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CHAPTER 11
Vectors and the Geometry of Space

Section 11.1 Vectors in the Plane

1. Answers will vary. Sample answer: A scalar is a real 9.(b) v= <5 -2,5- ()> = <3, 5>
number such as 2. A vector is represented by a directed
line segment. A vector has both magnitude and direction. () v =3i+5]
For example <\/§ , l> has direction Z and a magnitude (@), (d)
6 (3.5 (5.5,

of 2.

2. Notice that v = (6,-7) = <2 - (-4),-1 - 6> = OP.

Hence, Q is the initial point and P is the terminal point.

3. v={(5-14-2) =(42)
®)

4,2)

(b) .
4 1. (b) v=(6-8-1-3) =(=2-4)
+ (_6;0) v x (C) vV = _2i _ 4j
-8 -6 -4 -2
-2+ (a), (d) y
44 6
4T (8.3)
SEA
Sou=(5-36-2=024 BEry (I G
v=03-18-4)=(24) T G-
2.7
u=yv 4|

12. (b) v = (-5-0,-1-(-4)) = (-5,3)
() v =-5i+3j

(a) and (d). v
7. u=(6-0-2-3)=(6-5
v =(9-3,5-10) = (6, -5)
8. u = (11— (—4),-4 - (-1)) = (15,-3)

(25 -0,10 - 13) = (15,-3)

u=yv

<
Il
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1092 Chapter 11 Vectors and the Geometry of Space

13.(b) v=(6-66-2) =(0,4) 18. u; -5 = u =9
© v = 4j -3 = -9 u, = —6
@ md @. 0 = (9.-6) Terminal point
of €9 19. v =4
o ‘ [v|= 4 =4
o o 20. v =-9;
TR A [vl= 9 =9
14. (b) v = (-3 = 7,1 = (~1)) = (-10,0) 21 v = (8,15

(c) v =-10i [v]=~/8 +15* =17

@ and (@) | 22. v =(-24,7)

Iv]= \/(=24)° + 7> = 25

8-6-4-2 | 2 4 6 8 23
(=3,-1) (7.-1)

N v= 7+ o = Vs
24. v =3i+ 3j

v = ~/3% + 32 =18 = 32

. v=—i-35j

15. () v=(-23-%)=(-13)

(© v=-i+3j

(a) and (d) 25. (@) 2v = 23,5) = (6,10)

16. (b) v = (0.84 — 0.12,1.25 — 0.60) = (0.72,0.65)

(©) v = 0.72i + 0.65] (b) -3v = (-9,-15)
(a) and (d). ¥ (0.12,0.60) v
125+ (0.84, 1.25) 61 o33
3+/V
100 Il Il Il Il Il Il Il x
-y
(0.72, 0.65)
0.50 1 6L
025+ v A
(=9,-15) R -2
e e "
0.25 050 0.75 1.00 1.25 o Vo5t
T¢ — [21 35
17. uy —4 = -1 u =3 (c) 5V = <7’ 7>
uy —2=3 u, =5 N

0 =359 Terminal point =1

I T
—t—
-3 3 6 9 12 15 18
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(d)

26. (a) 4v = 4-2,3) = (-8,12)

y

0 (-8,12) 12+
10+
st
4v 4+
=(-2,3)
TR L S
-8 —6 —4 -2 2 4 6

&) —3v=(1.-3)

Ov
,
t

(d) —6u = (12,-18)

.
“2.3)4
I — V\ I I -

> x
-6 24\ 6 10 14

—6v

-18 (12,-18) ®

Section 11.1 Vectors in the Plane 1093

27. u = (4,9),v = (2,-5)
@ fu=%49 = (%)
(b) 3v =3(2,-5) = (6,-15)
(© v-u=(2-5-(49) =(-2-14)
(d) 2u +5v = 2(4,9) + 5(2,-5)
= (8,18) + (10, -25)
= (18,-7)
28. u = (-3,-8),v=(87)
@ 2Zu=2(-3,-8) = (-2,-1¢)
(b) 3v =3(8,7) = (24,21)
() v—u=(87) —(-3,-8) = (1115
(d) 2u + 5v = 2(-3,-8) + 5(8,7)

(-6, -16) + (40, 35)
= (34,19)

29.

=

30. Twice as long as given vector u.

y

e

\o
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1094 Chapter 11 Vectors and the Geometry of Space

32. y 38. v =(-62,34)

V)= \/(-6.2)" + (3.4)" = /50 = 52

. yo V6234 [ 312 171V2
i vl sv2 50 75

> unit vector

39. u=(L-1),v=(-12)
@ [u]=~1+1=+2

33. Y
®) [v]=V1+4=1/5
. (c) u+v=<0,l>
// [usv]=vo+T=1
¢ ‘ 1
@ L=
: vzt
34.
1
e Y =_—_(12
ENARE
A

(f) utv _ = (0,1)

u-+v
35. v =(312) H H
u+v
[v]| = ~/3% + 122 = /153 Ju+ V]|

40. u = (0,1),v = (3,-3)

o Voo <312> <3 12>

vl Viss T \WAs3TAAS
_<\/ﬁ 4\/ﬁ> . (@ [u=~0+1=1
={—, unit vector
17 ® [v]=~9+9 =32
36. v = (-5,15) © u+v=_;3-2
|v]|= /25 + 225 = /250 = 5:/10 Ju+v[=~9+4 =113
= ‘ﬁ‘ = <;3g> = <—\ﬁ)—0, 3\1/01_0> unit vector (d) H H <0 1>
37. v = <é é>
2’2
v 1
= (2] + (3] - 2 S T N
2 2 2
B
) e <3 5> ) 2V L3
v H @ NEDRNED [usv]~ VB°
u-+yv
<\3/4— \/_> unit vector ‘m‘ =
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Section 11.1 Vectors in the Plane 1095

41. u = <1, l>,v = (2,3) B v .
2 Jul= /5 = 2.236 T .
@ |uf= ”% - % V=054 J
|v|=+41 = 6403 T 2
(b) HVH:V4+ =13 u+v=_(75 14771114267
© u+vs= <3%> lu+ v|=+/74 = 8.602
Ju+ v <]uf+]v]
[TT49 85
Ju+v|= 9+7=§ J74 < J5 + V41
2/ , = (-3,2)
@ 2= 7<1, ,> 44 u = (-3, ,
[ul - /5\72 Ju] = /13 = 3.606 .
L v =(1,-2) ~_ T
] wrn N
[v[=~/5=2236 ;
v 1 -3 -2 7]7]” 1 2 3
M /e wiv=(20
Ju s v]- 2
! Ju-t vi<ul+]v]
[ v] -
s /7 2 <13 ++/5
) UV _ 7<3,,>
Hu+vH 85\ 2 u 1
45. — = —(0,3) = (0,1)
utv|_ Juf 3
e ) = so0 = 09
u
42. u=2,-4),v =55 v =(0.6)
@ Ju|=~4+16 =25
w _ L
®) |v|=~/25+25 =52 T 70
© u+v=(71) 4{UJ=2\/5<1,1>
Ju+v|=29+1 =52 [u]
NI v =(2,2V2)
S TR NCL
u | a7 oLy <-1,2>
= o~ 5 55
v 5J< ) (VRS
© 5509 ) =7 )
v v = <—\/§,2\/§>
I~ "y
48. — = —={~/3,3
u+v 1 2R3V
© 75 ] |
o L= —=(/3,3
\ﬁ\ -1 (] NOR
vV = <l,\/§>

49. v = 3[(cos 0°)i + (sin 0°)j] = 3i = (3,0)
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1096 Chapter 11 Vectors and the Geometry of Space

50. v = 5[(cos 120°)i + (sin 120°)j] 55.  u = 2(cos 4)i + 2(sin 4)j
——§i+5\/§’— s 53 v = (cos 2)i + (sin 2)j
T2 2y 1T\ u+ v = (2cos4 + cos2)i + (2sin 4 + sin 2)j

(
<2 cos 4 + cos 2,2sin 4 + sin 2>

51. v = 2[(cos 150%)i + (sin 150°)j]

= B+ = (/A1) 56.  u = S[cos(-0.5)]i + 5[sin(-0.5)]j

= 5(cos 0.5)i — 5(sin 0.5)j

52. v = 4[(cos 3.5°)i + (sin 3.5°)j] v = 5(cos 0.5)i + 5(sin 0.5)j
=~ 3.9925i + 0.2442j u + v =10(cos 0.5)i = (10 cos 0.5, 0)

= (3.9925,0.2442)
57. The forces act along the same direction. 8 = 0°.

> ‘o (COS 0 )l i (sm 0 )J - 58. The forces cancel out each other. 8 = 180°.
or: e W2, 32,
v = 3(cos 45°)i + 3(sin 45°)j = Tl + ?J 50, .
(2+3\/5]. W2, <2+3ﬁ 3ﬁ>
u+v= i+ j= X
2 2 2 2
X z
54. u = 4(cos 0°)i + 4(sin 0°)j = 4i

NG XY +YZ + ZX = 0.
v = 2eos 301 + 2(sin 30°)j = F+ V3] Vectors that start and end at the same point have a
utv=Si+/3j = (53) magnitude of 0.

60. (a) True. d has the same magnitude as a but is in the opposite direction.
(b) True. ¢ and s have the same length and direction.
(c) True. a and u are the adjacent sides of a parallelogram. So, the resultant vector, a + u, is the diagonal of the
parallelogram, c.

(d) False. The negative of a vector has the opposite direction of the original vector.
(¢) True. a+d=a+(-a)=0
(f) False. u —v =u—(-u) =2u

=2(b +t) = =2(b + b) = —=2(2b) = —2[2(-u)| = 4u

61. v = (4,5) = a(l,2) + b(1,-1) 63. v =(-6,0) = a(l, 2) + 6(1, 1)
4=a+b -6=a+b
5=2a-b 0=2a-5b
Adding the equations, 9 = 3a = a = 3. Adding the equations, -6 = 3¢ = a = -2.
Thenyouhave b =4 —a =4-3 =1 Then youhave b = -6 —a = -6 — (-2) = —4.
a=3b=1 a=-2b=-4

62. v = (-7,-2) = {1, 2) + &1, ) 64. v = (0,6) = a(1,2) + b1, ~1)
-7T=a+b 0=a+b
-2=2a-b 6 = 2a — b
Adding the equations, -9 = 3a = a = -3. Adding the equations, 6 = 3a = a = 2.
Thenyouhave b = -7 —a = =7 — (-3) = —4. Then you have b = —a = 2.
a=-3,b=-4 a=2>b=-2
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Section 11.1 Vectors in the Plane 1097

65. v =(1,-3) = a{l,2) + b(1,-1) 66. v = (-1,8) = a{l,2) + b(1,-1)
l=a+b -l=a+b
-3=2a-b 8=2a-b
: . 7
Adding the equations, -2 = 3a = a = —%. Adding the equations, 7 = 3¢ = a = 3
710
Thenyouhave b =1 —-a =1 - _2) . E Thenyouhave b = -1 —a = -1 - 37 3
3) 3
2 5 7 10
- P = — b - —___
a = 3,1‘7 =3 a 3 3
67. f(x) =x% f(x) =2x, f(3) =6 y
10+
(@) m = 6.Let w = (1,6), [w] = ~/37, then +_— = J_rLa, 6). st
Wl /37 ‘ @
4+ (b)
(b) m = —LLetw = (6,1, | w| = ~/37, then iH H i%(—@ o\t s
-2 1 2 4 6 S ]()
68. f(x) =—x*+5, [(x) = =2x, [(1) = 2 .

(a = 2.Let w =(1,-2), |w \/— 5, then + " —
: (.21 |l - = 52

= 3,then £ % = £ (2.1).
[wl 5

®) m = % Let w = (2,1,

69. f(x) =x°, f(x) =3x* =3atx = L ;

(@ m=3.Let w = (13), [w| = V0, then - = £—(1,3). 1 @
w

| T @b ®
b)) m = -3 Let w = (3,-1),

70. f(x) = x°, f/(x) = 3x* = 12at x = 2.

