parallel to the 
yz-plane. 

(c) 0cz d+ = matches (ii). The plane is parallel to the 
xy-plane. 

(d) 0ax cz d+ + = matches (iii). The plane is 
parallel to the y-axis. 

 105. 0.23 0.14 6.85z x y= + +  

(a)  

  

  

 The approximations are close to the actual values. 

(b) If x and y both increase, then so does z. 

 106. On one side you have the points ( ) ( )0, 0, 0 , 18, 0, 0 , and ( )3, 3, 24 .− −  

  1 18 0 0 432 54

3 3 24

= = − −
− −

i j k

n j k  

  On the adjacent side you have the points ( ) ( )0, 0, 0 , 0, 18, 0 , and ( )3, 3, 24 .− −  

  2 0 18 0 432 54

3 3 24

= = +
− −

i j k

n i k  

  1 2

1 2

2916 1
cos

189,540 65

1
arccos 89.1

65

θ

θ

⋅
= = =

= ≈ °

n n

n n
 

  

Year 2009 2010 2011 2012 2013 2014 

z(Approx) 18.93 19.46 20.31 21.10 21.58 22.62 

x

y
12

1818

12

18

6

(0, 18, 0)

(18, 0, 0)

(0, 0, 0)

(−3, −3, 24)

z
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 107. 1 1 1 1: 6 ; 8 , 3L x t y t z t= + = − = +  

  2 2 2 2: 1 , 2 , 2L x t y t z t= + = + =  

(a) At 0,t = the first insect is at ( )1 6, 8, 3P and the second insect is at ( )2 1, 2, 0 .P  

   ( ) ( ) ( )2 2 2
Distance 6 1 8 2 3 0 70 8.37 centimeters.= − + − + − = ≈  

(b) ( ) ( ) ( ) ( ) ( )2 2 2 2 22 2
1 2 1 2 1 2Distance 5 6 2 3 5 30 70, 0 10x x y y z z t t t t t= − + − + − = + − + − = − + ≤ ≤  

(c) The distance is never zero. 

(d) Using a graphing utility, the minimum distance is 5 centimeters when 3 minutes.t =  

   

 108. First find the distance D from the point ( )3, 2, 4Q − to the plane. Let ( )4, 0, 0P be on the plane.  

2, 4, 3= −n is the normal to the plane. 

  
7, 2, 4 2, 4, 3 14 8 12 18 18 29

294 16 9 29 29

PQ
D

⋅ − ⋅ − − + −
= = = = =

+ +

n

n



 

  The equation of the sphere with center ( ) ( ) ( ) ( )2 2 2 324
3, 2, 4  and radius 18 29 29 is 3 2 4 .

29
x y z− + + − + − =  

 109. The direction vector v of the line is the normal to the 
plane, 3, 1, 4 .= −v  

  The parametric equations of the line are 5 3 ,x t= +
4 , 3 4 .y t z t= − = − +  

  To find the point of intersection, solve for t in the 
following equation: 

  ( ) ( ) ( )

4
13

3 5 3 4 4 3 4 7

26 8

t t t

t

t

+ − − + − + =

=

=

 

  Point of intersection:  

  ( ) ( )( ) ( )77 48 234 4 4
13 13 13 13 13 13

5 3 , 4 , 3 4 , ,+ − − + = −  

 110. The normal to the plane, 2, 1, 3= − −n is perpendicular 

to the direction vector 2, 4, 0=v of the line because 

2, 1, 3 2, 4, 0 0.− − ⋅ =  

  So, the plane is parallel to the line. To find the distance 
between them, let ( )2, 1, 4Q − − be on the line and 

( )2, 0, 0P on the plane. 4, 1, 4 .PQ = − −


 

  

4, 1, 4 2, 1, 3 19 19 14

144 1 9 14

PQ
D

⋅
=

− − ⋅ − −
= = =

+ +

n

n



 

111. 2 5 1 21 11 13

3 1 4

× = − = − − −
−

i j k

u v i j k  

  Direction numbers: 21, 11, 13  

  21 , 1 11 , 4 13x t y t z t= = + = +  

 112. The unknown line L is perpendicular to the normal vector 
1, 1, 1=n of the plane, and perpendicular to the direction 

vector 1, 1, 1 .= −u So, the direction vector of L is  

  1 1 1 2, 2, 0 .

1 1 1

= = −
−

i j k

v  

  The parametric equations for L are 1 2 , 2 ,x t y t= − =
2.z =  

 113. True 

 114. False. They may be skew lines. ( )See Section Project.  

 115. True 

 116. False. For example, the lines , 0, 1x t y z= = =  and 

0, , 1x y t z= = =  are both parallel to the plane 

0,z = but the lines are not parallel. 

 117. False. For example, planes 7 11 5x y z+ − = and 

5 2 4 1x y z+ − = are both perpendicular to plane 

2 3 3,x y z− + = but are not parallel. 

 118. True

15
0

0

15
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Section 11.6   Surfaces in Space

 1. Quadric surfaces are the three-dimensional analogs of 
conic sections. 

 2. In the xz-plane, 2z x= is a parabola. 

  In three-space, 2z x= is a cylinder. 

 3. The trace of a surface is the intersection of the surface 
with a plane. You find a trace by setting one variable 
equal to a constant, such as 0x = or 2.z =  

 4. No. For example, 2 2 2 0x y z+ + = is a single point 

and 2 2 1x y+ = is a right circular cylinder. 

 5. Ellipsoid 

  Matches graph (c) 

 6. Hyperboloid of two sheets 

  Matches graph (e) 

 7. Hyperboloid of one sheet 

  Matches graph (f ) 

 8. Elliptic cone 

  Matches graph (b) 

 9. Elliptic paraboloid 

  Matches graph (d) 

 10. Hyperbolic paraboloid 

  Matches graph (a) 

 11. 2 2 9y z+ =  

  The x-coordinate is missing so you have a right circular 
cylinder with rulings parallel to the x-axis. The generating 
curve is a circle. 

   

 12. 2 6y z+ =  

  The x-coordinate is missing so you have a parabolic 
cylinder with the rulings parallel to the x-axis. The 
generating curve is a parabola. 

   

 13. 2 2

2 2

4 4

1
1 4

x y

x y

+ =

+ =

 

  The z-coordinate is missing so you have an elliptic 
cylinder with rulings parallel to the z-axis. The generating 
curve is an ellipse. 

   

 14. 2 2

2 2

25

1
25 25

y z

y z

− =

− =

 

  The x-coordinate is missing so you have a hyperbolic 
cylinder with rulings parallel to the x-axis. The generating 
curve is a hyperbola. 

   

  

x y4
7 6

4

z

x

y2
−2

2

z

x
y

23
3

2

3

z

−3

x

4

8

2
6 8

−4

4

8

−8

z

y
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 15. 2 2 24 1x y z− − =  

  Hyperboloid of two sheets 

  xy-trace: 2 24 1x y− =  hyperbola 

  yz-trace: none 

  xz-trace: 2 24 1x z− =  hyperbola 

   

 16. 
2 2 2

1
16 25 25

x y z+ + =  

  Ellipsoid 

  xy-trace: 
2 2

1
16 25

x y+ =  ellipse 

  xz-trace: 
2 2

1
16 25

x z+ =  ellipse 

  yz-trace: 2 2 25y z+ =  circle 

 17. 2 2 2

2
2 2

16 16 4

4 4 1
4

x y z

y
x z

− + =

− + =

 

  Hyperboloid of one sheet 

  xy-trace: 
2

24 1
4

y
x − =  hyperbola 

  xz-trace: ( )2 24 1x z+ =  circle 

  yz-trace: 
2

24 1
4

y
z

− + =  hyperbola 

   

 18. 2 24z x y= +   

  Elliptic paraboloid 

  xy-trace: point ( )0, 0, 0  

  xz-trace: 2z x= parabola 

  yz-trace: 24z y= parabola 

 19. 
2 2 2

1
1 4 1

x y z+ + =  

  Ellipsoid 

  xy-trace: 
2 2

1
1 4

x y+ = ellipse 

  xz-trace: 2 2 1x z+ =   circle 

  yz-trace: 
2 2

1
4 1

y z+ = ellipse 

 20. 
2

2 2 1
4

y
z x− − =  

  Hyperboloid of two sheets 

  xy-trace: none 

  xz-trace: 2 2 1z x− = hyperbola 

  yz-trace: 
2

2 1
4

y
z − = hyperbola 

  10:z = ±
2 2

1
9 36

x y+ = ellipse 

   