L M
———— —t
-6 -4 -2 2 4

1 i

= 12.Let w = (1,12), [|w[ = /145, then - = + 1,12). l

(@ m et w = (L12), [w]| en s /—145< ) | @
(b)

1 w 1
= = - = — =+ 12, -1).
(®) m = —=.Let w (12,-1), |w| = /145, then W] \/E< )

71 f(x) = /25 - &2

f’(x)Z_ix:;}atx:?)
‘ V25— x2 '
3 w 1
(@ m=-=Let w = (-4,3), == +-(—4,3).
prem = o~ 55
4 w 1 1 )
(b) m:7.LetW:<3,4>, ‘: 5’then7:i7<3,4>_ 23 4 s
3 Iwl s
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1098 Chapter 11 Vectors and the Geometry of Space

72. f(x) = tan x :

(%) =seczx=2atx=% T;J @
5 Ny
() m=2Letw = then— — L L
1 10+
(b) m = ——=TLetw = = /5, then — —=
plew =20 ol f< X
J2. 2. 74. u = 2:/3i + 2j
73 u= —+—
u+ v = -3i+ 33
u+V:\/_J 5 V=(u+v)—u=(—3—2\/§)i+(3\/§—2)j
2, 2, 2 N2
:(“+V)—“:—21+2J:<—2’2> =<—3—2\/§,3\/——2>

75. F + F, = (500 cos 30° + 500 sin 30%) + (200 cos(—45%)i + 200 sin(~45°)j) = (250</3 + 100</2)i + (250 — 100~/2)

|F + B = \/(250\/5 + 100\/5)2 + (250 - 100\/5)2 ~ 584.6 N

an = 2010020
250+/3 +100~/2
76. (a) 180(cos 30°% + sin 30°j) + 275i = 430.88i + 90j () M = \J(275 + 180¢050)" + (1805in 6)
L 0 o o = arctan| 10050
Direction: & = arctan(430.88j ~ 0.206 (= 11.8°) 275 + 180 cos &

Magnitude: ~/430.88% + 90*> = 440.18 newtons

c
© 4 0° 30° 60° 90° 120° 150° 180°
M | 455 | 440.2 | 396.9 | 328.7 | 2419 | 1493 | 95
a | 0° 11.8° | 23.1° | 33.2° | 40.1° | 37.1° | 0°
(d) 500 50
() M decreases because the forces change from acting
M o in the same direction to acting in the opposite
direction as @ increases from 0° to 180°.
0 180 0 180
0 0

77. F + F, + F; = (75 cos 30°i + 75 sin 30°j) + (100 cos 45°i + 100 sin 45°j) + (125 cos 120° + 125 sin 120°j)
= (B3 + 50872 - 12)i 4 (B 4 5072 + 125./3);
IR|=|F +F, + | = 2285N
BR = 6F1+F2+F3 = 71«30
78. F,+F, + F, = [400(003(—30°)i + sin(—30°)j)J + [280(005(45°)i + sin(45°)j)} 4 [350(cos(135°)i + sin(l35°)j)}

= [200\/3 + 14042 - 175\/5} + [—200 +140/2 + 175\/5}'
IR|= \/(200\/5 - 35\/5)2 + (200 + 315\/3)2 ~ 385.2483 newtons

o = arctan| 200 +315V2
R 200-/3 — 352

] = 0.6908 = 39.6°
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Section 11.1 Vectors in the Plane 1099

79. u = CB = H“H(COS 30° + sin 30°)) 80. 6, = arctan[gj = 0.8761 or 50.2°
20

v = CA =] v|(cos 130° + sin 130°j)

6, = arctan(%) + 7 = 1.9656 or 112.6°

Al L s u = |ul|(cos 6,i + sin 6, j)
N m:‘ . v = v|(cos 8, + sin 6, j)
Vertical components: |ul| sin 6 +|v||sin 6, = 5000
Horizontal components: |u|| cos 6 +|v| cos 6, = 0
Vertical components: |u/sin 30° + | v|sin 130° = 3000 Solving this system, you obtain
Horizontal components: ||u[cos 30° +||v[cos 130° = 0 |uf = 21694 and | v] = 3611.2.

N

Solving this system, you obtain

|u|| = 1958.1 newtons,

HVH =~ 2638.2 newtons. \ u

81. Horizontal component = | v| cos 6

=120 cos 6° = 119.343 m/sec

Vertical component = H VH sin 8

= 120 sin 6° = 12.543 m/sec

82. To lift the weight vertically, the sum of the vertical components of u and v must be 100 and the sum of the horizontal
components must be 0.

u = |lu|(cos 60° + sin 60°j)

v =||v|(cos110° + sin 110°j)

So, ||u/ sin 60° +] v| sin 110° = 100, or |ul [\fj +] v| sin 110° = 100.

And ||u cos 60° + | v| cos 110° = 0 or HuHGj +] v| cos 110° = 0.
Multiplying the last equation by (\/5) and adding to the first equation gives

H“H(Sin 110° - /3 cos 110°) =100 = | v| = 65.27 newtons.

Then,

uH[%j + 65.27 cos 110° = 0 gives HuH = 44.65 newtons.

(a) The tension in each rope: Hu H = 44.65N,

[v|=6527N
(b) Vertical components: HuH sin 60° = 38.67 N, 100N
|v|sin110° = 61.33 N Y

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.
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Vectors and the Geometry of Space

83. u = 900(COS 148°i + sin 148°j)
v = 100(cos 45°i + sin 45°)
u + v = (900 cos 148° + 100 cos 45°)i + (900 sin 148° + 100 sin 45°)j
= —092.531 + 547.64j
0 = arctan( >47.64 j =~ —38.34°; 38.34° North of West
—692.53
2 2
Ju+ v] = J(-692.53)" + (547.64)" ~ 882.9 km/h
84. u = 400i (resultant)
v = 50(cos(-=45°)i + sin(—45°)j) = 25+/2i - 25+/2j (wind)
u - v = (400 - 25v/2)i + 25V/2j ~ 364.64i + 35.36] (planc)
tan 6 = 35.36 = 0 = 5.54°
364.64

85

86.

87

88.

89.

90

91.

92

93

94.

9

n

Compass direction: = N 84.46°E
Speed: = 366.35 km/h

. False. Weight has direction.

True

. True

True

True

. True

True

. False
a=b=0

. False
|ai + bj| = /2|

True

. ||uf = <Jcos® 6 + sin* 6 =1,
[v] = +/sin* @ + cos* & =1

96.

97.

Let the triangle have vertices at (0, 0), (a, 0),and (b, ¢).
Let u be the vector joining (0, 0) and (b, c), as indicated

in the figure. Then v, the vector joining the midpoints, is

a+b a) c,. "
= - =i+ —=j
2 2 2

I
Al
S
=
+

&
CH
I

Let u and v be the vectors that determine the
parallelogram, as indicated in the figure. The two
diagonals are u + v and v — u. So,

r = x(u +v),s = 4v — u). But,

u=r-s
=x(u+v)—y(v-u)=(x+yu+(x—yv

So, x + y = land x — y = 0.Solving you have

— — 1
X—y—i,
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Section 11.2 Space Coordinates and Vectors in Space 1101

98. w =|lufv +|v|u
= HuH[Hchos 6,i +| v|sin ¢9Vj] +| vH[HuHcos G, +||u sin Huj]

=ul|v] [(cos 6, + cos )i + (sin 6, + sin Hv)j]

6, + 6, 6, —6,). . (6, + 6, 6, —6,).
= 2ul|v| {cos( Jcos[ )l ; sm( ]cos( H
2 2 2 2
sin[g“ b gvjcos(e“ — QV]
tan 6,, = 2 2 = tan(a“ + ij

v [9“ + evj (9“ - avj - 2
COS| COS;
2 2

So, 6, = (6, + 6,)/2 and w bisects the angle between u and v.

99. The set is a circle of radius 5, centered at the origin.

ful=[(r ) = ST =5 = x4 7 = 25

100. Let x = vyt cosaand y = vyt sina — %gtz.

2
X . X 1 X
t=—— = y=ysing] ——| - —g| —————
Vo €COS O vy COS O 27\ vy, cos &

= xtan @ — %xz sec? o
2v;
g’

= xtan @ — —(1 + tan® 0() ’
202

2 2 2
v, X X

=0 —g—z—g—tana+xtana—
2g 2V0 2V0

V2
Yo
2g *xy)
2 2 2
:V()_gx—ix{tan a—2tana( ]

d L

2¢ 2V} v

If y < v—o - & , then « can be chosen to hit the point (x y) To hit (0 y) Let ¢ = 90°. Then

2¢ 2%
1 Ve vi(g ’ v
y=vt——gt* =-S5t _1|,and youneed y < =L
2 2g  2g\v, 2g
L v gx?
The set His givenby 0 < x, 0 < yand y £ — - =
2 2vy
v gt
Note: The parabola y = Pyt is called the “parabola of safety.”
4 Yo

Section 11.2 Space Coordinates and Vectors in Space

1. x,is directed distance to yz-plane. 3. (a) x = 4is a point on the number line.
¥, 1s directed distance to xz-plane. (b) x = 4is a vertical line in the plane.
z, is directed distance to xy-plane. (¢) x = 4is aplane in space.
2. The y-coordinate of any point in the xz-plane is 0. 4. The nonzero vectors u and v are parallel if there exists a

scalar such that u = cv.
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1102 Chapter 11 Vectors and the Geometry of Space

20. The point is in front of the plane x = 4.

21. The point (x, Y, Z) is 3 units below the xy-plane, and

below either quadrant I or III.

22. The point (x, Vs z) is 4 units above the xy-plane, and

above either quadrant II or IV.

23. The point could be above the xy-plane and so above
quadrants II or IV, or below the xy-plane, and so below
quadrants I or III.

24. The point could be above the xy-plane, and so above
quadrants I and III, or below the xy-plane, and so below
quadrants IT or IV.

: 25.d = J8 -4 +(2-1) +(6-5)
8 Y T
=JI8 =32

26. d = \/(—3 (D) + (-1 + (-3 -1)

=4 +16 + 16
=36 =6

2. d = \J3-0 +(2-2" + (8- 4)
B w

=25 =5
16 y

61 6(0,4,-5)
2.0 = (o5 )+ 67 4 a1y
9. x =3y =4z=5(345) _Jiriv 5
10. x=7y=-2z=-L (7,-2-) pE

29. 4(0,0,4), B(2,6,7), C(6,4,-8)

|4B|= 22 + 6% + 3% =/49 =7

1. y =z =0,x=12(12,0,0)

12. x =0,y =3,z =2:(0,3,2
x y z ( ) |AC| = \[67 + 4> + (-12)" = /19 = 14
13. The point is 1 unit above the xy-plane. ‘BC‘ _ \/42 I (_2)2 4 (_15)2 = /245 = 71</5
14. The point is 6 units in front of the xz-plane. ‘BC‘Z =245 =49 + 196 = ‘AB‘ZHAC‘Z
15. The point is on the plane parallel to the yz-plane that Right triangle

passes through x = -3.
30. A(3,4,1), B(0,6,2),C(3,5,6)

16. The point is 5 units below the xy-plane. \AB\ i 4dil=Ji4

17. The point is to the left of the xz-plane. ‘AC\ =J0+1+25 =-/26

18. The point more than 4 units away from the yz-plane. ‘ BC‘ =J9+1+16 = /26

19. The point is on or between the planes y = 3 and Because ‘AC‘ — ‘BC , the triangle is isosceles.

y =3
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31. A(-1,0,-2), B(-1,5,2), C(-3,-1,1)
|4B| = /0 + 25 + 16 = /41
|AC|= /4 +1+9 =14
|BC|= 4 +36+1=+/41

Because ‘AB‘ = ‘BC

32, A(4,-1,-1), B(2,0,-4),C(3,5,-1)
|4B|= V4 +1+9 =14
|AC| = 1+36 +0 = /37
|BC|=1+25+9 =+/35

Neither

E)

1. 4+870+8 -6 + 20
2 2 2

] = (6,4,7)

39. Center is midpoint of diameter:

(2+171+3)3—1j:(§,2’1]
27 27 2 2

Radius is distance from center to endpoint:

, the triangle is isosceles.

Section 11.2 Space Coordinates and Vectors in Space 1103

1. (7—5’2—2’2—3 _ 1’0’_1]
27 27 2 2

15, [3+1 4+8 6+0

> >

2 2 2

J: (2,6,3)

5 -2) -~
36. +( )’ 9+3,7+3 =(§,_3,5J
2 2 2 2
37. Center: (7, 1, —2)
Radius: 1
=7+ -1 +(z+2" =1

38. Center: (-1, -5,8)
Radius: 5
(x+1)7 +(y+5)7 +(z-8) =25

d=\/@—1)2+(2—3)2+(1+1)2 = /%+1+4=@

21

(x—;)2+(y—2)2+(z—1)2=4

40. Center is midpoint of diameter:
[—2—4 4+0 -5 +3j ~ (-3,2,-1)

Radius is distance from center to endpoint:

2 2 2

d=Ja - +0-2 + G-

x+3)) +(y-2 +(z+1)>" =21

41. Center: (-7,7, 6)

Tangent to xy-plane
Radius is z-coordinate, 6.

(x+7V +(y -7 +(z-6)" =36

=JV1+4+16 =21

42. Center: (—4,0,0)

Tangent to yz-plane
Radius is distance to yz-plane, 4.

(x+4)Y +2+22 =16

43. ¥+ P+ 22 -2x+6y+82+1=0

(=20 + 1)+ ()2 + 6y +9)+ (2 +82+16) = -1+ 1+ 9 +16

(x =17+ (y+3) + (z + 4

Center: (1,—3,—4)
Radius: 5

=25
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0

44, 22+ P+ 22 +9x -2y +10z + 19

81 81
x2+9x+—]+ 22y + 1)+ (22 +10z+25) = -19+ — + 1+ 25
[ )4 (52 =2y 1) o (2 4102 +29) = 194 8

109

[x+z)2+(y—l)2+(z+5)2

Center: (—2, 1, —5]
2
/109
2

Radius:

45. 9x? +9y? +922 —6x +18y +1 =0
x2+y2+zz—%x+2y+$=0

(-2 +d)+ (P +2+)+22 =-F+1+1

Il
—

(r=2 + (+ 1) + (2= 0)
Center: (%, -1, 0)
Radius: 1

46. 4x? + 4> + 422 —24x — 4y +82-23 =0

(P -bx+9)+ (2 —y+d)+(2+2z+1) =B +9+1+1
=3+ (=L +(z+1) =16

Center: (3 1 —1)

>
Radius: 4
47. () v={_2-44-23-1)=(-2,22) 49. (b) v =(3-(-1),3-2,4-3) = (411
(b) v =-2i+2j+2k (© v=4i+j+k
(© (a), (d)
j (-1,2,3)
@, 1,12 s
48.(a) v=(4-00-53-1)=(4-52) 50. (b) v = (-4 -2,3-(-1),7 - (-2)) = (-6,4,9)

(b) v =4i—5j+2h () v
(), (d)
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51.

52.

53.

54.

5S.

56.

57.

Section 11.2 Space Coordinates and Vectors in Space 1105

v=(4-31-26-0) =(,-1,6)

[v]=~V1+1+36 =+/38

Unit vector: <L L 6> = < 1 -1 6 >

38 /387 /387 /38
v=_(2-14-(-2),-2-4) =(6-6)

[v]= ~/1+36+36 =73

Unit vector: {L. 6. -6) - < 1 6 -6 >

V73 W3
v={(0-45-22-0) =(-432)

V= /(=47 +3 +2> =16 + 9 + 4 = /29

Unit vector:

75422 = (5 7 7)
v=(-1-2-(-2),-3-0) =(0,0,-3)
[v][= /0% + 0>+ (=3)" =3

Unit vector:

%(0, 0,-3) = (0,0, -1)

(qla 92> q3) - (03 6’ 2) = (33 _59 6)

0 = (3,19

(4 2. 45) = (0.2.3) = (1,-2,1)

0= (.43

() 2v=(2,44)

(b)
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© 3v= <g, 3, 3)

(d) Ov = (0,0,0)

(b) 2v = (4,-4,2)

(d)
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59. z=u-v+w
(1,2,3) = (2,2,-1) + (4,0, -4)
<3, 0, 0> —Z =3u+w

=
b—t
| —
N
I
(98]
£
[
3

9u + 3w

9L, 2,3) + 3(4,0,-4)
= (9,18,27) + (12,0, -12)
= (21,18,15)

N
1l

5u — 3v — %w
(5.10,15) — (6,6,-3) — (2,0,-2)

= (-3, 4,20)

60. z

62. 2u+v—w+3z=2(1,23)+(2,2-1) — (4,0,-4) + 3(z, 25, z3) = (0,0,0)
(0,6,9) + (3z,32,,3z;) = (0,0,0)
0+32, =0=2 =0
6+3z, =0= 2, =-2
9432z, =0= z; =3

z = (0,-2,-3)
63. (a) and (b) are parallel because 69. P(L 2, 4)’ Q(Z, 5, 0), R(O, 1, 5)
(-6,—4,10) = —2(3,2,-5) and _
PO = (1,3,-4)
(2,4,-19) = 2(3,2,-5) -
3073 3 PR = (-1,-1,1)

64. (b) and (d) are parallel because Because PQ and PR are not parallel, the points are not

—i+ 45 - 3k = 2(5i - §j + §k) and collinear.
9 — 3 3
- gko= 3{3i - i+ 3k) 70. P(0,0,0), 0(1,3,-2), R(2, -6, 4)
65. z = -3i + 4j + 2k PO = (1,3,-2)
(a) is parallel because —6i + 8j + 4k = 2z. PR = (2,-6,4)
66. 7 — <_7’ -8, 3> Bec.ause PQ and PR are not parallel, the points are not
collinear.
(b) is parallel because (-z)z = (14,16, -6).
71, 4(2,9.1), B(3,11,4), C(0.10, 2), D(1,12, 5)
67. P(0,-2,-5),0(3,4,4), R(2,2,1) 4B = (1,2,3)
PO = (3,6,9) CD = (1,2,3)
1‘31—?=<2,4,6> AC = (-2,1,1)
BD = (-2,1,1)

(3.6.9) = 3(2,4,6)
Because 4B = CD and AC = BD, the given points

So, PO and PR are parallel, the points are collinear. )
form the vertices of a parallelogram.

68. P(4,-2,7),0(-2,0,3), R(7,-3,9)
PO = (-6,2,-4)

72. A(1,1,3) B(9, -1,-2), C(11, 2, -9), D(3, 4, —4)

PO E = <87 _2’ _5>
PR = (3,-1,2) DC = (8,-2,-5)
fo12) = 4624 D - (23,77
So, PO and PR are parallel. The points are collinear. BC = (2,3,-7)

Because AB = DC and AD = BC, the given points
form the vertices of a parallelogram.
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73. |v] =[{-1 0, 1) 77. v =i-2j-3k = (1,-2,-3)
_ (_1)2+02+12 HVHZ\/1+4+ = 14
=J1+1=+2 78. v = ~4i +3j + 7k = (—4,3,7)

74 )= -5.-3.-4)] V= V16 + 9+ 49 = /74
= JE 4 (3 + (-4 . v - (2,-1,2)
=~25+9+16 [v|=~4+1+4 =3
= /50 v 1

— = —(2,-1,2
= 5\/5 (a) HVH 3< > T L >
75. v = 3j - 5k = (0,3,-5) b - = _l<2’_1’2>
vl 3

[v]=~0+9+25 =+/34

80. v =(6,0,8
76. v =2i+5j-k =(2,5-1) v =(60.8)

HVHZW=\/3O [v]|= ~/36 + 0+ 64 =10
v 1
@) = 76.0.8)
vl 10
v 1
(®) —— = ——(6,0,8)
vl 10

81. v =4i-5j+3k

[v]=~16+25+9 = /50 = 5V2

v 1 N2 N2, W2
= (4 - 5j +3Kk) = T - X5 T %k
® [v] 5\/5(l AT
1 2. 2. W2
b) — = ————(4i - 5j + 3K) = — i 4 M5 - NIy
®) [v] 5ﬁ(l i+ 3k) s T2 T o
82. v =>5i+3j-k
Iv|=~25+9+1=1/35
v 1 V35, 335, /35
A VA L L35
@ = Jati k) = T S
1 35,0 335, 35
b) — = ———(5i + 3j — k) = —~2 - 225 N9y
R T e R e R TIE AT
83. v=10"1 = 10<0’ 33) g5 v = 3u 3221 _ i<3,_—2,1> = <1, —1,l>
|ul 32 2u| 2 3 2\373°3 2
11 10 10
=10<0, ,7>=<O,7,7> (-4,6,2) -14 21 7
2°V2 V2’2 86. v=7— =7 "2 =< , ,—>
VU T Tavis T \Vie Via 1
u (1,1,1)
84. v =3 — =321
[ul ™ V3
:3<111>:<333>
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87.

88.

89.

90.

91.

92.

93.

94.

v = 2[cos(+30°)j + sin(+30°)k | (b) (x,.2) =(4,4,9)

ﬁjik:(O,ﬁ,ﬂ) v

(4,4,8) — (4,0,0)
=(4-4,4-0,8-0)=(04,8)

95. The terminal points of the vectors fv, u + ¢v and

su + tv are collinear.

su u+tv
#(i+k)or I/

Sy L

<
Il

5(cos 45° + sin 45°k) =

5(cos 135° + sin135°k) =

<
Il

iR

v =(-3,-6,3) ‘
%V=<_2’_4’2> (b)W=au+bv=ai+(a+b)j+bk=0
(4,3,0) + (-2,-4,2) = (2,-1,2) 4=0.a+b=0b=0
v = <5’ 6, _3> So, a and b are both zero.
%v=<%4,_2> (c) adi+(a+b)j+bk =i+2j+k

a=La+b=2b=1

(%’6’3) w=u+yVv

(d) ai + (a+b)j+bk =i+2j+3k
a=la+b=2b=3

(1,2,5) + (12, 4,-2)

A sphere of radius 4 centered at (xl, W, zl).

Ivll= H<x R P T ZI>H Not possible
= \/(x —x) H(rmn) H(z-a) =4 97. Let « be the angle between v and the coordinate axes.
(x - xl)2 +(-n)V+(z-2) =16 v = (cos @)i + (cos @)j + (cos a)k
vl|[= Beosa =1
I nl= o =2 e
(=1 4 (-1 +(z-1) =4 =BT
This is a sphere of radius 2 and center (1,1, 1). 33 i - 73<1, 1,1)

The set of all points (x, y, z) such that ||r| > 1 represent
outside the sphere of radius 1 centered at the origin.
(@ (x,32)=(333)
v =(3,33)-(3,0,0)
=(3-33-0,3-0)=(03,3)
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99.

100.

101.

Section 11.2 Space Coordinates and Vectors in Space 1109

2400 = | c(22.5i — 15 — 30K)|
5,760,000 = 1631.25¢2
c? = 3531.034
¢ = 59.423
F = 59.423(22.5i — 15j — 30K)
=~ 1337i — 891j — 1783k
(a) The height of the right triangle is & = ~/I? — 182,

The vector PQ is given by PQ = <O, —18, h>.

The tension vector T in each wire is T = c<0, -18, h> where ch = ? = 8.

So, T = %(0,—18,}1) and T =|T|= %\/182 PR B

- 18?2

LZ

040.0.1)

(b)

L] 20 25 30 | 35 | 40 | 45 | 50
T|184 | 115 10] 93 |9.0 | 87| 8.6
(©
3 T=8
0 L 100

0

x = 18 is a vertical asymptote and y = 8isa
horizontal asymptote.

8L

182 + (I —18?) = ———=—,L > 18.
N -18?
@ lim —F -
Lo1st /% — 182
fim —S  — lim =38
L—oo /LZ _ 182 L—eo 1— (18/L)2

(e) From the table, 7 = 10 implies L = 30 centimeters.

As in Exercise 99(c), x = a will be a vertical asymptote. So, lim 7 = oo,
-
AB =(0,70,115),F, = C,(0,70,115)
AC = (-60,0,115), F, = C,(-60,0,115)
AD = (45,-65,115), F; = C;(45,-65,115)
F=F +F +F =(0,0,500)
So: - 60C, + 45C; = 0
70C, -65C;, = 0

115(C + G+ G) =500
Solving this system yields C; = 18, C, = 2, and C; = 1. So:
|F | =~ 202.919N
|F, | = 157.909N
|Fs|| = 226.521N
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102. Let 4 lie on the y-axis and the base of the wall on the x-axis. Then 4 = (0,4,0), B = (3,0,2), C = (—4,0,2)and
AB = <3, -4, 2), AC = (-4,-4,2).

48] = V29

=6

Thus, F, = 1650£ ,F, = A
l4c]

| 4B

F=F +F =~ (9192,-1225.6,612.8) + (-1346.7, -1346.7, 673.3) = (-427.5, -2572.3,1286.1)

|F| = 2907.5N
103. d(4P) = 2d(BP)

R+ (- =20 fx-1) + (-2 + 2

x2+y2+zz+2y—22+2:4(x2+y2+22—2x—4y+5)

0 =3x*+3y? +32> —8x — 18y + 2z + 18

—6+E+9+l x2—§x+E +(y2—6y+9)+ zz+zz+l
9 9 3 9 3 9

494=(x—;1T+(y—3)2+(z+;j2

211
3

Sphere; center: [g, 3, —%j, radius:

Section 11.3 The Dot Product of Two Vectors

1. The vectors are orthogonal (perpendicular) if the dot 5 u= <6, _4>7 v = <_3, 2>
product of the vectors is zero.
(@ u-v=6(-3)+(-4)(2) = 26

2. If arccos — = 30°, then cos 30° =

H H ‘M‘ (b) u-u=6(6)+ (-4)(-4) = 52
So, the angle between v and j is 30°. © |v|? = (=3 +2> =13
3. u=(34),v=(-15) (d) (u-v)v =-26(-3,2) = (78,-52)
@ u-v=3-l)+4(5) =17 (€ u-(3v) =3(u-v) =3(-26) = 78
(b) uw-u =3(3) +4(4) = 25 6. u=(-7,-1),v = (-4,-1)
© v = (1) +5* = 26 (@ u-v=-7(~4)+-1(-1) = 29
@ (u-v)v =17(-1,5) = (-17,85) (b) u-u=—7(=7) +—I(-1) = 50
(@) u-(3) = 3u-v) = 317) = 51 © [ = Caf + (1) =17
4. u = (4,10),v = (-2,3) @ (u- ) = 29(-4,-1) = (-116,-29)
@ u-v=4(-2)+10(3) = 22 (€) u-(3u) = 3(u-v) =3(29) = 87

(b) u-u = 4(4) +10(10) = 116

© IV[F = (-2 + 3 =13

(d) (u-v)v =22(-2,3) = (-44,66)
(e) u-(3v) = 3(u-v) =322 =66
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7.

10.

11.

12.

u=(2,-34),v=(065)
@ v =2(0) +(-3)(6) + (4)(5) = 2
(b) u-u =2(2) +(3)(-3) + 4(4) = 29

© [v]*=0"+6 +5 =6l
(d) (u-v)v =20,6,5 =(0,12,10)
(e) u-(3v)=3mu-v)=32) =6

. u=(=505),v=(-121)

(@) u-v=-5-1)+0(2) +51) =10

(b) u-u = (=5)(=5) + (0)(0) + 5(5) = 50
© |v[f = (=) +22+1> =6

(@ (u-v)v =10(-12,1) = (-10,20,10)
(e) u-(3v) =3(u-v) =3(10) = 30

Lu=2i-j+kv=i-k

(@ u-v =2(1)+ (-1)(0) + 1(-1) = 1
(=D(=D + M) =6

© |v|]? =1+ (1) =2

(b) u-u=202)+

(d (w-vjv=v=i-k
(e) u-(3v) =3(u-v)=3(1) =3
w=2i+j-2kv=i-3j+2k

(-2)(2) = -5

(b) u-u=2(2)+1(1) + (-2)(=2) = 9

@ u-v=21)+1(-3) +

© [v[P =1+ (3" +2° =14
@ (u-v)v=-5(-3j+2K) = -5i + 15j — 10k

(e) u-(3v) =3(u-v)=3-5 =-15

u=(L1v=(2-2

cos = YV = 0. 0
Jullv] V2%

() 0=§ (b) 6 =90°

u=_31v=(2-)

cos@ = 2V > :L
[ullv] V105 V2

(a) e:% (b) 6 = 45°
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13.

14.

15.

16.