 21. 
2

2 2

9

y
z x= +  

  Elliptic cone 

  xy-trace: point ( )0, 0, 0  

  xz-trace: z x= ±  

  yz-trace: 
3

y
z = ±  

  When 1,z = ±
2

2 1
9

y
x + = ellipse 

 22. 2 23z y x= − +  

  Hyperbolic paraboloid 

  xy-trace: y x= ±  

  xz-trace: 21
3

z x=  

  yz-trace: 21
3z y= −  

  

x

y

3

3
2

−3

z

x

y

z

3
4

5

2
1

3 4 5

1

2

3

4

5

21

x y3

2

−2
−3

3

2

3

−3

−2

z

x

y

z

3
2

1

4

2
1

x
y2

2

2

−2

z

x
y5

5

5

z

x

y

1

1

3

−3

−1

z

x
y1010

24
20

28

z
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 23. 2 2 0x y z− + =  

  Hyperbolic paraboloid 

  xy-trace: y x= ±  

  xz-trace: 2z x= −  

  yz-trace: 2z y=  

  1:y = ± 21z x= −  

 24. 2 2 22 2x y z= +  

  Elliptic Cone 

  xy-trace: 2x y= ±  

  xz-trace: 2x z= ±  

  yz-trace: point: ( )0, 0, 0  

 25. 2 2 0x y z− + =  

  Elliptic paraboloid 

  xy-trace: 2y x=  

  xz-trace: 

( )

2 2 0,

point 0, 0, 0

x z+ =  

  yz-trace: 2y z=  

  1:y = 2 2 1x z+ =  

 26. 2 2 2

2 2 2

8 18 18 2

9 9 4 1

x y z

y z x

− + + =

+ − =

 

  Hyperboloid of one sheet 

  xy-trace: 2 29 4 1y x− =  hyperbola 

  yz-trace: 2 29 9 1y z+ =  circle 

  xz-trace: 2 29 4 1z x− =  hyperbola 

   

 27. These have to be two minus signs in order to have a 
hyperboloid of two sheets. The number of sheets is the 
same as the number of minus signs. 

 28. Yes. Every trace is an ellipse (or circle or point). 

 29. No. See the table on pages 800 and 801. 

 30. 2 2z x y= +  

(a) You are viewing the paraboloid from the x-axis: 

( )20, 0, 0  

(b) You are viewing the paraboloid from above, but not 
on the z-axis: ( )10,10, 20  

(c) You are viewing the paraboloid from the z-axis: 

( )0, 0, 20  

(d) You are viewing the paraboloid from the y-axis: 

( )0, 20, 0  

 31. ( ) 22 2x z r y+ =    and ( ) 5 ,z r y y= = so 

  2 2 225 .x z y+ =  

 32. ( ) 22 2x z r y+ =    and ( ) 3 ,z r y y= ± so 

  2 2 9 .x z y+ =  

 33. ( ) 22 2x y r z+ =    and ( ) 1 32 ,y r z z= = so 

  2 2 2 34 .x y z+ =  

 34. ( ) 22 2x y r z+ =    and ( ) ,zx r z e= = so 

  2 2 2 .zx y e+ =  

 35. ( ) 22 2y z r x+ =    and ( ) 2
,y r x

x
= = so

2
2 2 2 2

2

2 4
.y z y z

x x
 + =  + = 
 

 

 36. ( ) 22 2y z r x+ =    and ( ) 21
2

4 ,z r x x= = − so

( )2 2 21
4

4y z x+ = −  2 2 24 4 4.x y z+ + =  

 37. 

( )
2 2

2
2 2

2 0

2

x y z

x y z

+ − =

+ =

 

  Equation of generating curve: 2y z= or 2x z=  

 38. 2 2 2cosx z y+ =  

  Equation of generating curve: cos or cosx y z y= =  

 39. ( )2
2 2 2 25 8 5 8y z x x+ = − = −  

  Equation of generating curve: 25 8y x= − or 
25 8z x= −  

  

x y2 23 3

3

z

x
y5

5

5

z

x
y3 4

2
1

−3

3

2

1

3

−3

−2

z

x y

2

1

2

2

−2

1

z
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 40. 2 2 2

2

2 2 2 2

6 2 2 1

1 1
3 3

2 2

x y z

y z x x

+ + =

 
+ = − = −  

 

 

  Equation of generating curve: 21
3

2
y x= − or 

21
3

2
z x= −  

 41. ( )
43 44 2

0
0

4 218
2 4 2

3 4 3

x x
V x x x dx

ππ π  
= − = − = 

 
  

   

 42. 

[ ]
0

2
0

2 sin

2 sin cos 2

V y y dy

y y y

π

π

π

π π

=

= − =

  

   

 43. 
2 2

2 4

x y
z = +  

(a) When 2z = we have 
2 2

2 ,
2 4

x y= + or 

2 2

1
4 8

x y= +  

 Major axis: 2 8 4 2=  

 Minor axis: 2 4 4=  

 2 2 2 2, 4, 2c a b c c= − = =  

 Foci: ( )0, 2, 2±  

(b) When 8z = we have 
2 2

8 ,
2 4

x y= + or 

2 2

1 .
16 32

x y= +  

 Major axis: 2 32 8 2=  

 Minor axis: 2 16 8=  

 2 32 16 16, 4c c= − = =  

 Foci: ( )0, 4, 8±  

 44. 
2 2

2 4

x y
z = +  

(a) When 4y = you have 
2

4,
2

x
z = +  

( ) 21
4 4 .

2
z x  − = 

 
 

 Focus: 
9

0, 4,
2

 
 
 

 

(b) When 2x = you have 

 ( )
2

22 , 4 2 .
4

y
z z y= + − =  

 Focus: ( )2, 0, 3  

 45. If ( ), ,x y z is on the surface, then  

  ( ) ( )2 22 2

2 2 2 2

2 2

2 2

4 4 4 4

8

y x y z

y y x y y z

x z y

+ = + − +

+ + = + − + +

+ =

 

  Elliptic paraboloid 

  Traces parallel to xz-plane are circles. 

 46. If ( ), ,x y z is on the surface, then 

  ( )22 2 2

2 2 2 2

2 2
2 2

4

8 16

8 16 2
8 8

z x y z

z x y z z

x y
z x y z

= + + −

= + + − +

= + +  = + +

 

  Elliptic paraboloid shifted up 2 units. Traces parallel to 
xy-plane are circles. 

 47. 
2 2 2

2 2 2
1

6378 6378 6357

x y z+ + =  

  

x
1 2 3 4

4

3

2

1

p(x)

h(x)

z

y

2
π π

0.5

1.0

z
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 48. (a) ( )

( )

22 2

2

2 2

2 1

2 2 0

x y r z

z

x y z

+ =   

 = − 

+ − + =

 

   

(b) 
2 2

0

2 3

0

24
2 3

0

1
2 3 1

2

1
2 2

2

2 4 12.6 cm
8

V x x dx

x x dx

x
x

π

π

π π

  = − +    

 = − 
 

 
= − = ≈ 

 





 

   

(c) 
2 2

1 2

2 3

1 2

24
2

1 2

3

1
2 3 1

2

1
2 2

2

2
8

31 225
4 11.04 cm

64 64

V x x dx

x x dx

x
x

π

π

π

π π

  = − +    

 = − 
 

 
= − 

 

= − = ≈





 

   

 49. 
2 2

2 2
,

y x
z z bx ay

b a
= − = +  

  
2 2

2 2

4 2 2 4
2 2 2 2

2 2

2 22 2

2 2

2 2

1 1

4 4

2 2

2 2

y x
bx ay

b a

a b a b
x a bx y ab y

a b

a b ab
x y

a b

b a b ab
y x

a

+ = −

   
+ + = − +   

   

   
+ −   

   =

 
= ± + + 

 

 

  Letting ,x at= you obtain the two intersecting lines 

,x at= ,y bt= − 0z = and ,x at=  
2 2 2, 2 .y bt ab z abt a b= + = +  

 50. Equating twice the first equation with the second equation: 

  2 2 2 2 2 22 6 4 4 8 2 6 4 3 2

4 8 3 2

3 4 6, a plane

x y z y x y z x

y x

x y

+ − + − = + − − −
− = − −

+ =

 

 51. The Klein bottle does not have both an “inside” and an 
“outside.” It is formed by inserting the small open end 
through the side of the bottle and making it contiguous 
with the top of the bottle. 

Section 11.7   Cylindrical and Spherical Coordinates

 1. The cylindrical coordinate system is an extension of the 
polar coordinate system. In this system, a point P in 
space is represented by an ordered triple ( ) ( ), , . ,r z rθ θ
is a polar representation of the projection of P in the  
xy-plane, and z is the directed distance from ( ),r θ to P. 