17.

u=23i+jv=-2i+4j

u-v -2 -1

[u[v] ~ V1020 ~ 52

1
a) @ = arccos| ——= | = 1.713
@ [ sﬁj

cos 8 =

(b) 6 = 98.1°
u = cos(gji + sin[ﬁjj = ﬁi + lj
6 6 2 2
(372']. . [37[), J2. 2.
V=COS|— +sm—|=—"1+—]
4 4 2 2
cosg = 1V
[ulllv
N3 V2 1(V2) V2
SR R R el ln U e

(@) 8= arccos[ﬁ(l - ﬁ):l _Iz
4
(b) 6 =105°

u=(LL1),v=(21-1)

u-v 2

“[ufllv] T 36

qs

cos 0

(a) @ = arccos? = 1.080
(b) € = 61.9°

u=3i+2j+k v =2i-3j

cos 6 = u-v o 3(2)+2(—3)+0 ~ 0
[uf ][] [uf ]
-
(@ ¢ 5
(b) 8 = 90°

u=73i+4jv=-2j+3k

cosf = LV _ -8 _ —8VI3
[ullv] svi3 6
(a) 0 = arccos{—g\/ﬁJ = 2.031
65
(b) € = 116.3°
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18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

Chapter 11 Vectors and the Geometry of Space

u=2i-3j+kv=i-2j+k

sg MY 9 9 _ 32
I~ Viade ~ 2va 1
(@ 6= arccos[S\f—l] = 0.190
() 6 ~ 10.9°
u-vo_ cos @
Jufl]v]

u-vo_ cos 6
Jullv]

u - v = (40)(25) cos%r = —500~/3

- _ /1 _2
u = <4, 3>, vV = <5,—§>
u # cv = not parallel
u - v = 0 = orthogonal

=
Il

—%(i = 2j), v = 2i — 4j

=
1]

—%V = parallel

u=j+6k,v=i-2j-k

u # cv = not parallel

u-v =-8 # 0 = not orthogonal
Neither

u=-2i+3j-kv=2i+j-k

u # cv = not parallel
u - v = 0 = orthogonal

u=(2,-31),v=(-1-1-I)
u # c¢v = not parallel
u - v = 0 = orthogonal

u = <cos 6,sin 6, —l>,

vV = <sin 4, —cos 6, 0>

u # cv = not parallel
u - v = 0 = orthogonal

The vector (1, 2, 0) joining (1, 2,0) and (0,0, 0)is
perpendicular to the vector (-2, 1, 0) joining (-2, 1, 0)
and (0,0,0): (1,2,0) - (-2,1,0) = 0

The triangle has a right angle, so it is a right triangle.

28. Consider the vector <—3, 0, 0> joining (0, 0, 0) and
(—3, 0, O), and the vector <1, 2, 3> joining (O, 0, 0) and
(1,2,3): (-3,0,0) - (1,2,3) = -3 < 0

The triangle has an obtuse angle, so it is an obtuse triangle.

29. 4(2,0,1), B(0,1,2), (-4, 3, 0)

Y
4B = (-2,1,1) BA = (2,-1,-1)
=33 T=(5-3)
BC=(-332) B=(-32

The triangle has three acute angles, so it is an acute
triangle.

30. 4(2,-7,3), B(-1,5,8),C(4,6,-1)

4B = (-3,12,5) BA = (3,-12,-5)
AC CA = (-2,-13,4)
BC = (5,1,-9) CB = (-5,-1,9)
AB - AC = —6 + 156 — 20 > 0
BA-BC=15-12+45>0
CA-CB=10+13+36>0

The triangle has three acute angles, so it is an acute

triangle.
3. u=i+2j+2k |u|=+v1+4+4=3
cosa =1 = o = 12310 or 70.5°

3

cosﬁ=%2ﬂ

cosy =2 = y=084llor482°

0.8411 or 48.2°

N

cos> & + cos? B + cos® y = +g+

N=-1EN
I
—_

1
9

32 u=5i+3j-k, Ju|=~25+9+1=+/35

5
cosax = — = o = 0.5639 or 32.3°
V35
3
cos ffl = — = = 1.0390 or 59.5°
s s s
-1
cos ¥ = —— = ¥ = 1.7406 or 99.7°
V4 35 Ve
cosza+cos2ﬂ+00527=§+i+i=
35 35 35
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Section 11.3 The Dot Product of Two Vectors 1113

33.u=7i+j-k,

uf =49 +1+ =51

cos o = L = o =114°

V51
cosﬂz%: B = 82.0°

N

cosy = — = y = 98.0°

1
VAT

34. u = —4i + 3j + 5k,

u|= /16 + 9 + 25 = /50 = 5v/2

Cosa = b = @ = 21721 or 124.4°
5V2
3
cosp =—&7 = =~ 1.1326 or 64.9°
d 52 d
cos}/—i— ! = }/~ﬁ0r45°
V2o N2 4
1 2
cos2a+coszﬂ+c0s2}/:—6+z+—5:
50 50 50

35. u = (0, 6,-4),

u|=+/0+36+16 = /52 = 24/13 38. u=(97,v=(3

cosa=0:>azﬁor90° . u-v
2 (@) w, = proj,u = v

Iv]*
cosﬂ = % = /B =~ (0.5880 or 33.7° 9(1) + 7(3)
WA A
2 2.1588 or 123.7 Y "
sy =—-—— =y = 2. or 123.7°
N/ = 220,3) = (3.9
2 2 2 9 4 10
cos? & + cos® S + cos 7/_0+E+E_1 b) wy =u—w, =(9,7) = (3,9) = (6,-2)
36. u = (-1,5,2), u| = V1 +25+4 = /30 39. u=2i+3=(23),v=5i+j= (51
—1 R .
s = —5 = a = 17544 or 1005 (a) W, = proju = \TVH :JV
5
c0s f = —— = f ~ 0.4205 or 24.1° 2(5) +3(1)
= 2T s
\/230 s o
C0S ¥ = —2— = ¥ = 11970 or 68.6° =951=<§1>
* 1 25 4 26< ! i
cos’a+cos? f+cos’y=—+—"+—=1
P "=30 730 "3 (b) W, =u—w, = <2,3>—<§,%> = <—;§>

7w = {67) v =149 40. u = 2i-3j = (2,3), v =3i+2j = (3,2)

(a) w = projvu = uv.:]v (a) W, = prOlel = (uVZ]V
_ )+ 7 20) + (32
- - e
%@, 4) = (2.8) = 0(3,2) = (0,0)

®) wy =u—w, =(67) - (28 = (4,-1) ®) Wy =u-w = (23
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1114 Chapter 11

41. u = (0,3,3),v

= (-1,1,1)

(a) w; = proju = (IIVZ]V
_0(=1) + 3(1) + 3(1) <—1, L l>

B 1+1+1

= §<—1, L1) =(-2,2,2)

(b) wy =u—-w, =(0,33)-(-222 = (211

42. u = (8,2,0),v = (2,1,-1)

(a) w; = proju = (UZJV
[l

_ 8(2) + 2(1) + 0(-1) (2.1,-1)
22 +1+1 T

= %(2, 1,-1) = (6,3,-3)

(b) W, =u—-w = (820 -(63-3) =(2,-1,3)

4. u=5i—-j—k v=—i+5j+8k

(a) W, = proju = [“ Y ]v
Iv]

_ [5(—1) + (-1)(5) + (‘1)(8)J (-1,5,8)

(-1)’ +5° + 8

-18
= —(-15,8
90< 9 ,>
— ;1<_1 5 8>
- 5 9 bl

]
5 5

45. uis a vector and v - w is a scalar. You cannot add a
vector and a scalar.

46. ( ZJV =u = u = c¢cv = uand v are parallel.

u
2

47. Yes, uhjv =

v
v H
L

v
[u

Vectors and the Geometry of Space

48.

49. u

43. u = —9i — 2j — 4k, v = 4j + 4k

(@) W, = projyu = [" N ]v
Ivl

_ ((—z)(:z) : ;4)(4)} (0,44
= —%(0, 4,4)
=(0,-3,-3)

B W, =u-w

(b) wa =u-—-w

1 8
= (5 -1,-1) = (=, -1, =
<5 9 > <57 9 5>

(a) Orthogonal, 6 =

(b) Acute, 0 < 0 <

NN oy

(c) Obtuse, % <0<

= (3240, 1450, 2235)

= (2.25,2.95,2.65)

u - v = 3240(2.25) + 1450(2.95) + 2235(2.65)
= $17,490.25

This represents the total revenue the restaurant earned on
its three products.
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50.

51.

52.

53.

54.

5S.

Section 11.3 The Dot Product of Two Vectors 1115

u = (3240, 1450, 2235)
v = (2.25,2.95,2.65)
Decrease prices by 2%: 0.98v

New total revenue:

O.98<3240, 1450, 2235> . <2.25, 2.95, 2.65> = 0.98(17490.25)

= $17,140.45
Answers will vary. Sample answer: 56. v, = <S, s, s>
:—%i+%j.Wantu~v=0. HV1H=S\/§
v, = <s, s, 0>
v = 12i + 2j and —v = —12i — 2j are orthogonal to u.
Ivel= 52
Answers will vary. Sample answer: ) 22 ~ J6
u=9-4jWantu-v =0. cos T3 3
v = 4i + 9j and —v = —4i — 9j
6 = arcosﬁ = 35.26°
are orthogonal to u. 3
Answers will vary. Sample answer: 57. (a) Gravitational Force F = —22j
u= <3, 1, —2>. Want u - v = 0. v = cos 10°i + sin 10°j
v = <(), 2, l> and —v = <0, -2, —1> are orthogonal to u. w, = HV =(F-v)v
v
Answers will vary. Sample answer: = (—22)(sin 10°)v
u=(4,-3,6.Wantu v =0 ~ —3.82(cos 10°i + sin 10°))
v = <O, 6. 3> and —v = <O, -6, _3> [w || = 3.82 metric tons

(b) w, =F —w,
—22j + 3.82(cos 10°i + sin 10°j)
3.761 — 21.34f

are orthogonal to u.

0

Let s =length of a side.

n

v =(ss,5)
|w, | = 21.67 metric tons

[vl=sv/3
5 s 1 58. (a) Gravitational Force F = —24,000j
cosx =cosff=cosy =—— = —
N33 v = cos 18° + sin 18°]
1 .
a=pf=y= arcos(\/g] = 54.7° W, = FTZV =(F-v)v
v

(~24,000)(sin 18°)v
—7416.4(cos 18°i + sin 18°))

i

[wi||= 7416.4 N
(b) w, =F —w
—24,000j + 7416.4(cos 18°i + sin 18°))
7053.4i — 21,708.2j

0

|w, | = 228253 N
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59.

60.

61.

62.

63.

64.

65.

Vectors and the Geometry of Space

F = 85[1i + ﬁj}
2 2

v = 10i
W =F- -v=425]

W = |preizg || P2

= cos 20°| F|| ‘?Q‘
(cos 20°)(65)(50)
3054.01J

N

F = 1600(cos 25°i + sin 25° j)

v = 2000i

W =F - v =1600(2000)cos 25°
= 2,900,184.9 Newton-meters (joules)
= 2900.2 kJ

W = [proizeF || PO

- (s 0[] | 0]

- (400)(40)
= 8000J

False.
For example, let u = <1, l>, vV = <2, 3> and w = <1, 4>.

Thenu-v=2+3=5andu-w=1+4=25.

True
wW-(u+v)=w-u+w-v=0+0=0so, wand

u + v are orthogonal.

(a) The graphs y, = x*and y, = x'* intersect at
(0, O) and (1, 1).

7’ ’ 1
(b) yi =2xand ) = R

At (0,0), % (1, 0) is tangent to y; and (0, 1) is

tangent to y,.

At (L1), 5 = 2and y; = %
i%(l, 2) is tangent to y;, iﬁ@, 1) is tangent
to y,.

(¢) At (0,0), the vectors are perpendicular (90°).

At (L1),
1 1
o ﬁ<l,2>~m<3,l> s
M V5o V2
0 = 45°

66. (a) The graphs y, = x> and y, = x"° intersect at
(=1,-1), (0,0) and (1,1).

4 7 1
(b) y = 3x%and y) = E
At (O, O), i<1, 0> is tangent to y; and i<0, l> is

tangent to y,.

At (L1), 5] = 3and ¥ = %

1 . 1 .
+——(1, 3) is tangent to y,;, +———(3, 1) is tangent
To< ) is tang » To< ) is tang
to y,.

At (-1 -1), y{ = 3and y, = %

1 . 1 .
+———(1, 3) is tangent to y,, +—=—=(3, 1) is tangent
To< ) is tang Vi To< ) g

to y,.

(c) At (0,0), the vectors are perpendicular (90°).

At (L1),
1 1
cos @ = ﬁa il ﬁ@ ) L é
(1)) 10 5

6 = 0.9273 or 53.13°
By symmetry, the angle is the same at (1, —1).
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67. (a) The graphs of y; = 1 — x*and »* = x* — | intersect at (1,0)and (-1, 0).

(b) i =

(©

68. (a)

(b)

©

—2xand y, = 2x.

At (1,0), )] =

—2and 15 = 2. i—%(l,—Z) is tangent to y,, +

1 .
1, 2) is tangent to y,.
\/§< ) g »2

At (-1,0),) = 2and y; = 2. i—%(l, 2)is tangent to y,, * %(l, -2} is tangent to ;.

1 -1
ﬁ(l’ -2)- ﬁ(

6 = 0.9273 or 53.13°

At (1,0), cos @ = 1,-2) =

By symmetry, the angle is the same at (-1, 0).

To find the intersection points, rewrite the second
equation as y + 1 = x>. Substituting into the first
equation

b+ =x=>x"=x=x=0,1
There are two points of intersection, (0, —1) and

(1,0), as indicated in the figure.

First equation:

(y+1)2=x:>2(y+1)y'=1:y'= !

At (1,0), y = %

Second equation: y = x> —1 = )’ = 3x2 At
(1, 0), y =3

1 .
iﬁ<2, 1) unit tangent vectors to first curve,

+ (1, 3) unit tangent vectors to second curve

o§‘»—-
o

At ( R l), the unit tangent vectors to the first curve

I+

are <O, l>, and the unit tangent vectors to the second

curve are i<1, 0>.

At (1,0),

1 1 5 1
cos @ = f<2’l> . ﬁ<l’3> = NG = NG
0 ~

i or 45°
4

At (0, 1) the vectors are perpendicular, 8 = 90°.

2(y + 1)

69. In a rhombus,

70.

uH =HVH.The diagonals are u + v and
u-v.
(u+v)-(u-v)=(u+v)-u-(u+v)-v
=u-u+v-u—-u-v-v-v
=[ul=lv]*=o

So, the diagonals are orthogonal.

If u and v are the sides of the parallelogram, then the
diagonals are u + v and u — v, as indicated in the
figure.

the parallelogram is a rectangle.

Su-v=_0

S 2u-v=-"2u-v
Su+v)-(u+v)=@-v) (u-v)
&l vf =fu =’

& The diagonals are equal in length.

v
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71. (a)
x (k, k, 0)
(b) Length of each edge: N/ k> + k2 + 0> = k~/2
2
(c) cos@ = k = !

) 2

6 = arccos(l) = 60°
2

(d) ;l - <k, k, 0> _ <§’ E’ E> = <é’ é’ _é>

222 22 2
n = <05 05 O> - Ea E’E = _Ea_ka_ﬁ
222 2 2 2
k2
cos @ = 24 = 3
)
2
g = 109.5°

72. u = (cos &, sin ¢, 0), v = (cos f3, sin 3, 0)

The angle between u and v is & — f. (Assuming that
a > f).Also,

u-v

=P = [l

_ cos & cos f + sin o sin 3
0

= cos & cos f + sin o sin f.

Vectors and the Geometry of Space

73.

74.

75.

Ju+v[P=(@+v) (u+v)

(u+v)-u+(u+v)-v
=u-u4+v-u+u-v+v-v
=[uf*+ 20 - v +|v|?

2
<[lul 2w v]+]v]* < (Juf+]v])

So,

u+ v <fuf+]v]

Let w; = proj,u, as indicated in the figure. Because w,
is a scalar multiple of v, you can write

u=Ww +W, =cv+w,

Taking the dot product of both sides with v produces

U-V=(cV+HW,) - V=cV-V+W, V

= ch 2 because W, and v are orthogonol.
So,u-v = cHVH2 = c = Wand
v

W, = proju = ¢v =

u
Wy

u-v =HuH HVH cos 0
u - v|=|Juf ][] cos 6]
= [[ul[[lv[}fcos 6|

< |ul||v| because |cos 8] < 1.

Section 11.4 The Cross Product of Two Vectors in Space

1. u x vis a vector that is perpendicular (orthogonal) to
both u and v.

2. If w and v are the adjacent sides of a parallelogram, then

AzHuva.
i j Kk
3. jxi=[0 1 0|=-k
100

4.

i jk
jxk =0 1 0[=i
00 1
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Section 11.4 The Cross Product of Two Vectors in Space 1119

i j ok i jk
5.ixk =1 0 0|=-—j 7.(@) uxv=|-2 4 0|=20i+10j- 16k
00 1 325

(b) vxu=—uxyv)=-20i —10j + 16k

(c) vxv=20

i k
8. (@ uxv=3 0 5 =-I5i +16j+ 9k
23 2

(b) vxu=—uxv)=15 -16j — 9k

bk (c) vxv=20
6. kxi=[0 0 1/=j
1 0 0 i jk
9.(a) uxv=|7 3 2|=17i - 33j - 10k
1 -1 5

(b) vxu=—uxv)=-17 + 33j + 10k

9\{\ () vxv=0
/i |

. § i j k
10. (@3 uxv=| 2 1 -9
-6 -2 -1

= —19i + 56j + 2k

(b) vxu=—uxv)=19 - 56j - 2k

(¢c) vxv=0

11 u = (4,-1,0), v = (-6,3,0)

i jk
uxv=4 -1 0/=6k=(0006)
-6 3 0

- (uxv) =4(0) + (-1(0) + 0(6) =0 = u Luxv

v-(uxv)=-60)+30)+06=0=>vLuxv

12. u =(-5,2,2),v =(0,1,8)
i jk
uxv=[-5 2 2|=14i + 40j - 5k = (14,40, -5)
018
u-(uxv)=(-5)(14) + 2(40) + 2(-5) =0 > u Luxyv

v (uxv)=(0)(14) +1(40) + 8(-5) =0 =v Luxyv
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1120 Chapter 11 Vectors and the Geometry of Space

B.u=i+j+kv=2i+j-k 17. u = -3i + 2j - 5k
ij k v=i-j+4k
uxv=11 1/=-2i+3j-k =(-2,3-I) i j ok
2 1 -1 uxv=-3 2 -5|=3i+7j+k
u-(uxv) =1(=2) +1(3) + 1(-1) I -1 -4
=0=>uluxv LXV=L<3,7,1>
v (uxv) = 2(=2) + 1(3) + (=1)(-1) Jusv] /59
=0=v luxy =<371>
V5971597 /59

4. u=i+6j,v=-2i+j+k

i ok 18. u = 2k
uxv=|16 0/=6i-j+I13k v =4i+ 6k

2 11 i oK
u-(uxv)=1(6) + 6(-1) =0 = u L (uxv) “XV:Z g 2:8"
vo(uxv)=-2(6)+1(-1)+1(13) =0 = v L (uxvV) uxy 1

15. u = (4,-3,1) Juxv] ™ s
v =(253) 19.  u=j
i k v=j+k
uxv =4 -3 1|=-14i - 10j + 26k ijok
53 uxv=01 0/=i
uxyv 1 01 1
——— = ——(~14,-10, 26)
uxyv 972
ol A =luxv =i =1
= —(-14,-10,26
18\/§< ) 20. u=i+j+k
=< 7 5 13> v=j+k
93" 93 93 Pk
16. u=<—8—64> uxv=[1l1 1=-j+k
T 01 1
v = (10,-12,-2)
i i ok A=luxv]=]-j+Kk|=~2
uxv=[-8 —6 4|= 60i + 24j + 156k
21. u=(32-I)
10 -12 -2
uxv 1 V:<1’2’3>
— = = (60, 24,156 -
fuxv]” 3672 ) ok
5 ) 13 uxv=3 2 -1=(8-10,4)
=<3m°3m’3@> b23

A =|uxv|=](8-10,4)] = V180 = 6:/5
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22.

23.

24.

Section 11.4 The Cross Product of Two Vectors in Space 1121

u = (2,-1,0)
v =(-1,2,0)
i jk
uxv=|2 -1 0/=(003)
-1 20

4 =[uxv]=[(.03)]=3

4(0,3,2), B(1,5,5), C(6,9,5), D(5,7, 2)

4B = (1,2,3)
DC = (1,2,3)
BC = (5,4,0)
4D = (5,4,0)

Because 4B = DC and BC = AD, the figure ABCD is
a parallelogram.

AB and 4D are adjacent sides

i
AB x AD =1
5

B SN S R

k
3| = (-12,15,-6)
0

A =HE><EH= 144 + 225 + 36 = 95

A(2,-3,1), B(6,5,-1), C(7,2, 2), D(3,-6,4)

AB = (4,8,-2)
DC = (4,8,-2)
BC = (1,-3,3)
AD = (1,-3,3)

Because 4B = DC and BC = AD, the figure ABCD is

a parallelogram.

AB and AD are adjacent sides

i j k
AB x AD =|4 8 -2|= (18,-14,-20)
1 -3 3

A =HEX,TDH= 324 + 196 + 400 = 2~/230

25.

26.

27.

28.

A4(0,0,0), B(1,0,3), C(-3,2,0)

4B = (1,0,3), AC = (-3,2,0)

AB = (-2,4,-2), AC = (-3,5,-4)
i j ok
ABx AC =|-2 4 -2|= —6i - 2j+ 2k

3 5 —4

L3 = T

N
I

51
S
&
X
N

el
I

F = —100k
PO = 0.17(cos 40°j + sin 40°k)

i i Kk
PO xF =|0 0.17 cos 40° 0.17 sin 40°
0 0 -100

= —17 cos 40°

| PO x F| =17 cos 40° = 13.02 N-m

F = —2000(cos 30°j + sin 30°k) = —1000~/3j — 1000k
PO = 0.05k

i i k
POXF =0 0 0.05
0 -1000~/3 —1000

= 50~/3i

| PO x F|=50~/3 N-m
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1122 Chapter 11 Vectors and the Geometry of Space

29. (a) AC =40cm = 04 m
BC =32cm = 032m
AB = —04j + 0.32k
F = —180(cos € j + sin 6 k)

e i j k
0 (b) ABxF =0 -0.4 0.32

0 —180cos@ —180sin @

(72 sin @ + 57.6 cos H)i

32cm

a HEXFHzWZsinH+57.6cost9‘
C 40 cm A

(c) When 6 = 30°, | 4B x F| = 72&) + 57.6[?} ~ 85.88
. . 57.6
@ Ifr = \72 sin @ + 57.6cos 8|, T = 0for 72sin @ = —57.6 cos @ = tan O = e = 6 = 141.34°.

For 0° < 6 < 141.34°, T'(0) = 72cos § — 57.6sin8 = 0 = tan O = 57—2 = 6 =~ 51.34°. 4Band F are

perpendicular.

(e) 120

0 / 180

0

From part (d), the zero is @ = 141.34°, which is when the vectors are parallel.

30. (a) Place the wrench in the xy-plane, as indicated in the figure. y

The angle from AB to F is 30° + 180° + & = 210° + 6 >
30°
H@HzSOcsz.Sm o o\ JB
N
- NI !
04 = 0.5[cos(30%)i + sin(30°)j] = 2i + = Tt )
[cos( )i + sin( )J] Lt 7
F = 56[cos(210° + B)i + sin(210° + 6)j]
i j k "
OAxF = V3 1 0
4 4
56 cos (210° + 6) 56sin (210° + 6) 0
0 180
= [14+/35in(210° + 6) — 14 co5(210° + 6) Jk 0

= [14\/5(5111 210° cos @ + cos 210° sin 8) — 14(cos 210° cos & — sin 210° sin Q)Jk
= {14\/5(—; cos @ — ? sin HJ - 14(—\2g cos @ + %Sin Hﬂk = (-28sin O)k

Hw x FH: 28sin @, 0° < @ < 180°

V2

(b) When 6 = 45°,]|04 x FH =28=C = 14</2 = 19.80

(c) Let T = 28sin @
ﬂ = 28 cos & = 0 when € = 90°.
do

This is reasonable. When @ = 90°, the force is perpendicular to the wrench.
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31.

32.

33.

34.

35s.

36.

37.

47.

Section 11.4 The Cross Product of Two Vectors in Space 1123

1 00 38. u =(0,4,0)
u-(vxw)=[0 1 0[=1 v =(-3,0,0)
01 w = (-1,1,5)
111 0 40
u-(vxw) =2 1 0/=-1 u-(vxw)=(-3 0 0l=—4(-15) = 60
0 1 -1 15
Vz‘u (vxw)‘=60
0 1
u-(vxw)=[0 3 0[=6 39. (@) w-(vxw)=(vxw)-u (b)
0 1 =w-(uxv)=(uxv)-w(c)
=v-(wxu)=(ux—w)-v (d)
200
=v-(wxu)=(wxu)-v (h)
u-(vxw) =11 =0
0 2 2 (e u-(wxv)=w-(vxu) (f)
=w-(vxu)=(-uxv)-w
o (vu) = (ux v) - w (g)
u-(vxw)=[0 1 1|=2 So,a=b=c=d=hande=f =g
101 40. u X v = 0 = uand v are parallel.
V=‘u~(v><w)‘=2 u-v =0 = uand v are orthogonal.
L3 So, u or v (or both) is the zero vector.
u-(vxw)=|0 6 6/=-72 41. The cross product is orthogonal to the two vectors, so it
4 0 -4 is orthogonal to the yz-plane. It lies on the x-axis, since it

is of the form <k, 0, 0>.

42. Form the vectors for two sides of the triangle, and

u = <3, 0, 0> compute their cross product.
v =(0,51) <x2 =X, V2 — V1,22 — Zl> X <x3 —X,)V; — V23— 21>
w =(2,0,5)

43. False. If the vectors are ordered pairs, then the cross
product does not exist.

44. False. The cross product is zero if the given vectors are
parallel.

45. False. Let u = (1,0,0),v = (1,0,0), w = (~1,0,0).

Then, u x v =uxw = 0, but v # w.
46. True

u= <u1au25u3>s V= <V1,V2,V3>,W = <W15W25W3>
i j K
ux(v+w) = u u, Uy
VAW VW, vyt oy
[uz(v3 +wy) —uy(vy + wz)]i - [ul(v3 +wy) — (v + wl)]j + [ul(vz +wy) —up(v + wl)]k

= (uvs — ugvy )i = (yvs — ugn)j + (v, — up)K + (aws — uswy )i = (yws — uswy)j + (uwy, — uyw K

=(uxv)+(uxw)
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48. u = (uy,uy,u3), v = (v, vy, 13), ¢ is a scalar:
i j ok
(cu) x v =|cu; cuy cuy
i V2 W
= (cuyvy — cusm )i — (cuyvy — cuzw))j + (cupv, — cupm )k

= c[(u2v3 —umm)i — (s — uzw)j + (wv, — uzvl)k] = c(uxv)

49. u = <u1,u2,u3>
i j ok
uxu =l uy uy|= (uguy — usin)i — (wuy — uzwy)j + (wuy — upu )k = 0

Uy U Uz

uoouy U
50 u-(vxw) =y v,
W Wy W
W oW W
(uxv)-w=w-(uxv)=|y u u
LU T ]
= wi(upvy — vattz) — wy(uyvs — vig) + wy(uyy, — vty
= w(vywy — wyy3) — i (vwy — wpys) + uzs(Vwy — W) = u - (VX W)
51. uxyvs= (u2v3 - u3v2)i - (u1v3 - u3v1)j + (u1v2 - u2vl)k
(uxv)-u = (uyy —ugmyJuy + (s — upvs)u, + (wv, — upnus = 0
(wx v) v = (uys —usm)vy + (usvy — uyvs)v, + (v, — upn)vs = 0
So,uxv L uand uxv L v.
52. If u and v are scalar multiples of each other, u = c¢v for some scalar c.
uxv=_(cv)xv=cvxv)=c0) =0
If ux v = 0,then HuH HVH sind = 0. (Assume u=z0v= 0.) So, sin @ = 0,8 = 0, and u and v are parallel. So,

u = cv for some scalar c.