 2. The point is 2 units from the origin, in the xz-plane, and 
makes an angle of 30° with the z-axis. 

 3. ( )7, 0, 5 ,− cylindrical 

  cos 7 cos 0 7

sin 7 sin 0 0

5

x r

y r

z

θ
θ

= = − = −
= = − =
=

 

  ( )7, 0, 5 ,− rectangular 

  

x

y
1

3

−2

22

3

4

z

x

3

2

1

1 2 3

y

x

3

2

1

1 2 3

y
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 4. ( )2, , 4 ,π− − cylindrical 

  ( )
( )

cos 2 cos 2

sin 2 sin 0

4

x r

y r

z

θ π

θ π

= = − = −

= = − =

= −

 

  ( )2, 0, 4 ,− − rectangular 

 5. 3, , 1 ,
4

π 
 
 

cylindrical 

  
3 2

 cos 3 cos
4 2

3 2
 sin 3 sin

4 2
1

x r

y r

z

πθ

πθ

= = =

= = =

=

 

  
3 2 3 2

, ,1 ,
2 2

 
  
 

rectangular 

 6. 
3

6, , 2 , cylindrical
2

π − 
 

 

  
3

cos 6 cos 0
2

x r
πθ  = = − = 

 
 

  
3

sin 6 sin 6
2

y r
πθ  = = − = 

 
 

  2z =  

  ( )0, 6, 2 , rectangular  

 7. 
7

4, , 3 , cylindrical
6

π − 
 

 

  
7 3

cos 4 cos 4 2 3
6 2

x r
πθ

 
= = = − = −  

 
 

  
7 1

sin 4 sin 4 2
6 2

y r
πθ  = = = − = − 

 
 

  3z = −  

  ( )2 3, 2, 3 , rectangular− − −  

 8. 
2 4

, ,8 , cylindrical
3 3

π − 
 

 

  
2 4 2 1 1

cos cos
3 3 3 2 3

2 4 2 3 3
sin sin

3 3 3 2 3

x r

y r

πθ

πθ

  = = − = − − =  
  

  = = − = − − =     

 

  8z =  

  
1 3

, , 8 , rectangular
3 3

 
  
 

 

 9. ( )0, 5,1 , rectangular 

  ( ) ( )2 2
0 5 5

5 5
tan arctan

2 0 2
1

r

z

πθ θ

= + =

=  = =

=

 

  5, , 1 ,
2

π 
 
 

cylindrical 

 10. ( )6, 2 3, 1 , rectangular−  

  ( )2
26 2 3 36 12 48 4 3r = + = + = =  

  
2 3 3 3

tan arctan
6 3 3 6

πθ θ= =  = =  

  1z = −  

  4 3, , 1 , cylindrical
6

π − 
 

 

 11. ( )2, 2, 4 ,− − rectangular 

  ( )222 2 2 2r = + − =  

  ( )2
tan arctan 1

2 4

πθ θ−=  = − = −  

  4z = −  

  2 2, , 4 ,
4

π − − 
 

cylindrical 

 12. ( )3, 3, 7 ,− rectangular 

  ( )

( )

223 3 18 3 2

3
tan arctan 1

3 4
7

r

z

πθ θ

= + − = =

−=  = − = −

=

 

  3 2, , 7 ,
4

π − 
 

cylindrical 

 13. ( )1, 3, 4 , rectangular 

  ( )2
21 3 2

3
tan arctan 3

1 3
4

r

z

πθ θ

= + =

=  = =

=

 

  2, , 4 ,
3

π 
 
 

cylindrical 
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 14. ( )2 3, 2, 6 ,− rectangular 

  12 4 4

1 5
arctan

63

6

r

z

πθ

= + =

 = − = 
 

=

 

  4, , 6 ,
6

π − 
 

cylindrical 

 15. 4z = is the equation in cylindrical coordinates. 

  (plane) 

 16. 9, rectangular equation

cos 9

9 sec , cylindrical equation

x

r

r

θ
θ

=
=

=

 

 17. 2 2 22 5,x y z+ − = rectangular equation 

  2 22 5,r z− = cylindrical equation 

 18. 2 2

2

11, rectangular equation

11, cylindrical equation

z x y

z r

= + −

= −

 

 19. 2 ,y x= rectangular equation  

  ( )2

2

sin cos

sin cos

sec tan , cylindrical equation

r r

r

r

θ θ

θ θ
θ θ

=

=
= ⋅

 

 20. 2 2

2

8 , rectangular equation

8 cos

8 cos , cylindrical equation

x y x

r r

r

θ
θ

+ =

=
=

 

 21. 

( )

2 2

2 2

2 2 2

10 , rectangular equation

sin 10

sin 10, cylindrical equation

y z

r z

r z

θ

θ

= −

= −

+ =

 

 22. 2 2 2

2 2

3 0, rectangular equation

3 0, cylindrical equation

x y z z

r z z

+ + − =

+ − =

 

 23. 

2 2

2 2

3, cylindrical equation

3

9, rectangular equation

r

x y

x y

=

+ =

+ =

 

   

 24. 2,z = − cylindrical equation 

  2,z = − rectangular equation 

   

 25. , cylindrical equation
6

tan
6

1

3

3

3 0, rectangular equation

y

x
y

x

x y

x y

πθ

π

=

=

=

=

− =

 

   

 26. 

2 2

2
2 2

, cylindrical equation
2

2

0, rectangular equation
4

z
r

z
x y

z
x y

=

+ =

+ − =

 

   

 27. 2 2

2 2 2

5, cylindrical equation

5, rectangular equation

r z

x y z

+ =

+ + =

 

   

  

x
y3 44 3

3

−3

2

z

−2

−2

1

−2
1 2

2
1

y

z

x

x

y

2 1

2

1

2

−2

−2

z

x
y2

2
−2 −2

4

z

x y

3
3

3

−3

z
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 28. 2 2

2

cos , cylindrical equation

, rectangular equation

z r

z x

θ=

=

 

   

 29. 

( )

2

2 2

2 2

22

4 sin , cylindrical equation

4 sin

4

4 4 4

2 4, rectangular equation

r

r r

x y y

x y y

x y

θ

θ

=

=

+ =

+ − + =

+ − =

 

   

 30. 

( )

2

2 2

2 2

2 2

2 cos , cylindrical equation

2 cos

2

2 0

1 1, rectangular equation

r

r r

x y x

x y x

x y

θ

θ

=

=

+ =

+ − =

− + =

 

   

 31. ( )4, 0, 0 , rectangular  

  2 2 24 0 0 4ρ = + + =  

  tan 0 0
y

x
θ θ= =  =  

  arccos 0
2

πφ = =  

  4, 0, , spherical
2

π 
 
 

 

 32. ( )4, 0, 0 ,− rectangular 

  ( )2 2 24 0 0 4

tan 0 0

arccos arccos 0
2

4, 0, , spherical
2

y

x
z

ρ

θ θ

πφ
ρ

π

= − + + =

= =  =

= = =

 
 
 

 

 33. ( )2, 2 3, 4 ,− rectangular 

  ( ) ( )22 22 2 3 4 4 2ρ = − + + =  

  
2 3

tan 3
2

2

3

y

x
θ

πθ

= = = −
−

=

 

  
1

arccos arccos
42

2
4 2, , , spherical

3 4

z πφ
ρ

π π

= = =

 
 
 

 

 34. ( )5, 5, 2 , rectangular− −  

  ( ) ( ) ( )22 2
5 5 2 52 2 13ρ = − + − + = =  

  
5

tan 1
5 4

y

x

πθ θ−= = =  =
−

 

  
2 26

arccos arccos arccos
262 13

zφ
ρ

= = =  

  
26

2 13, , arccos , spherical
4 26

π 
  
 

 

 35. ( )3,1, 2 3 , rectangular 

  3 1 12 4ρ = + + =  

  
1

tan
3

6

y

x
θ

πθ

= =

=

 

  
3

arccos arccos
2 6

z πφ
ρ

= = =  

  4, , ,
6 6

π π 
 
 

spherical 

  

x
y

z

123

9

654321

x

y
4

5

3
2

1
1

2
3

z

−2−3

−3

−2

−1

1

3

x

y
3

2

−2

2

z
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 36. ( )1, 2, 1 ,− rectangular 

  ( )

( )

2 2 21 2 1 6

tan 2 arctan 2

1
arccos  arccos 

6

y

x

z

ρ

θ θ π

φ
ρ

= − + + =

= = −  = − +

=

 

  ( ) 1
6, arctan 2 , arccos ,

6
π − + 

 
spherical 

 37. 4, , ,
6 4

π π 
 
 

spherical 

  

( )

 sin  cos 4 sin cos 6
4 6

 sin  sin 4 sin sin 2
4 6

 cos 4 cos 2 2
4

6, 2, 2 2 , rectangular

x

y

z

π πρ φ θ

π πρ φ θ

πρ φ

= = =

= = =

= = =

 

 38. 

( )

6, , , spherical
2

 sin  cos 6 sin cos 6
2

 sin  sin 6 sin sin 0
2

 cos 6 cos 0
2

6, 0, 0 , rectangular

x

y

z

ππ

πρ φ θ π

πρ φ θ π

πρ φ

 
 
 

= = = −

= = =

= = =

−

 

 39. 

( )

12, , 0 , spherical
4

 sin  cos 12 sin 0 cos 0
4

 sin  sin 12 sin 0 sin 0
4

 cos 12 cos 0 12

0, 0, 12 , rectangular

x

y

z

π

πρ φ θ

πρ φ θ

ρ φ

 − 
 

 = = − = 
 

 = = − = 
 

= = =

 

 40. 