3. Jusxv] = u]v]sin6

If u and v are orthogonal, & = 7/2 and sin € = 1. So, |u X VH = HuHHVH

54. u = <al,b],cl>,v = <a2,b2,02>,w = <a3,b3,C3>

i j ok
VXW =|ay by = (s — bioy)i — (ar03 — a3¢5)j + (arhs — ashy )k

as b3 C3
i j K
ux(vxw)s= a b q

(byes = bsey) (ascr — ayes)  (anhs — ashy)
ux (vxw) = [bahs — ashy) — ci(ase; — ayes)|i = [a(arhy — ashy) — ¢i(bacs — bics) |
+ [a](a3cz — ayc5) = by(byes — b3cz)]k
= [az(a1a3 + bby + ;) — ay(ama, + bb, + clcz)]i + [bz(a1b3 + bby + ¢i¢3) — by(aa, + bb,y + clcz)]j
+ [cz(a1a3 + bby + ¢c3) — es(@ay, + bb, + clcz)]k

= (aja; + bby + c;)(ay, by, ¢) — (@ay + bb, + ci6))(az, by, ;) = (W - w)v — (u - v)w
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55. u = wi + upj + w3k, v = vii + v,j + vik, w = wii + woj + wik

i ok
VXW =y v v|= <v2w3 — wyvy, —(vws — winy), vw, — w1v2>
W Wy W

ux (VX w) = (uy,uy,u3) -

<V2W3 — WhVs3, —(V1W3 - W1V3), ww, — W1V2>

= VW3 — UsWy, — UpViWs + Uy VsW + UsViW, — U3V W

U U Uz
=M V2 V3
W W, W

Section 11.5 Lines and Planes in Space

1.

The parametric equations of a line L parallel to

v = (a, b, ¢,) and passing through the point P(x;, y;, z;)
are x = x +at,y =y + bt,z = z; + ct.

The symmetric equations are

X—Xh _Yy-hn _zZ74a

a b c

. In the equation of the plane

2zx-1)+4y-3)-(z+5 =0,a=2,b =4,and

¢ = —1. Therefore, the normal vector is <2, 4, —1>.

. Answers will vary. Any plane that has a missing x-

variable in its equation is parallel to the x-axis.

Sample answer: 3y —z =5

. First choose a point Q in one plane. Then use Theorem

11.13:
76

[n]

where P is a point in the other plane and n is normal to
that plane.

X =-24+ty=3z=4+1t

(@) (0,6,6):For x = 0 = —2 + ¢, you have ¢ = 2.
Then y = 3(2) = 6and z = 4 + 2 = 6. Yes,
(0,6, 6) lies on the line.

(b) (2,3,5):For x =2 = =2 + ¢, youhave ¢ = 4.
Then y = 3(4) = 12 # 3.No, (2,3, 5) does not lie
on the line.

(¢) (-4,-6,2):For x = -4 = =2 + ¢, you have
t =-2.

Then y = 3(-2) = —6and z = 4 — 2 = 2. Yes,
(—4, -6, 2) lies on the line.

x=3 y-17

6. — =z4+2
2 8

(a) (7,23,0): Substituting, you have
7_

3 23-7
2
2=2=2

Yes, (7,23, 0) lies on the line.

=0+2

(b) (1,—1,-3): Substituting, you have

g:_1_7:_3+2
8

=l =1
Yes, (1, —1,—3) lies on the line.

(¢) (=7, 47,-7): Substituting, you have

1-3 _41-7_ ..,
2 8

-5#5# -5

No, (—7, 47, —7) does not lie on the line.

7. Point: (0,0,0)
Direction vector: <3, 1, 5>

Direction numbers: 3, 1, 5

|
o
N
Il
w
4

(a) Parametric: x = 3¢,y =

(b) Symmetric: g =y=

W N
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8. Point: (0, 0, 0) 14. Points: (0, 4, 3), (—1, 2, 5)
Directi tor: (1,2,-2

Direction vector: v = <—2, E, 1> frection vector < >

2 Direction numbers: 1,2, -2

Direction numbers: —4, 5, 2 (a) Parametric: x = ¢,y = 4 + 2t,z = 3 - 2t

(a) Parametric: x = —4t,y = 5t,z = 2t

(b) Symmetric: x = yT_4 = 2_7_23
(b) Symmetric: _14 = % = %
15. Points: (7, -2, 6), (—3, 0, 6)
9. Point: (~2,0,3) Direction vector: <—10, 2, 0>
Direction vector: v = <2, 4, —2> Direction numbers: —10, 2, 0
Direction numbers: 2, 4, -2 (a) Parametric: x = 7 —-10¢,y = =2 + 2t,z = 6
(a) Parametric: x = -2 +2t,y = 41,z =3 - 2t (b) Symmetric: Not possible because the direction
. 5 R number for z is 0. But, you could describe the
(b) Symmetric: x; = % = ) line as = 7 _Y +22, s =6

10. Point: (-3,0,2
oin: ) 16. Points: (0,0, 25), (10,10, 0)

Direction vector: v = <O’ 6, 3> Direction vector: <10, 10, —25>

Direction numbers: 0, 2, 1 Direction numbers: 2,2, -5

P tric: x = -3,y =2,z =2+t .
(a) Parametric: x 4 2 (a) Parametric: x = 2t,y = 2t,z = 25 = 5t

b) Symmetric: 2 = z — 2,x = -3 , _
(b) Symmetric 5 z , X (b) Symmetric: X _y_:z 25
2 2 -5
11. Point: (1,0,1 .
om ( ) 17. Point: (2, 3, 4)
Direction vector: v = 3i — 2j + k Direction vector: v = k
Direction numbers: 3, -2,1 Direction numbers: 0, 0, 1
(a) Parametric: x = 1+ 3¢,y = 2t,z = 1+1¢ Parametric: x = 2,y =3,z = 4 +¢
.ox -1 y z -1
b) Symmetric: =L = e
(b) Sy 3 ) | 18. Point: (—4, 5, 2)
Direction vector: v = j
12. Point: (=3,5,4) Direction numbers: 0, 1, 0
Directions numbers: 3, -2, 1 Parametric: x = 4,y =5+ £,z = 2
(a) Parametric: x = -3+ 3,y =5-2t,z =4 +1¢
19. Point: (2, 3,4
(b)SmmetriC'x+3—y7_5— -4 s )
Y T3 T, T F Direction vector: v = 3i + 2j — k
Direction numbers: 3,2, -1
. 22
13. Points: (5, -3, -2), (_5’ 3’ lj Parametric: x = 2 +3t,y =3+ 26,z = 4 — ¢
Direction vector: v = %i - 1—31j -3k 20. Point (—4,5,2)
. Direction vector: v = —i + 2j + k
Direction numbers: 17, -11, -9
) Direction numbers: -1, 2,1
(a) Parametric:
x=5+17t,y=-3-1lt,z=-2-9% Parametric: x = -4 -,y =5+ 2,z = 2 + ¢

x—=5 _ y+3 z+2

b) Symmetric:
(b) Sy 17 -11 -9
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21.

22.

23.

24,

25.

26.

27.

28.

29.

Point: (5, -3, —4)
Direction vector: v = <2, -1, 3>
Direction numbers: 2, —1,3

Parametric: x = 5+ 2f,y = -3 —-t,z = -4 + 3¢

Point: (-1,4,-3)

Direction vector: v = 5i — j

Direction numbers: 5,1, 0

Parametric: x = -1+ 5t,y =4 —+¢,z = -3
Point: (2,1,2)

Direction vector: <—1, 1, 1>

Direction numbers: —1,1,1

Parametric: x =2 —t,y =1+¢t,z=2+¢
Point: (-6, 0, 8)

Direction vector: <—2, 2, 0>

Direction numbers: -2, 2,0

Parametric: x = -6 — 2¢t,y = 2t,z = 8
Let ¢ = 0: P = (3,-1,-2) (other answers possible)

v = (-1,2,0) (any nonzero multiple of v is correct)

Let t = 0: P = (0,5,4) (other answers possible)

v = (4,-1,3) (any nonzero multiple of v is correct)

Let each quantity equal 0:

P = (7,-6,-2) (other answers possible)

v = (4,2,1) (any nonzero multiple of v is correct)
Let each quantity equal 0:

P = (-3,0,3) (other answers possible)

v = (5,8,6) (any nonzero multiple of v is correct)
L:v, =(=3,2,4)and P = (6,-2,5)on L,

Ly: v, = (6,—4,—-8)and P = (6,—2,5)on L,

The lines are identical.

Section 11.5 Lines and Planes in Space 1127

30.

31.

32.

33.

34.

35.

L: v, =(2,-1,3)and P = (1,-1,0)on L,

Ly: v, = (2,-1,3)and Pnoton L

The lines are parallel.

Lz v, =(4,-2,3)and P = (8,-5,-9)on L,
Ly: vy = (-8,4,—6)and P = (8,-5,-9)on L,
The lines are identical.

L:v, =(4,24)and P =(1,1,-3)on L,

Ly: v, = (1,0.5,1) and Pnoton L,

The lines are parallel.

At the point of intersection, the coordinates for one line
equal the corresponding coordinates for the other line.
So,

(1) 4 +2=2s+4+2,(31) 3 =25 +3,and

(i) —t+1=s+1.

From (ii), you find that s = 0 and consequently, from
(iii), t = 0. Letting s = ¢ = 0, you see that equation (i)
is satisfied and so the two lines intersect. Substituting
zero for s or for ¢, you obtain the point (2, 3,1).
u=4i-k (First line)

v =2i+2j+k (Second line)

lu-v|  8-1 7 W17
lul[v] = V7o~ 37 s

6 = 55.5°

cos @ =

By equating like variables, you have

(1) 3¢t+1=3s+1,(3i) 4 +1=2s +4and

(iii) 2t + 4 = —s + 1.

From (i) you have s = —¢, and consequently from (ii),

t = %and from (iii), ¢+ = —3. The lines do not intersect.

Writing the equations of the lines in parametric form you
have

x =3t y=2-t z=-1+t¢

x =1+4s y=-2+s z =-3-3s.

For the coordinates to be equal, 3¢ = 1 + 4s and

2 —t = =2 + s.Solving this system yields ¢ = % and
s = % When using these values for s and ¢, the z

coordinates are not equal. The lines do not intersect.
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36.

37.

38.

39.

40.

Writing the equations of the lines in parametric form you
have

x=2-3t y =246t z =3+t

34 2s y=-5+s z = =2 + 4s.

X

By equating like variables, you have 2 — 3¢t = 3 + 2s,
246t=-5+s5,3+t=-2+4s.S0,t=-1,5s =1

and the point of intersection is (5, —4, 2).
u= <—3, 6, l> (First line)
v =(2,1,4) (Second line)

uevl 44 296
lull[v] = ~26~/21 /966 483

6 = 82.6°

cos @ =

xX+2y—-4z-1=0

(@ (<7.2.-1): (=7) +2(2) = 4(-1) =1 =0
Point is in plane.

®) (52,2:5+22)-42)-1=0
Point is in plane.

(©) (6,1, =1): =6 +2(I) —4(-1) -1 =-1#0
Point is not in plane.

2x+y+3z-6=0

(@ (3,6,-2):2(3)+6+3(-2)-6=0
Point is in plane.

) (-L5-1):2(-1)+5+3(-1)-6=-6=0
Point is not in plane.

(© (2,L0):2(2)+1+30)-6=-1%0
Point is not in plane.

Point: (1,3,-7)

Normal vector: n = j = <O, 1, 0>

O(x=1) +1(y =3)+0(z = (-7)) = 0

y=3=0

Point: (0,1, 4)

Normal vector: n = k = <0, 0, 1>

Ox-0)+0(y+1)+1z-4)=0

z=4=0

41.

42.

43.

44.

45.

46.

Point: (3,2,2)

Normal vector: n = 2i + 3j —

2(x—3)+3(y—2)—1(z—2)
2x+3y —z-10

Point: (0, 0, 0)

Normal vector: n = -3i + 2k

k

[
S O

—3(x—0)+0(y—0)+2(z—0)20

—3x +
Point: (—1,4,0)

Normal vector: v = <2, -1, —2>

20x+1) -1y —4) - 2(z - 0)
2x -y —-2z+6

Point: (3,2,2)

2z =0

Il Il
[== R e

Normal vector: v = 4i + j — 3k

4(x—3)+(y—2)—3(z—2):

(e

4x+y-3z2-8=0

Let u be the vector from (0, 0, 0) to

(2,0,3): u = (2,0,3)

Let u be the vector from (0, 0, 0) to

(-3,-L5): v = (-3,-15)

i
Normal vectors: u x v = 2 0 3|= <3, -19, —2>
-3 -1 5
3(x=0)-19(y -0)-2(z=0)=0
3x-19y -2z =0
Let u be the vector from (3,-1,2) to (2,1,5):
u=(-123)
Let u be the vector from (3,-1,2) to (1, -2, -2):
v =(=2,-1,-4)
Normal vector:
i j k
uxv=[-1 2 3|=(-5-10,5) = -5(1, 2, -1)
2 -1 -4

I(x—3)+2(y +1) = (z - 2)

x+2y—-z+1

I Il
oS O

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



47.

48.

49.

50.

51.