( )

9, , , spherical
4

 sin  cos 9 sin cos 0
4

 sin  sin 9 sin sin 0
4

 cos 9 cos 9

0, 0, 9 , rectangular

x

y

z

π π

πρ φ θ π

πρ φ θ π

ρ φ π

 
 
 

= = =

= = =

= = = −

−

 

 41. 5, , , spherical
4 12

π π 
 
 

 

  sin cos 5 sin cos 0.915
12 4

x
π πρ φ θ= = ≈  

  sin sin 5 sin sin 0.915
12 4

y
π πρ φ θ= = ≈  

  cos 5 cos 4.830
12

z
πρ θ= = ≈  

  ( )0.915, 0.915, 4.830 , rectangular  

 42. 
3

7, , , spherical
4 9

π π 
 
 

 

  
3

sin cos 7 sin cos 1.693
9 4

x
π πρ φ θ= = ≈ −  

  
3

sin sin 7 sin sin 1.693
9 4

y
π πρ φ θ= = ≈  

  cos 7 cos 6.578
9

z
πρ φ= = ≈  

  ( )1.693, 1.693, 6.578 , rectangular−  

 43. 2,y = rectangular equation 

  sin sin 2

2 csc csc , spherical equation

ρ φ θ
ρ φ θ

=
=

 

 44. 6, rectangular equationz =  

  cos 6

6 sec , spherical equation

ρ φ
ρ φ

=
=

 

 45. 2 2 2

2

49,

49

7,

x y z

ρ
ρ

+ + =

=
=

rectangular equation

spherical equation

 

 46. 

( )

2 2 2

2 2 2 2

2 2 2

2

3 0, rectangular equation

4

4 cos

1 4 cos

1
cos

2

, cone spherical equation
3

x y z

x y z z

ρ ρ φ

φ

φ

πφ

+ − =

+ + =

=

=

=

=
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 47. 2 2 16,x y+ = rectangular equation  

  

( )
2 2 2 2 2 2

2 2 2 2

2 2

sin sin sin cos 16

sin sin cos 16

sin 16

sin 4

4 csc , spherical equation

ρ φ θ ρ φ θ

ρ φ θ θ

ρ φ
ρ φ

ρ φ

+ =

+ =

=
=
=

 

 48. 13,x = rectangular equation 

  sin cos 13

13 csc sec , spherical equation

ρ φ θ
ρ φ θ

=
=

 

 49. 2 2 2

2 2 2 2 2 2 2 2

2 2 2 2 2 2

2 2 2 2

2

2

2

2 , rectangular equation

sin cos sin sin 2 cos

sin cos sin 2 cos

sin 2 cos

sin
2

cos

tan 2

tan 2, spherical equation

x y z

ρ φ θ ρ φ θ ρ φ

ρ φ θ θ ρ φ

ρ φ ρ θ

φ
φ

φ

φ

+ =

+ =

 + = 

=

=

=

= ±

 

 50. 2 2 2

2

9 0, rectangular equation

9 cos 0

9 cos , spherical equation

x y z z

ρ ρ φ
ρ φ

+ + − =

− =
=

 

 51. 1, spherical equationρ =  

  2 2 1 1, rectangular equationx y z+ + =  

   

 52. 
3

, spherical equation
4

πθ =  

  tan

1

0, rectangular equation

y

x
y

x
x y

θ =

− =

+ =

 

   

 53. , spherical equation
6

πφ =  

  
2 2 2

2 2 2

2

2 2 2

2 2 2

cos

3

2

3

4

3 3 0, 0, rectangular equation

z

x y z

z

x y z

z

x y z

x y z z

φ =
+ +

=
+ +

=
+ +

+ − = ≥

 

   

  

x

z

y1

−1
−1

1

1

−1

x

y3

−3

−3

3

z

x

y

2
1 1

2

2

−2
−1

−1

−1

−2

z
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 54. , spherical equation
2

πφ =  

  
2 2 2

2 2 2

cos

0

0, rectangular equation

z

x y z

z

x y z

z

φ =
+ +

=
+ +

=

 

  xy-plane 

   

 55. 4 cos , spherical equationρ φ=  

  

( )

2 2 2

2 2 2

2 2 2

22 2

4

4 0

2 4, 0, rectangular equation

z
x y z

x y z

x y z z

x y z z

+ + =
+ +

+ + − =

+ + − = ≥

 

   

 56. 2 sec , spherical equation

cos 2

ρ φ
ρ φ

=
=

 

  2, rectangular equationz =  

   

 57. 

2 2

2 2

csc , spherical equation

sin 1

1

1, rectangular equation

x y

x y

ρ φ
ρ φ

=
=

+ =

+ =

 

   

 58. 4 csc sec , spherical equation

4

sin cos

sin cos 4

ρ φ φ

φ θ
ρ φ θ

=

=

=

 

  4, rectangular equationx =  

   

 59. 4, , 0 , cylindrical
4

π 
 
 

 

  2 2

2 2

4 0 4

4

arccos arccos 0
2

4, , , spherical
4 2

z

r z

ρ
πθ

πφ

π π

= + =

=

= = =
+

 
 
 

 

 60. 3, , 0 , cylindrical
4

π − 
 

 

  2 2

2 2

3 0 3

4
0

arccos arccos 
9 2

z

r z

ρ
πθ

πφ

= + =

= −

= = =
+

 

  3, , ,
4 2

π π − 
 

spherical 

  

x

y3
3

−3
−3

−3

−2

3

2

z

x
y

3 3
2

1
2

5

4

3

2

−2 −3

z

x

y
3 3

2 1

3

z

x y
1

2
1

2

1

2

−2

−2 −2

−1

z

x

y66
4

6

z
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 61. 6, , 6 , cylindrical
2

π − 
 

 

  ( )226 6 72 6 2ρ = + − = =  

  
2

πθ =  

  
2 2

6 1 3
arccos arccos arccos

46 2 2

z

r z

πφ − −   = = = =   
   +

 

  
3

6 2, , , spherical
2 4

π π 
 
 

 

 62. 4, , 4 ,
3

π − 
 

cylindrical 

  ( )2 2

2 2

4 4 4 2

3
1

arccos arccos
42

4 2, , , spherical
3 4

z

r z

ρ
πθ

πφ

π π

= − + =

=

= = =
+

 
 
 

 

 63. ( )12, , 5 ,π cylindrical 

  2 2

2 2

12 5 13

5
arccos arccos

13

5
13, , arccos , spherical

13

z

r z

ρ
θ π

φ

π

= + =
=

= =
+

 
 
 

 

 64. 

2 2

2 2

4, , 3 , cylindrical
2

4 3 5

2
3

arccos arccos
5

3
5, , arccos , spherical

2 5

z

r z

π

ρ
πθ

φ

π

 
 
 

= + =

=

= =
+

 
 
 

 

 65. 10, , , spherical
6 2

10 sin 10
2

6

10 cos 0
2

10, , 0 , cylindrical
6

r

z

π π

π

πθ

π

π

 
 
 

= =

=

= =

 
 
 

 

 66. 4, , , spherical
18 2

4 sin 4
2

18

4 cos 0
2

4, , 0 , cylindrical
18

r

z

π π

π

πθ

π

π

 
 
 

= =

=

= =

 
 
 

 

 67. 6, , , spherical
6 3

6 sin 3 3
3

6

6 cos 3
3

3 3, , 3 , cylindrical
6

r

z

π π

π

πθ

π

π

 − 
 

= =

= −

= =

 − 
 

 

 68. 
5

5, , , spherical
6

5 sin 0

5

6
5 cos 5

5
0, , 5 , cylindrical

6

r

z

π π

π
πθ

π
π

 − 
 

= =

= −

= = −
 − − 
 

 

 69. 
7

8, , , spherical
6 6

8 sin 4
6

7

6

8 3
8 cos

6 2
7

4, , 4 3 , cylindrical
6

r

z

π π

π

πθ

π

π

 
 
 

= =

=

= =

 
 
 

 

  



  Section 11.7   Cylindrical and Spherical Coordinates 1149 

  © 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 

 70. 
3

7, , , spherical
4 4

3 7 2
7 sin

4 2

4

3 7 2
7 cos

4 2

7 2 7 2
, , , cylindrical

2 4 2

r

z

π π

π

πθ

π

π

 
 
 

= =

=

= = −

 
−  

 

 

 71. 5r =  

  Cylinder 

  Matches graph (d) 

 72. 
4

πθ =  

  Plane 

  Matches graph (e) 

 73. 5ρ =  

  Sphere 

  Matches graph (c) 

 74. 
4

πφ =  

  Cone 

  Matches graph (a) 

 75. 2 2 2,r z x y z= + =  

  Paraboloid 

  Matches graph (f ) 

 76. 4 sec , cos 4zρ φ ρ φ= = =  

  Plane 

  Matches graph (b) 

 77. cθ = is a half-plane because of the restriction 0.r ≥  

 78. (a) The surface is a cone. The equation is (i)  

   2 2 24
9

.x y z+ =  

   In cylindrical coordinates, the equation is 

   

2 2 2

2 2

4
9

4
9

2
3

.

x y z

r z

r z

+ =

=

=

 

(b) The surface is a hyperboloid of one sheet. The 

equation is (ii) 2 2 2 2.x y z+ − =  

 In cylindrical coordinates, the equation is 

  

2 2 2

2 2

2 2

2

2

2.

x y z

r z

r z

+ − =

− =

= +

 