Let u be the vector from (1, 2, 3) to
(3.2.1) u = 2i - 2k

Let v be the vector from (1, 2, 3) to
(-L-2,2) v = —2i - 4j - k

Normal vector:

i j ok
(Ju) x (=v) =[1 0 1| = 4i - 3j + 4k
2 4 1
4x-1)-3(ry-2)+4:z-3)=0

4x =3y +4z-10=0

(1,2,3), Normal vector:

v=ilx-1)=0x-1=0

(1,2, 3), Normal vector:
vV =

K 1(z-3)=0,z-3=0

The plane passes through the three points

(0,0,0),(0,1,0), (~/3,0,1).
The vector from (0,0, 0)to (0,1,0): u = j

The vector from (0, 0, 0) to (\/3, 0, 1): v=-3i+k

i j k
Normal vector: ux v =| 0 1 0|=i-/3k
NERN
X — \/gz =0
The direction vectors for the lines are u = -2i + j + k,
v =-3i + 4j - k.
i j k
Normal vector: u x v =[-2 1 1= =5(i + j + k)
-3 4 -1

Point of intersection of the lines: (-1, 5,1)
x+D)+(y-5+(z-1)=0

xX+y+z-5=0
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52.

53.

54.

55.

The direction of the line is u = 2i — j + k. Choose any
point on the line, [(0, 4,0), for example], and let v be the
vector from (0, 4, 0) to the given point (2, 2, 1):

v=2i-2j+k

i j k
Normal vector: u xv =2 -1 1|=1i-2k
2 =2 1
(x=2)-2(z-1)=0
x—2z=0

Let v be the vector from (-1,1,-1) to (2,2,1):
v=3i+j+ 2k

Let n be a vector normal to the plane
2x-3y+z=3xn=2i-3j+k

Because v and n both lie in the plane P, the normal
vector to P is

i j k
vxn=(3 1 2/=7i-j-11k

2 31
(x-2)+1(y-2)-11(z-1) =0
Tx+y-11z-5=0

Let v be the vector from (3,2,1) to (3,1, -5):

v = —j— 6k

Let n be the normal to the given plane:

n = 6i +7j + 2k

Because v and n both lie in the plane P, the normal
vector to P is:

i j ok
vxn=[0 -1 —6|=40i - 36j + 6k
6 7 2

2(20i — 18] + 3k)

20x —=3) - 18(y —2)+3(z-1) =0
20x =18y + 3z -27 =0

Let u = iand let v be the vector from (1, -2, —1) to
(2.5.6) v =i+7j+7k

Because u and v both lie in the plane P, the normal
vector to P is:

i j k
uxv={l 0 0f=-7j+7k =-7(j — k)
177
-] - [z~ (=0
y—z+1=0

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



1130 Chapter 11 Vectors and the Geometry of Space

56.

57.

58.

59.

60.

61.

Let u = k and let v be the vector from (4, 2, 1) to (-3,5,7): v = —7i + 3j + 6k

Because u and v both lie in the plane P, the normal vector to P is:

i jok
uxv=[0 0 1|=-3i-7j=-(Gi+7))
73 6

3(x-4)+7(y-2)=0
3x+7y-26=0

Let (x, y, z) be equidistant from (2, 2, 0) and (0, 2, 2).

Je=2P+ (-2 +(z-0 =Jx -0 + (v -2 + (= - 2
¥ —dx 44+ —dy+d4+22 =x2+y -4y +4+27 -4z + 4
—dx +8=-4z+38

x —z = 0 Plane

Let (x, y, z) be equidistant from (1, 0, 2) and (2, 0, 1).

Je=1) (-0 +(z-2 =Jx-2 +(r -0+ (- 1)
¥ —2x 41+ + 22 —dz4+4=xr —dx+4+ )y  + 22 -2z +1
2x —4z+5=-4x-2z+5

2x =2z =0

x —z = 0 Plane

Let (x, y, z) be equidistant from (-3,1, 2) and (6, -2, 4).

a3+ -0+ (-2 = J(x -6 + (v +2 + (= - 4)
W+ 6x+9+312 -2y +1+22 —dz+4=x>-12x+36+ 3y +4y +4+ 2> —82+16
6x -2y —4z +14 = -12x + 4y — 8z + 56
18x -6y +4z-42=0
9x — 3y + 2z — 21 = 0 Plane

Let (x, y, z) be equidistant from (-5, 1, -3) and (2, -1, 6).

Jae+s + -0 +(z+3) =Jx-2  +(+ 1) + (- 6)
¥ +10x+25+ 3 =2y + 1+ 22 +6z2+9=x—dx+4+ > +2y+1+ 2> - 12z + 36
10x — 2y + 6z + 35 = —4x + 2y — 12z + 41
l4x —4y + 182 -6 =0
7x — 2y + 9z — 3 = 0 Plane

First plane: n, = (5,2, -8)and P = (0, 3, 0) on plane 62. First plane: n, = (2,-1,3) and P = (4,0, 0) on plane
Second plane: n, = (15, -6, 24) = —3n, and P not on Second plane: n, = (8,—4,12) = 4n,and P not on
plane plane.

Parallel planes Parallel planes

(Note: The equations are not equivalent.) (Note: The equations are not equivalent.)
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63. First plane: n, = (3,-2,5)and P = (0, 0, 2) on plane
Second plane: n, = (75,-50,125) = 25n, and P on plane

Planes are identical.

(Note: The equations are equivalent.)

64. First plane: n, = (~1,4,-1)and P = (=6, 0, 0) on plane

Second plane: n, = <—%, 10, —%> = %nl and P on plane

Planes are identical.

(Note: The equations are equivalent.)

65.(a) n, =3i+2j—kandn, =i - 4j+ 2k 67. (@) n, = (3,-1,1)and n, = (4,6,3)
cosg = moml |71 _ e Cmem| o] eem
[ [~ Viav21 ~ 6 A TP RN TNl
= 6 = 6591° = 6 = 69.67°
(b) The direction vector for the line is (b) The direction vector for the line is
i j ok i jok
mxn =1 -4 2|=7(j+ 2k). nxn, =|3 -1 1= -9i - 5j + 22k.
3 2 -1 4 6 3

Find a point of intersection of the planes.
6x +4y — 2z =14
x—4y +2z=0

Find a point of intersection of the planes.
18x — 6y + 6z = 42
4x + 6y + 3z = 2

7x =14 22x + 9z = 44
x= 2

Let z =0,22x = 44 = x = 2and

Substituting 2 for x in the second equation, you have
32)-y+0=7=y=-1

-4y +2z=-2o0rz =2y -1.

Letting y = 1, a point of intersection is (2, 1, 1). A point of intersection is (2, ~1, 0).
x=2,y=1+t,z=1+2t x=2-9,y=-1-5¢z =22
66. (a) n, = (-2,1,1)and n, = (6,-3,2) 68. () m = 6i —3j+k,m =—i+j+5k
Im; - m,| |-13] 136 cos 6 = Imj -my| 4] 24138
cos @ = = = - T Ja6/27 207
[nfn:]| Vo290 42 [milma] - /26
= 6 ~ 40 700 9 = 16845 = 96520
(b) The direction vector for the line is (b) The direction vector for the line is
Pk i jok
noxm, =(-2 1 1] =5(i + 2j). nxn, =| 6 -3 1/=(-16,-313).
6 -3 2 -1 1 5
Find a point of intersection of the planes. Find a point of intersection of the planes.
—-6x +3y +3z= 6 6x -3y+ z=5= 6x-3y+ z= 5
6x -3y +2z= 4 X+ y+5z2=5= —6x+ 6y + 30z =30
5z =10 3y + 31z = 35
z = 2

o ) ) Lety=—9,z=22x=—4:(—4,—9,2).
Substituting 2 for z in the first equation, you have

—2x + y = 0or y = 2x. Letting x = 0, a point x=-4-l6ty=-9-3ltz=2+3
of intersection is (0, 0, 2).

x=5y=10t,z=20rx =t,y =2,z =2
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1132 Chapter 11 Vectors and the Geometry of Space

69.

70.

71.

72.

73.

74.

75.

The normal vectors to the planes are 76. z =1
n, = (5-31),n, =(1,4,7), cos § = M = 0.
[ [ n]
So, @ = 7/2 and the planes are orthogonal.
The normal vectors to the planes are
n, = (3,1,-4),n, = (-9,-3,12).
Because n, = —3n,, the planes are parallel, but not

equal.

The normal vectors to the planes are

n =i-3j+6k,n, =5+j-k,

In; - m,| =\5—3—6‘ _ 4-/138 _2 /138
[ n.] = ~46~/27 414 207

2V/138 = 83.5°
207

cos 8 =

So, 6 = arccos[

The normal vectors to the planes are
n =3i+2j-kn, =i-4j+ 2k,

‘nl-nz‘_‘3—8—2‘_7\/g J6

cos 8 = = —

I |[n,] 1421 42 6

So, 6 = arccos[\/gj =~ 65.9°. 79
6 .

The normal vectors to the planes are n, = <1, -5, —1>
and n, = (5,-25,-5).Because n, = 5n,, the planes

are parallel, but not equal.

The normal vectors to the planes are

n =(2,0,-1),n, = (4,1,8),
80. 3x + 6y +2z =6
mom|

cos 8 = =
[ {[m

So, 8 = % and the planes are orthogonal.

y <=2

81.
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82. 2x —y+z=4

83.

84.

8s.

86.

87.

Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

x=-T7+2t,y=4+tz=-1+5¢
(-7+2)+34+0)—(-1+5t) =6

6=06
The equation is valid for all 7.
The line lies in the plane.
Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:
x=1+4t y=2t,z =3+ 6¢

21 + 40) + 3(2t) = =5,1 = ‘71
Substituting ¢ = —% into the parametric equations for

the line you have the point of intersection (-1, -1, 0).

The line does not lie in the plane.

Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

x=1+3t,y=-1-2t,z=3+1¢
2(1 + 3t) + 3(-1 - 2t) = 10, -1 = 10, contradiction

So, the line does not intersect the plane.

Writing the equation of the line in parametric form and
substituting into the equation of the plane you have:

x=4+2t,y =-1-3t,z =-2+5¢
54+ 2t)+3(-1-3)=17,t =0

Substituting ¢ = 0 into the parametric equations for the
line you have the point of intersection (4, -1, —2).

The line does not lie in the plane.
Point: Q(0, 0, 0)

Plane: 2x + 3y +z-12 =0
Normal to plane: n = <2, 3, 1>
Point in plane: P(6, 0, 0)

Vector PQ = (-6, 0, 0)

_[POn| _|-12] _6via
o[~ vz~ 7

Section 11.5 Lines and Planes in Space 1133

88.

89.

90.

91.

92.

Point: Q(0, 0, 0)

Plane: 5x + y =z -9 =10
Normal to plane: n = <5, 1, —1>
Point in plane: P(0, 9, 0)

Vector PQ = (0,9, 0)

Point: O(2, 8, 4)
Plane: 2x + y+z =5
Normal to plane: n = (2,1,1)

Point in plane: P(0, 0, 5)

[l 6 6

Point: Q(1, 3, -1)

Plane: 3x —4y + 5z -6 =0
Normal to plane: n = (3, -4, 5)
Point in plane: P(2, 0, 0)

Vector PQ: (-1, 3, -1)

[PO - n| _|-20]
D = =L—1-2/2
[nf 50

The normal vectors to the planes are n, = (1, -3, 4) and
n, = (1, -3, 4).Because n;, = n,, the planes are
parallel. Choose a point in each plane.

P(10, 0,0) is a point in x — 3y + 4z = 10.

0(6,0,0) isapointinx — 3y + 4z = 6.

@:(—4,0,0),D=‘PQ‘HI‘ 4

24/ 26

]~ 26~ 1

The normal vectors to the planes are n, = (2,7, 1) and
n, = <2, 7, 1>. Because n; = n,, the planes are parallel.
Choose a point in each plane.

P(0,0,13) isa pointin 2x + 7y + z = 13.

0(0,0,9) isapointin 2x + 7y + z = 9.

PO = (0,0,4)

_[Po-m|_ 4

D = = _ /e
Im] 549
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93. The normal vectors to the planes are n; = (-3, 6, 7) and

94.

n, = (6,12, —14). Because n, = —2n,, the planes are
parallel. Choose a point in each plane.

P(0,-1,1) isapointin —3x + 6y + 7z = 1.

Q(%, 0, Oj isapointin 6x — 12y — 14z = 25.

0= (Gi)
_[Pom| _|272] 21 21y
In | o4 2/o4 188

The normal vectors to the planes are n, = (-1, 6, 2) and

= (_1
n, = <—§,

parallel. Choose a point in each plane.

3, 1>,Because n, = 2n,, the planes are

P(-3,0,0)isapointin —x + 6y + 2z = 3.

0(0,0, 4) is apointin —x + 3y + z = 4.

PO = (3,0,4)
D:‘P—Q'nl‘: 5 _ 5741
Wl Va1
95. u = (4,0, 1) is the direction vector for the line.

0(1, 5, -2) is the given point, and P(-2, 3,1)is on the

line.

PO = (3,2,-3)
i j k
POxu=3 2 -3|=(-2,-9,-8)
4 0 -1
_|Poxu| a9 2533
N A
96. u = <2, 1, 2> is the direction vector for the line.

O(1, -2, 4) is the given point, and P(0, -3, 2) is a point
on the line (let ¢ = 0).

PO = (1,1,2)
ijk
POxu=|11 2/=(0,2-1)
21 2
_poxu] 55
] 9 3

Vectors and the Geometry of Space

97. u = (-1,1,-2

98.

99.

> is the direction vector for the line.

0(-2,1, 3) is the given point, and P(1, 2, 0) is on the

line (let # = 0 in the parametric equations for the line).

PO = (-3,-1,3)
i j ok
POxu=(-3 -1 3|=(-1,-9,-4)
-1 1 =2
_[Poxu|_ivsive Vo8 7 73
u] Visl+4  Jo B3

u = (0, 3, 1)is the direction vector for the line.

0(4, -1, 5) is the given point, and P(3, 1, 1) is on the line.

PO = (1,-2,4)
i jk
POxu=|1 -2 4|=(-14,-1,3)
0 31
_[Pox]
[ul

\/142+1+ [206 103 \/51
10

The direction vector for L, is v, = (-1, 2,1).
The direction vector for L, isv, = <3, -6, —3>.
Because v, = —3v,, the lines are parallel.