 79. 2 2 2 27x y z+ + =  

(a) 2 2 27r z+ =  

(b) 2 27 3 3ρ ρ=  =  

 80. ( )2 2 24 x y z+ =  

(a) 2 24 2r z r z=  =  

(b) ( )2 2 2 2 2 2 2 24 sin cos sin sin cosρ φ θ ρ φ θ ρ φ+ =  

 

2 2

2

4 sin cos ,

1
tan ,

4
1 1

tan arctan
2 2

φ φ

φ

φ φ

=

=

=  =

 

 81. 2 2 2 2 0x y z z+ + − =  

(a) ( )22 2 22 0 1 1r z z r z+ − =  + − =  

(b) 

( )

2 2 cos 0

2 cos 0

2 cos

ρ ρ φ
ρ ρ φ

ρ φ

− =

− =

=

 

 82. 2 2x y z+ =  

(a) 2r z=  

(b) 2 2

2

2

sin cos

sin cos

cos

sin

csc cot

ρ φ ρ φ

ρ φ φ
φρ
φ

ρ φ φ

=

=

=

=

 

 83. 2 2 4x y y+ =  

(a) 2 4 sin , 4 sinr r rθ θ= =  

(b) 

( )

2 2sin 4 sin sin

sin sin 4 sin 0

4 sin

sin

4 sin csc

ρ φ ρ φ θ
ρ φ ρ φ θ

θρ
φ

ρ θ φ

=

− =

=

=
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 84. 2 2 45x y+ =  

(a) 2 45r = or 3 5r =  

(b) 2 2 2 2 2 2

2 2

sin cos sin sin 45

sin 45

3 5 csc

ρ φ θ ρ φ θ
ρ φ

ρ φ

+ =

=

=

 

 85. 2 2 9x y− =  

(a) 2 2 2 2

2
2 2

cos sin 9

9

cos sin

r r

r

θ θ

θ θ

− =

=
−

 

(b) 2 2 2 2 2 2

2 2
2 2

2
2

2 2

sin cos sin sin 9

9
sin

cos sin

9 csc

cos sin

ρ φ θ ρ φ θ

ρ φ
θ θ

φρ
θ θ

− =

=
−

=
−

 

 86. 4y =  

(a) sin 4 4 cscr rθ θ=  =  

(b) sin sin 4,

4 csc csc

ρ φ θ
ρ φ θ

=
=

 

 87. 0
2

0 2

0 4

r

z

πθ≤ ≤

≤ ≤
≤ ≤

 

   

 88. 
2 2

0 3

0 cos

r

z r

π πθ

θ

− ≤ ≤

≤ ≤
≤ ≤

 

   

 89. 0 2

0 r a

r z a

θ π≤ ≤
≤ ≤
≤ ≤

 

   

 90. 

2 2

0 2

2 4

6 8

r

z r r

θ π≤ ≤
≤ ≤

≤ − + −

 

   

 91. 0 2

0
6

0 seca

θ π
πφ

ρ φ

≤ ≤

≤ ≤

≤ ≤

 

   

 92. 0 2

4 2
0 1

θ π
π πφ

ρ

≤ ≤

≤ ≤

≤ ≤

 

   

  

x

y2
3

1

2 3

5

3

2

z

y

x
4

−4

4

4

3

z

x y
a a

−a −a

a

z

y

x
5

−5

5

4

3

z

x

y

30°

z

a

y

x
2

−2
−2

2

2

z
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 93. 0
2

0
2

0 2

πθ

πφ

ρ

≤ ≤

≤ ≤

≤ ≤

 

   

 94. 0

0
2

1 3

θ π
πφ

ρ

≤ ≤

≤ ≤

≤ ≤

 

   

 95. Rectangular 

  0 10

0 10

0 10

x

y

z

≤ ≤
≤ ≤
≤ ≤

 

   

 96. Cylindrical: 

  0.75 1.25

0 8

r

z

≤ ≤
≤ ≤

 

   

 97. Spherical 

  4 6ρ≤ ≤  

   

 98. Cylindrical 

  

2 2

1
2 3

0 2

9 9

r

r z r

θ π

≤ ≤

≤ ≤

− − ≤ ≤ −

 

   

 99. Cylindrical coordinates:  

  2 2 9,

3 cos , 0

r z

r θ θ π
+ ≤

≤ ≤ ≤
 

   

 100. Spherical coordinates: 

  2

3

0
4

ρ
ρ

πφ

≥
≤

≤ ≤

 

   

  

x

y

z

2

2

2

4

1
2

3

−1
−2

−3

3

2

y

x

z

y

x

10
10

10

z

x y

8

22

−2 −2

z

y

x

−8

−8

8

8

z

y
x

4

−4

4

4

z

x

y

3

2 3
4

3

−2−3

z

2
2

11

3

2

x

y

z

−1−2
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 101. False. ( ) ( ), , 0, 0,1r zθ = and ( ) ( ), , 0, , 1r zθ π=  

represent the same point ( ) ( ), , 0, 0,1 .x y z =  

 102. True ( )except for the origin .  

 103. sin , 1

sin
1

z r

y y
z y

r

θ

θ

= =

= = = =

 

  The curve of intersection is the ellipse formed by the 
intersection of the plane z y= and the cylinder 1.r =  

 104. 2 sec cos 2 2 plane

4 sphere

zρ φ ρ φ
ρ

=  =  =
=

 

  The intersection of the plane and the sphere is a circle.

Review Exercises for Chapter 11 

 1. ( ) ( ) ( )1, 2 , 4, 1 , 5, 4P Q R= = =  

(a) 4 1, 1 2 3, 1

5 1, 4 2 4, 2

PQ

PR

= = − − = −

= = − − =

u

v




 

(b) 3 , 4 2= − = +u i j v i j  

(c) ( )22 2 23 1 10    4 2 20 2 5= + − = = + = =u v  

(d) 3 3 3, 1 4, 2 5, 5− + = − − + = −u v  

 2. ( ) ( ) ( )2, 1 , 5, 1 , 2, 4P Q R= − − = − =  

(a) ( ) ( )
( ) ( )

5 2 , 1 1 7, 0

2 2 , 4 1 4, 5

PQ

PR

= = − − − − − =

= = − − − − =

u

v




 

(b) 7 , 4 5= = +u i v i j  

(c) 2 2 2 27 0 49 7   4 5 41= + = = = + =u v  

(d) , 53 3 7, 0 4, 5 17− + = − + = −u v  

 3. ( )
( )

cos sin

8 cos 60 sin 60

1 3
8 4 4 3 4, 4 3

2 2

v v i j

i j

i j i j

θ θ= +

= ° + °

 
= + = + =  

 

 

 4. cos sin  

1 1
  cos 225 sin 225

2 2

2 2 2 2
,

4 4 4 4

= θ θ

= ° + °

= − − = − −

v v i + v j

i j

i j

 

 5. ( )0, 4, 5: 5, 4, 0z y x= = = − −  

 6. 3y = describes a plane parallel to the xz-plane and 

passing through ( )0, 3, 0 .  

 7. ( ) ( ) ( )2 2 2
2 1 3 6 5 3

9 9 4 22

d = − − + − + −

= + + =

 

 8. ( )( ) ( ) ( )( )2 22
4 2 1 1 1 5

36 4 16 56 2 14

d = − − + − − + − − −

= + + = =

 

 9. ( ) ( ) ( )
( ) ( ) ( )

2 2 2 2

2 2 2

3 2 6 4

3 2 6 16

x y z

x y z

− + + + − =

− + + + − =

 

 10. Center: ( )0 4 0 6 4 0
, , 2, 3, 2

2 2 2

+ + +      =     
     

 

  Radius: 

  

( ) ( ) ( )
( ) ( ) ( )

2 2 2

2 2 2

2 0 3 0 2 4 4 9 4 17

2 3 2 17x y z

− + − + − = + + =

− + − + − =
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 11. ( ) ( )
( ) ( )

2 2 2

2 3 2

4 4 6 9 4 4 9

2 3 9

x x y y z

x y z

− + + − + + = − + +

− + − + =

 

  Center: ( )2, 3, 0  

  Radius: 3  

   

 12. ( ) ( )
( )

( ) ( ) ( )

2 2

2

2 2 2

10 25 6 9

4 4 34 25 9 4

5 3 2 4

x x y y

z z

x y z

− + + + +

+ − + = − + + +

− + + + − =

 

  Center: ( )5, 3, 2−  

  Radius: 2  

   

 13. (a), (d)  

 

(b) ( )4 2, 4 1 , 7 3 2, 5, 10= − − − − − = −v  

(c) 2 5 10= + −v i j k  

 14. (a), (d) 

(b) 3 6, 3 2, 8 0 3, 5, 8= − − − − = − −v  

(c) 3 5 8= − − +v i j k  

 15. 
1

3
2

1
5, 2, 3 3 0, 2, 1 6, 6, 2

2

5, 2, 3 0, 6, 3 3, 3, 1

8, 5, 1

z = − + +

= − − + + − −

= − − + + − −

= −

u v w  

 16.  

( )

( )

2 0

1

2
1

5, 2, 3 0, 2, 1 6, 6, 2
2
1

1, 10, 4
2

1
, 5, 2

2

u v w z

u v wz

− + − =

= − +

= − − + − −

= − −

= − −

 

 17. 1 3, 6 4, 9 1 4, 2, 10= − − − + = −v  

  5 3, 3 4, 6 1 2, 1, 5= − − − + = − −w  

  Because 2 ,− =w v the points lie in a straight line.  

 18. 8 5, 5 4, 5 7 3, 1, 2= − − + − = − −v  

  11 5, 6 4, 3 7 6, 10, 4= − + − = −w  

  Because v and w are not parallel, the points do not lie in 
a straight line. 

 19. Unit vector: 
2, 3, 5 2 3 5

, ,
38 38 38 38

= =u

u
 

 20. 
6, 3, 2 8 48 24 16

8 6, 3, 2 , ,
7 7 7 749

−
= − = −  

 21. 5, 0, 0 , 4, 4, 0 , 2, 0, 6P Q R= = =  

(a) 1, 4, 0PQ= = −u


 

 3, 0, 6PR = −v =


 

(b) ( )( ) ( ) ( )1 3 4 0 0 6 3⋅ = − − + + =u v  

(c) 9 36 45⋅ = + =v v  

 22. 2, 1, 3 , 0, 5, 1 , 5, 5, 0P Q R= − = =  

(a) 2, 6, 2PQ= = − −u


 

 3, 6, 3PR= = −v


 

(b) ( )( ) ( )( ) ( )( )2 3 6 6 2 3 36⋅ = − + + − − =u v  

(c) 9 36 9 54⋅ = + + =v v  

  

x

y54
3

2
3
4

4
5

6 6

z

x

y2

8
6

4

2

6

4

z

x

y
321

54
5

3

1
2
3

−2

−9
−10

−8

z

(2, −1, 3)

(4, 4, −7)
(2, 5, −10)

x

y
1

3
4

2
1

5
6

1

6
5

7
8

z

(3, −3, 8)

(−3, −5, 8)

(6, 2, 0)

v
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 23. [ ]3 3 5 2
5 cos sin

4 4 2

π π = + = − + 
 

u i j i j  

  
2 2

2 cos sin 3
3 3

π π = + = − + 
 

v i j i j  

  ( )5 2
1 3

2
⋅ = +u v  

  
25 25

5 1 3 2
2 2

= + = = + =u v  

  
( )( )

( )
5 2 2 1 3 2 6

cos
5 2 4

θ
+⋅ += = =

u v

u v
 

(a) 
2 6

arcos 0.262
4 12

πθ += = ≈  

(b) 15θ ≈ °  

 24. 

( )
1, 0, 3

2, 2, 1

1

1 9 10

4 4 1 3

1
cos

3 10
θ

= −

= −

⋅ = −

= + =

= + + =

⋅
= =

u

v

u v

u

v

u v

u v

 

(a) 
1

arccos 1.465
3 10

θ  = ≈ 
 

 

(b) 83.9θ = °  

 25. 7, 2, 3 , 1, 4, 5= − = −u v  

  Because 0,⋅ =u v the vectors are orthogonal. 

 26. 3, 0, 9 3 1, 0, 3 3= − = − − = −u v  

  The vectors are parallel. 

 27. 4, 2 , 3, 4= =u v  

(a) 1 2
proj

20
3, 4

25

4 12 16
3, 4 ,

5 5 5

 ⋅ = =
 
 

 =  
 

= =

v
u v

w u v
v

 

(b) 2 1
12 16 8 6

4, 2 , ,
5 5 5 5

w u w= − = − = −  

 28. 1, 1, 1 , 2, 0, 2= − =u v  

(a) 1 2
proj

4
2, 0, 2 1, 0, 1

8

 ⋅ = =
 
 

= =

v
u v

w u v
v

 

(b) 2 1 1, 1, 1 1, 0, 1 0, 1, 0w u w= − = − − = −  

 29. There are many correct answers. 

  For example: 6, 5, 0 .v = ± −  

 30. ( )( )cos 75 8 cos 30

300 3 J

W PQ PQ θ= ⋅ = = °

=

F F
 

 

 31. (a) 4 3 6 9 26 7

5 2 1

 
 × = = − + − 
  

i j k

u v i j k  

(b) ( ) 9 26 7× = − × = − +v u u v i j k  

(c) × =v v 0  

 32. (a) 0 2 1 11 2

1 3 4

 
 × = = + − 
 − 

i j k

u v i j k  

(b) ( ) 11 2× = − × = − − +v u u v i j k  

(c) × =v v 0  

 33. 2 10 8 32 48 52

4 6 8

 
 × = − = + + 
 − 

i j k

u v i j k  

6032 4 377× = =u v  

Unit vector: 
1

8, 12, 13
377

 

 34. 3, 1, 5 , 2, 4, 1= − = −u v  

  3 1 5 19 7 10

2 4 1

 
 × = − = + − 
 − 

i j k

u v i j k  

  
( )22 219 7 10

510

A = × = + + −

=

u v
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 35. 40= −F k   ( )1
4

25 cm m=  

  ( )1 1 3
cos 60 sin 60

4 8 8
PQ = ° + ° = +j k j k


 

  The moment of F about P is 

  
1 3

0 5
8 8

0 0 40

M PQ= × = = −

−

i j k

F i


 

  Torque 5 N-m=  

   

 36. ( ) ( )
2 1 0

0 2 1 2 5 10

0 1 2

V

 
 = ⋅ ⋅ = = = 
 − 

u v w  

 37. 9 3, 11 0, 6 2 6, 11, 4= − − − =v  

(a) Parametric equations:  
 3 6 , 11 , 2 4x t y t z t= + = = +  

(b) Symmetric equations: 
3 2

6 11 4

x y z− −= =  

 38. 8 1, 10 4, 5 3 9, 6, 2= + − − =v  

(a) Parametric equations:  
 1 9 , 4 6 , 3 2x t y t z t= − + = + = +  

(b) Symmetric equations:
1 4 3

9 6 2

x y z+ − −= =  

 39. ( )6, 8, 2P = − −  

  0, 1, 0= =v j  

  6, 8 , 2x y t z= − = − + =  

 40. Direction numbers: 

( )
1, 1, 1, 1, 1, 1

1, 2, 3P

=v  

  1 , 2 , 3x t y t z t= + = + = +  

 41. ( ) ( ) ( )
[ ]

3, 4, 2 , 3, 4, 1 , 1, 1, 2

0, 8, 1 , 4, 5, 4

0 8 1 27 4 32

4 5 4

P Q R

PQ PR

PQ PR

= − − = − = −

= − = −

= × = − = − − −
−

i j k

n i j k

 

 

 

  

( ) ( ) ( )27 3 4 4 32 2 0

27 4 32 33

x y z

x y z

− + − + − − =

+ + = −  

 42. 3= − +n i j k  

  ( ) ( ) ( )3 2 1 3 1 1 0

3 8 0

x y z

x y z

+ − − + − =

− + + =

 

 43. The two lines are parallel as they have the same direction 
numbers, 2, 1, 1.−  Therefore, a vector parallel to the 

plane is 2 .= − +v i + j k A point on the first line is

( )1, 0, 1− and a point on the second line is ( )1, 1, 2 .−  

The vector 2 3= − −u i j k connecting these two 

points is also parallel to the plane. Therefore, a normal  
to the plane is 

  ( )2 1 1 2 4 2 2 .

2 1 3

× = − = − − = − +
− −

i j k

v u i j i j  

  Equation of the plane: ( )1 2 0

2 1

x y

x y

− + =

+ =

 

 44. Let 5 2,1 2, 3 1 3, 3, 2v = − + − = be the direction 

vector for the line through the two points.  Let 
2,1, 1n = − be the normal vector to the plane.  Then 

3 3 2 5, 7, 3

2 1 1

i j k

v n× = = − −
−

 

is the normal to the unknown plane. 

  ( ) ( ) ( )5 5 7 1 3 3 0

5 7 3 27 0

x y z

x y z

− − + − − − =

− + − + =

 

 45. ( )1, 0, 2Q point 

  2 3 6 6x y z− + =  

  A point P on the plane is ( )3, 0, 0 .  

  2, 0, 2PQ = −


 

  2, 3, 6n = − normal to plane 

 
8

7

n

n

PQ
D

⋅
= =



 

  

x

y
60°

F
25 cm

P

Q
z
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 46. ( )3, 2, 4Q − point 

  2 5 10x y z− + =  

  A point P on the plane is ( )5, 0, 0 .  

  2, 2, 4PQ = − −


 

  2, 5,1n = − normal to plane 

10 30

330

n

n

PQ
D

⋅
= = =



 

 47. The normal vectors to the planes are the same, 

  ( )5, 3, 1 .n = −  

  Choose a point in the first plane ( )0, 0, 2 .P Choose a 

point in the second plane, ( )0, 0, 3 .Q −  

  0, 0, 5

5 5 35

735 35

n

n

PQ

PQ
D

= −

⋅ −
= = = =




 

 48. ( )5, 1, 3Q − point 

  1, 2, 1u = − − direction vector 

  ( )1, 3, 5P point on line 

  6, 2, 2PQ = − − −


 

  6 2 2 2, 8, 14

1 2 1

i j k

uPQ × = − − − = − −
− −


 

  
264

2 11
6

PQ
D

u

u


×

= = =  

 49. 2 3 6x y z+ + =  

  Plane 

  Intercepts: ( ) ( ) ( )6, 0, 0 , 0, 3, 0 , 0, 0, 2 ,  

   

 50. 2y z=  

  Because the x-coordinate is missing, you have a 
cylindrical surface with rulings parallel to the x-axis.  
The generating curve is a parabola in the yz-coordinate 
plane. 

   

 51. 
1

2
y z=  

  Plane with rulings parallel to the x-axis. 

   

 52. cosy z=  

  Because the x-coordinate is missing, you have a 
cylindrical surface with rulings parallel to the x-axis.  
The generating curve is cos .y z=  

   

 53. 
2 2

2 1
16 9

x y
z+ + =  

  Ellipsoid 

  xy-trace:  
2 2

1
16 9

x y+ =  

  xz-trace:  
2

2 1
16

x
z+ =  

  yz-trace:  
2

2 1
9

y
z+ =  

   

  

x

y

6

3

3
(0, 0, 2)

(6, 0, 0)

(0, 3, 0)

z

y

x

4
2

1

2

3

z

x

y

6

2

2

z

y
x 2 2

4

−2

z

x

y

5
4

2

−2

−4

z
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 54. 2 2 216 16 9 0x y z+ − =  

  Cone 

  xy-trace:  point ( )0, 0, 0  

  xz-trace:
4

3

x
z = ±  

  yz-trace:
4

3

y
z = ±  

  2 24, 9z x y= + =  

   

 55. 
2 2

2

2 2
2

1
16 9

1
9 16

x y
z

y x
z

− + = −

− − =

 

  Hyperboloid of two sheets 

  xy-trace:
2 2

1
9 16

y x− =  

  xz-trace:  None 

  yz-trace:
2

2 1
9

y
z− =  

  

 56. 
2 2 2

1
25 4 100

x y z+ − =  

  Hyperboloid of one sheet 

  xy-trace:
2 2

1
25 4

x y+ =  

  xz-trace:
2 2

1
25 100

x z− =  

  yz-trace:
2 2

1
4 100

y z− =  

   

 57. 2 2 4.x z+ =  

  Cylinder of radius 2 about y-axis 

   

 58. 2 2 16.y z+ =  

  Cylinder of radius 4 about x-axis 

   

 59. 2 2z y= revolved about y-axis 

  

( ) 22 2

2 2

2

2

2

z y

x z r y y

x z y

= ±

+ =   = 

+ =

 

 60. 2 3 1x z+ = revolved about the x-axis 

  
1 2

3

x
z

−=  

  ( )
2

22 2 1 2
,

3

x
y z r x

− + =   =     
Cone 

 61. ( )3, 3, 5 , rectangular− −  

(a) ( )2
23 3 12 2 3r = − + = =  

 
3

tan
33

πθ θ−=  = −  

 5z = −  

 2 3, , 5 , cylindrical
3

π − − 
 

 

(b) ( ) ( )
2 223 3 5 37ρ = − + + − =  

 
3

tan
33

πθ θ= −  = −  

 
5

arccos arccos
37

zφ
ρ

− = =  
 

 

 
5 37

37, , arccos , spherical
3 37

π  
− −      

 

  

x y33 2

−3 −3

4

z

x

y
5 5

2

−2

z

x
y

5

−5

12

z

x y

z

2

2

−2

x
y

z

−2

2

2

−2
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 62. ( )8, 8, 1 , rectangular  

(a) 2 28 8 8 2r = + =  

 
8

tan 1
8 4

πθ θ= =  =  

 1z =  

 8 2, , 1 , cylindrical
4

π 
 
 

 

(b) 2 2 28 8 1 129ρ = + + =  

 
8

tan 1
8 4

πθ θ= =  =  

 
1

arccos arccos
129

zφ
ρ

= =  

 

129
129, , arccos , spherical

4 129

π 
  
   

 63. ( )5, , 1 , cylindricalπ  

  cos 5 cos 5

sin 5 sin 0

1

x r

y r

z

θ π
θ π

= = = −
= = =
=

 

  ( )5, 0, 1 , rectangular−  

 64. 2, , 3 , cylindrical
3

π − 
 

 

  cos 2 cos 1
3

sin 2 sin 3
3

3

x r

y r

z

πθ

πθ

= = − = −

= = − = −

=

 

  ( )1, 3, 3 , rectangular− −  

 65. 4, , , spherical
4

ππ 
 
 

 

  sin cos 4 sin cos 2 2
4

sin sin 4 sin sin 0
4

cos 4 cos 2 2
4

x

y

z

πρ φ θ π

πρ φ θ π

πρ φ

= = = −

= = =

= = =

 

  ( )2 2, 0, 2 2 , rectangular−  

 66. 8, , , spherical
6 3

π π − 
 

 

  
3 3

sin cos 8 sin cos 8 6
3 6 2 2

3 1
sin sin 8 sin sin 8 2 3

3 6 2 2

cos 8 cos 4
3

x

y

z

π πρ φ θ

π πρ φ θ

πρ φ

   = = − = =          

    = = − = − = −         

= = =

 

  ( )6, 2 3, 4 , rectangular−  

 67. 2 2 2x y z− =  

(a) Cylindrical: 

 2 2 2 2 2cos sin 2 cos 2 2r r z r zθ θ θ− =  =  

(b) Spherical: 

 2 2 2 2 2 2

2

2

sin cos sin sin 2 cos

sin cos 2 2 cos 0

2 sec 2 cos csc

ρ φ θ ρ φ θ ρ φ

ρ φ θ φ

ρ θ φ φ

− =

− =

=

 

 68. 2 2 2 16x y z+ + =  

(a) Cylindrical: 2 2 16r z+ =  

(b) Spherical: 4ρ =  

 69. 2 2sin 3 cos , cylindrical equationz r rθ θ= +  

  2 3 , rectangular equationz y x= +  

   

  

4
yx

z

2
2

4

4

2

−2

−4

−4
−4
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 70. 5 , cylindrical equationr z= −  

  2 2

2 2 2

5

25 0, rectangular equation

x y z

x y z

+ = −

+ − =

 

   

 71. , spherical equation
4

πφ =  

  

( )

2 2 2

2 2 2

2 2 2 2

2 2 2 2

2 2 2

arccos
4

2
cos

4 2

1

2

2

0, rectangular equation

z

x y z

z

x y z

z x y z

z x y z

x y z

πφ

π

= =
+ +

= =
+ +

= + +

= + +
+ − =

 

   

 72. 9 sec , spherical equationρ θ=  

  cos 9

9, rectangular equationz

ρ θ =
=

 

   

Problem Solving for Chapter 11

 1. 

( )
( ) ( )

a b c 0

b a b c 0

b a b c 0

+ + =
× + + =

× + × =

 

  sin

sin

a b b c

b c b c

a b a b

A

C

× = ×

× =

× =

 

  Then, 

  
sin

sin
.

b c

a a b c

a b

a b c

c

A

C

×
=

×
=

=

 

   

  The other case,
sin sin

a b

A B= is similar. 

 2. ( ) 4

0
1

x
f x t dt= +  

(a) 

(b) ( )
( )

( )

4 1

0 1 tan

4

1 2 2
,

2 22
u i j

f x x

f θ
πθ

′ = +

′ = =

=

= + =

  

(c) 
2 2

,
2 2

± −  

(d) The line is : , .y x x t y t= = =  

  

−10

10
10

5

−2

−1

1

z

x y

1
1

1

−1

x

−1

z

y

y

2

4

6

8

10

−4−6
−6

2
2

4
6 4

6

z

x

b

c a

−4 −2

−2

2

4

−4

2 4

y

x



1160 Chapter 11   Vectors and the Geometry of Space  

  © 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 

 3. Label the figure as indicated. 

  From the figure, you see that 

  
1 1 1 1

 and .
2 2 2 2

SP RQ SR PQa b a b
   

= − = = + =  

  Because  and ,SP RQ SR PQ= =
   

 

  PSRQ is a parallelogram. 

   

 4. Label the figure as indicated. 

  

( ) ( ) 2 2
0, because

a b

b a

a b b a b a

PR

SQ

= +

= −

+ ⋅ − = − =




 

  a b= in a rhombus. 

   

 5. (a) 0, 1, 1=u is the direction vector of the line

 determined by 1 2 and .P P  

   
1

2, 0, 1 0, 1, 1

2

1, 2, 2 3 3 2

22 2

P Q
D

×
=

− ×
=

−
= = =

u

u



 

  

(b) The shortest distance to the line segment is

1 2, 0, 1 5.P Q = − =  

 6. ( ) ( )0 0n nPP PP+ ⊥ −
 

 

  Figure is a square. 

  So, 0PP n


= and the points P form a circle of radius 

n in the plane with center at 0.P  

   

 7. (a) ( )
1221

0
0

1

2 2

z
V z dzπ π π 

= = = 
 

  

  Note:
1

2
(base)(altitude) ( )1 1

1
2 2

π π= =  

(b) ( )

( ) ( )

2 2

2 2

2 2

2 2

: slice at 

1

x y
z z c

a b

x y

ca cb

+ = =

+ =

 

 At ,z c= figure is ellipse of area 

 ( )( ) .ca cb abcπ π=  

 
2 2

0
0

2 2

k
k abc abk

V abc dc
π ππ  

= ⋅ = = 
 

  

(c) ( )1 1

2 2
V abk kπ= = (area of base)(height) 

 8. (a) ( )
3

2 2 2 3

0
0

4
2 2

3 3

r
r x

V r x dx r x rπ π π 
= − = − = 

 
  

(b) At height 0,z d= >  

 
2 2 2

2 2 2

2 2 2 2 2

2 2 2 2

1

1

x y d

a b c

x y d c d

a b c c

+ + =

−+ = − =

 

  
( ) ( )

2 2

2 2 2 2 2 2

2 2
1.

x y

a c d b c d

c c

− −
+ =  

( ) ( )

( )

2 2 2 2 2 2

2 2

2 2
2

Area
a c d b c d

c c

ab
c d

c

π

π

  − −
=     

  

= −

 

 ( )2 2
20

3
2

2
0

2

2 4

3 3

c

c

ab
V c d dd

c

ab d
c d abc

c

π

π π

= −

 
= − = 

 

  

  

a

bS

P

Q

R

a −    b1
2

1
2

a +    b1
2

1
2

a

b

S

P Q

R

P0

n + PP0

P

n n

n − PP0

x

y432

4

1
2

3

3
4
5
6

z

P1

P2

Q
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 9. From Exercise 54, Section 11.4, 

  ( ) ( ) ( ) ( ) .u v w z u v z w u v w z× × × =  × ⋅  −  × ⋅      

 10. ( )1
3, 1, 2 1; 4, 3,

2
x t y t z t Q s= − + = + = − =  

(a) 2,1, 4u = − direction vector for line 

 ( )3,1, 1P = − point on line 

 1, 2, 1PQ s= +


 

 

( ) ( )

1 2 1

2 1 4

7 6 2 5

PQ s

s s

i j k

u

i j k


× = +

−

= − + − − +

 

 
( ) ( )2 2
7 6 2 25

21

u

u

PQ s s
D

× − + − − +
= =



 

(b)  

 The minimum is 2.2361 at 1.D s≈ = −  

(c) Yes, there are slant asymptotes.  Using ,s x= you have 

 ( ) ( )22 21 5 5 5
( ) 5 10 110 2 22 1 21 1

2121 21 21
D s x x x x x x= + + = + + = + + → ± +  

 ( )105
1

21
y s= ± + slant asymptotes.

 11. (a) 2 sinρ φ=  

 Torus 

  

(b) 2 cos

Sphere

ρ φ=  

  

  

−11

−4

10

10

x

y

z

3

−3

2

−2

3

x

y

z

3
2

1

−2

−2
−3

3
2

1
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 12. (a) 2 cosr θ=  

   Cylinder 

    

 13. (a) ( )cos 0 sin 0u u i j u i= + =  

 Downward force 3= −w j  

 ( ) ( )( )
( )

( )

cos 90 sin 90

sin cos

3 sin cos

θ θ

θ θ

θ θ

= ° + + ° +

= − +

= + + = − + − +

T T i j

T i j

0 u w T u i j T i j

 

 sin

3 cos

θ

θ

=

=

u T

T

 

 If ( ) ( ) ( )1
30 , 1 2 and 3 3 2 2 3 3.4641 N and  2 3 1.7321 N

2
θ = ° = =  = ≈ = ≈u T T T u  

(b) From part (a), 3 tan and 3 sec .u Tθ θ= =  

 Domain: 0 90θ° ≤ < °  

(c)  

(d)  

(e) Both are increasing functions. 

(f ) 
2 2

lim  and lim .

Yes.  As  increases, both and  increase.

T

T

θ π θ π

θ

− −→ →
= ∞ = ∞u

 u

 

  

(b) 

( )
( ) ( )

2

2 2 2

2 2

2 2

cos 2

cos sin

cos sin

z r

r

r r

x y

θ

θ θ

θ θ

=

= −

= −

= −

 

 Hyperbolic paraboloid 

x
y

z

3
2

2

2

−1

x

y

z

2

2

2

θ  0°  10°  20°  30°  40°  50°  60°  

T  3  3.0463  3.1925  3.4641  3.9162  4.6672  6  

u  0  0.5290  1.0919  1.7321  2.5173  3.5753  5.1962  

0 60
0

T

⎪⎪u⎪⎪

7.5
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 14. (a) The tension T is the same in each tow line. 

  ( )( ) ( )( )6000 cos 20 cos 20 sin 20 sin 20

2 cos 20

6000
3192.5 N

2 cos 20

T T

T

T

= ° + − ° + ° + − °

= °

 = ≈
°

i i j

i

 

(b) As in part (a), 6000 2 cosT θ=i  

 
3000

cos
T

θ
 =  

 Domain: 0 90θ° < < °  

(c)  

(d)  

(e) Asθ increases, there is less force applied in the direction of motion. 

 15. Let ,θ α β= − the angle between u and v. Then 

   ( )sin .
u v v u

u v u v
α β

× ×
− = =  

  For cos , sin , 0u α α= and cos , sin , 0 , 1v u vβ β= = = and 

   ( )cos sin 0 sin cos cos sin

cos sin 0

i j k

v u k.β β α β α β
α α

× = = −  

  So, ( )sin sin cos cos sin .v uα β α β α β− = × = −  

 16. (a) Los Angeles: ( )6371, 118.24 , 55.95− ° °    Rio de Janeiro: ( )6371, 43.23 , 112.90− ° °  

(b) Los Angeles: ( ) ( )
( ) ( )
( )

( ) ( )

6371 sin 55.95 cos 118.24

6371 sin 55.95 sin 118.24

6371 cos 55.95

, , 2497.7, 4650.4, 3567.2

x

y

z

x y z

= ° − °

= ° − °

= °

≈ − −

 Rio de Janeiro: ( ) ( )
( ) ( )
( )

( ) ( )

6371 sin 112.90 cos 43.23

6371 sin 112.90 sin 43.23

6371 cos 112.90

, , 4276.1, 4019.8, 2479.1

x

y

z

x y z

= ° − °

= ° − °

= °

≈ − −

 

(c) 
( )( ) ( )( ) ( )( )

( )( )
2497.7 4276.1 4650.4 4019.8 3567.2 2479.1

cos 0.02045
6371 6371

91.17  or 1.59 radians

θ

θ

− + − − + −⋅= = ≈ −

≈ °

u v

u v
 

(d) ( )6371 1.59 10,130 kms rθ= = ≈  

  

0 90
0

10,000

θ  10°  20°  30°  40°  50°  60°  

T  3046.3  3192.5  3464.1  3916.2  4667.2  6000.0  
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(e) For Boston and Honolulu: 

  a. Boston: ( )6371, 71.06 , 47.64− ° °   Honolulu: ( )6371, 157.86 , 68.69− ° °  

  b. Boston: ( )
( )

( )

6371 sin 47.64 cos 71.06

6371 sin 47.64 sin 71.06

6371 cos 47.64

1528.0, 4452.8, 4292.7

x

y

z

= ° − °

= ° − °

= °

−

 Honolulu: ( )
( )

( )

6371 sin 68.69 cos 157.86

6371 sin 68.69 sin 157.86

6371 cos 68.69

5497.8, 2236.9, 2315.3

x

y

z

= ° − °

= ° − °

= °

− −

 

  c. 
( )( ) ( )( ) ( )( )

( )( )
1528.0 5497.8 4452.8 2236.9 4292.7 2315.3

cos 0.28329
6371 6371

73.54  or 1.28 radians

θ

θ

− + − − +⋅= = ≈

≈ °

u v

u v
 

   d. ( )6371 8155 kms rθ= = 1.28 ≈

 17. From Theorem 11.13 and Theorem 11.7 (6) you have 

   

( ) ( ) ( )
.

n

n

w u v u v w u v w

u v u v u v

PQ
D

⋅
=

⋅ × × ⋅ ⋅ ×
= = =

× × ×



 

 18. Assume one of , , ,a b c is not zero, say .a Choose a point 

in the first plane such as ( )1 , 0, 0 .d a− The distance 

between this point and the second plane is 

   
( ) ( ) ( )1 2

2 2 2

1 2 1 2

2 2 2 2 2 2

0 0

.

a d a b c d
D

a b c

d d d d

a b c a b c

− + + +
=

+ +

− + −
= =

+ + + +

 

 19. 2 2 1x y+ =   cylinder 

  2z y=   plane 

  Introduce a coordinate system in the plane 2 .z y=  

  The new u-axis is the original x-axis. 

  The new v-axis is the line 2 , 0.z y x= =  

  Then the intersection of the cylinder and plane satisfies 
the equation of an ellipse: 

  2 2

2
2

2
2

1

1
2

1 ellipse
4

x y

z
x

z
x

+ =

 + = 
 

+ =

 

   

 

x

y

z

−2

2

3

2
2

(0, 1, 2)

(0, −1, −2)
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