Let O(2,3,4) to beapointon Z; and P(0, 1, 4) a point
on L,. PO = (2,2,0).

u = v, is the direction vector for L,.

i j ok
POXxv, =2 2 0|=(66-18)
3 -6 -3
_[Pex v
[v]
_ /36 +36+324 \/W \/7 66
9 +36+9 54
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Section 11.5 Lines and Planes in Space 1135

100. The direction vector for L; is v, = <6, 9, —12>_ 101. Exactly one plane contains the point and line. Select two
points on the line and observe that three noncolinear

The direction vector for L, is v, = (4, 6, -8). points determine a unique plane.

-3 ; s
Because v, = 3v,, the lines are parallel. 102. There are an infinite number of planes orthogonal to a

iven plane in space.
Let O(3,-2,1) to be a point on L, and P(-1, 3, 0) a point givenp P

on L,. PO = <4’ s, 1>. 103. Ye.s, Consider '[W(.) points on one line, a.nd a third Qistinct
point on another line. Three distinct points determine a
u = v, is the direction vector for L,. unique plane.
. iy ok 104. (a) ax + by + d = 0 matches (iv). The plane is
POx v, =|4 =5 1|=(34,36,44) parallel to the z-axis.
4 6 -8 (b) ax + d = 0 matches (i). The plane is parallel to the
. z-plane.
[P0 > v.| P ) |
= W (¢) ¢z + d = 0 matches (ii). The plane is parallel to the
2 xy-plane.
_N 34% +36° + 44° (d) ax + cz + d = 0 matches (iii). The plane is
16 + 36 + 64 parallel to the y-axis.
4388 1097 /31813
V116 29 29
105. z = 0.23x + 0.14y + 6.85
@ Year 2009 | 2010 | 2011 | 2012 | 2013 | 2014

z(Approx) | 18.93 | 19.46 | 20.31 | 21.10 | 21.58 | 22.62

The approximations are close to the actual values.

(b) Ifx and y both increase, then so does z.

106. On one side you have the points (0, 0, 0), (18, 0, 0),and (-3, -3, 24).

i j k
n, =18 0 0|=-432j- 54k
-3 -3 24

On the adjacent side you have the points (0, 0, 0), (0,18, 0),and (-3, -3, 24).

i j ok
n, =| 0 18 0|=432i + 54k
-3 -3 24

In; -m,| 2916 1

cos @ = = = —
[ ||[m,| 189,540 65

6 = arccosi =~ 89.1°
65
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1136 Chapter 11 Vectors and the Geometry of Space

107. L;:
L:x, =1+t,y, =24+1t,z, =2t

X =6+ty =8—-t,zy =3+t

(a) At ¢t = 0, the first insect is at (6, 8, 3) and the second insect is at P(1, 2, 0).

Distance = \/(6 - 1)2 + (8- 2)2

+(3-07 =70 =

8.37 centimeters.

(b) Distance = \/(xl - xz)2 +(n - )’2)2

(¢) The distance is never zero.

_ZZ

=5+

(d) Using a graphing utility, the minimum distance is 5 centimeters when ¢ = 3 minutes.

15

L

0

108.
n = (2,4, -3) is the normal to the plane.

PO | [(-7.2.4)- 2.4,-3)] |-14+8-12

First find the distance D from the point O(-3, 2, 4) to the plane. Let P(4, 0, 0) be on the plane.

D = =
V4 +16+9

[n]

109. The direction vector v of the line is the normal to the
plane, v = <3, -1, 4>.
The parametric equations of the line are x = 5 + 3¢,
y=4—-tz=-3+ 4t
To find the point of intersection, solve for # in the
following equation:
3(5+3)-(4—t)+4(3+4)=7
26t = 8
-4
=%
Point of intersection:
4 _ (77 48 _23
(5+3(5h4- %3 +4) = (B85 -B)
110. The normal to the plane, n = <2, -1, —3> is perpendicular

to the direction vector v = (2, 4, 0) of the line because
(2,-1,-3) - (2,4,0) = 0

So, the plane is parallel to the line. To find the distance
between them, let O(-2, -1, 4) be on the line and

P(2,0,0)on the plane. PO = (-4, -1, 4).
_|PO x|
]
Ja+1+9 V14 14

Ve R

The equation of the sphere with center (-3, 2, 4) and radius 18~/29 / 291is (x + 3)2

111.

112.

113.
114.

115.

116.

117.

118.

(6—2t) +(3-1)" =~/5 —306 +70,0< <10
1829
29
2 324
+(y-2 —4

=2 +(z-4) = TS
i jok

uxv=|2 -5 1|=-2li-11j-13k
3 1 4

Direction numbers: 21,11,13
x=2lt,y =1+11t,z =4+ 13t

The unknown line L is perpendicular to the normal vector
n= <1, 1 1> of the plane, and perpendicular to the direction

vector u = (1, 1, —1). So, the direction vector of L is

i j k
v=[l 1 1]=(=220).
11 -1

The parametric equations for Lare x = 1 - 2¢,y = 2¢,
z =2.

True
False. They may be skew lines. (See Section Project.)
True

False. For example, the lines x = ¢,y = 0,z = 1 and
x = 0,y = t,z = 1 are both parallel to the plane
z = 0, but the lines are not parallel.

False. For example, planes 7x + y — 11z = 5and
5x + 2y — 4z = 1 are both perpendicular to plane
2x — 3y + z = 3, but are not parallel.

True
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Section 11.6 Surfaces in Space 1137

Section 11.6 Surfaces in Space

1. Quadric surfaces are the three-dimensional analogs of 12. 2 +z=6

conic sections. . . .
The x-coordinate is missing so you have a parabolic

cylinder with the rulings parallel to the x-axis. The
generating curve is a parabola.

N

. In the xz-plane, z = x” is a parabola.

In three-space, z = x is a cylinder.

w

. The trace of a surface is the intersection of the surface
with a plane. You find a trace by setting one variable
equal to a constant, suchas x = Qor z = 2.

4. No. For example, x*> + y* + z? = 01is a single point

and x*> + y? = 1is aright circular cylinder.

5. Ellipsoid 3. 4x2 + )2 = 4
Matches graph (c) ) )
L + L =1
6. Hyperboloid of two sheets 1 4
Matches graph (e) The z-coordinate is missing so you have an elliptic
cylinder with rulings parallel to the z-axis. The generating
7. Hyperboloid of one sheet curve is an ellipse.
Matches graph (f)
8. Elliptic cone 31
Matches graph (b) \’\l\ r
-3
9. Elliptic paraboloid ,
puc p , 2 P
Matches graph (d) x o

10. Hyperbolic paraboloid
14. y* — z* =25

Matches graph (a)
y2 ZZ
1. y* +22 =9 25 25
The x-coordinate is missing so you have a right circular The x-coordinate is missing so you have a hyperbolic
cylinder with rulings parallel to the x-axis. The generating cylinder with rulings parallel to the x-axis. The generating
curve is a circle. curve is a hyperbola.
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1138 Chapter 11 Vectors and the Geometry of Space

22 2 2 2 2
15. 4x* -y z2 =1 19. > Y . Z
Hyperboloid of two sheets 1 4 1
xy-trace: 4x2 — y2 =1 hyperbola Ellipsoid .
2 2
yz-trace: none Xxy-trace: xT + yT = lellipse
xz-trace: 4x> — z> =1 hyperbola ., .
xz-trace: x° + z© =1 circle )
2 2 * '
yz-trace: RARE A 1 ellipse
4 1
x 2
20, 2 -2 -2 -
4

Hyperboloid of two sheets

Xxy-trace: none

2y 2 s R
16. —+—+—=1 xz-trace: z° — x° = lhyperbola
16 25 25 _ ,
Ellipsoid yz-trace: z% — yT = 1 hyperbola
xr y? .
xy-trace: — + =— =1 ellipse 2 2
7 16 25 P z=+J/100 2+ 2 = 1 ellipse
9 36
2 2
z .
xz-trace: — + — =1 ellipse
16 25

yz-trace: y* + z2 = 25 circle

2
21. 22:x2+y—
9

17. 16x* — y* + 162> = 4
2

4> - Ly 422 =
4

Hyperboloid of one sheet

2
xy-trace: 4x” — yT =1 hyperbola
Elliptic cone
. 2 2\ _ .
retrace: 4(x T ) = 1 circle xy-trace: point (0, 0, 0)
-_— 2 _ . _
yz-trace: % + 4z% = 1 hyperbola xz-trace: z = £x
yz-trace: z = -_FX
3
3 y2

When z = +1, x? + 5= 1 ellipse

22. 3z = —p? + X7

. ' Hyperbolic paraboloid ®
xy-trace: y = tx %
18. z = x2 + 47 xz-trace: z = 1x’
. . b
Elliptic paraboloid yz-trace: z = —%yz .

xy-trace: point (0, 0, 0)
xz-trace: z = x* parabola

yz-trace: z = 4y? parabola
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23.

24.

25.

26.

27.

28.

29.

-3y’ +z=0
Hyperbolic paraboloid
xy-trace: y = *x
xz-trace: z = —x2

yz-trace: z = y2

y=xlz=1-x

x? =2y + 222
Elliptic Cone
xy-trace: x = i\/zy
xz-trace: x = /22

yz-trace: point: (0,0, 0

-y +22=0
Elliptic paraboloid
xy-trace: y = x*
xz-trace: x> + z2 = 0,
point (0, 0, 0) 2,

2

yz-trace: y = z
y=Lx*+z2=1

—8x? +18y? + 1822 =2

9y? + 9z —4x% =1

Hyperboloid of one sheet

xy-trace: 9y — 4x> = 1 hyperbola
yz-trace: 9y + 9z% =1 circle

xz-trace: 9z — 4x* =1 hyperbola

e

These have to be two minus signs in order to have a
hyperboloid of two sheets. The number of sheets is the
same as the number of minus signs.

Yes. Every trace is an ellipse (or circle or point).

No. See the table on pages 800 and 801.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Section 11.6 Surfaces in Space 1139

z = x% + )2
(a) You are viewing the paraboloid from the x-axis:
(20,0,0)

(b) You are viewing the paraboloid from above, but not
on the z-axis: (10, 10, 20)

(c) You are viewing the paraboloid from the z-axis:
(0,0, 20)

(d) You are viewing the paraboloid from the y-axis:
(0,20, 0)
2

xX*+z° = [r(y)]z and z = r(y) = 5y, so

¥+ 22 = 25)°

¥+ 22 = [r(y)]2 and z = r(y) £ 3/y,s0

x2 + 22 = 9y,

¥+t = [r(z)]2 and y = r(z) = 223, s0
x* + y? = 4278,

x2+y? = [r(z)]z and x = r(z) = ¢°,s0

2 = [r(x)]z and y = r(x) =

2
X

<
+
N
|

, SO

2

2 4

y2+22=(7j:>y2+z2=f2.
X X

P =[] and 2 = () = V4 - 250

y +22:%(4—x2):x2+4y2+422=4.

<
+
N
1]

2+t -22=0
2
Xt + = (\/22)
Equation of generating curve: y = ~/2z or x = \/2z
x* + 2% = cos’ y

Equation of generating curve: x = cos y or z = cos y

Y +z22=5-8x = (\/5 - 8)62)2

Equation of generating curve: y = /5 — 8x% or

z = /5 — 8x?
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1140 Chapter 11 Vectors and the Geometry of Space

2 2 2 _ 2 2
40. 6x7 +2y” + 227 =1 (b) When z = 8we have 8 = — + 2 or
| ; P 2 4
y2+zz=2—3x2=[2—3x2J 1=£+L2
16 32

Equation of generating curve: y = , l% - 3x% or Major axis: 2+/32 = /2

Minor axis: 2~/16 = 8

z = E—3x2 > =32-16 =16,c = 4
Foci: (0,4, 8)
3 44
41. v = 2;zj:x(4x - x)dx = 2;{4" - x} _ 218z .,
304 3 44, - ==
2 4
x2
(a) When y = 4youhave z = > + 4,
4[lj(z -4)=x
2
x Focus: [O, 4, gj
—— p(x) —>1 2
(b) When x = 2 you have
V4 . 2
42. V:2ﬂjoys1nydy Z:2+y7,4(z_2):y2.
= 27[sin y — y cos y]g = 272 Focus: (2,0,3)
45. If (x, y, z) is on the surface, then
1.0 1
(y+2)2 :x2+(y—2)2+z2
"7 YV +dy+4=x"+y' -4y +4+7°
_ y X2+ 2> =8y
2 Elliptic paraboloid
Traces parallel to xz-plane are circles.
x2 y2
CET T . If (x, y, z)is on the surface, then
B.oz=—+7 46. If (x, y, ) is on the surface, th
2 ) 2 =x+ 2+(z—4)2
(a) Whenz:2wehave2=?+?,0r - y
5 5 22 =x>+y?+ 22 -8z +16
L 2 2
= x y
4 8 82=x2+y2+1632=§+§+2
Major axis: 28 =42 Elliptic paraboloid shifted up 2 units. Traces parallel to
Minor axis: 2/4 = 4 xy-plane are circles.
A =a?-b,c? =4c=2 p 2 . E . 2
Foci: (0,+2,2) ©6378* 63787 63572
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48. (a)

- 2;:]02 [Zx - fxﬂdx

1]
)
N
1
=
S ]
|
oo‘*;
| E—
(=3 [}

(c) V =

| |
N N
) )
— —
= o = o
] ]
/—-\N =
= (98]
| |
N\
J |
NP 8
§~ +

472
= 27{)62 - x}
8 12
_ 4 32T g em?
64 64

49.

50.

51.

Cylindrical and Spherical Coordinates 1141

2 2
y X
z=——-"—F,z=bx+a
b 4t Y
2 2
y X
bx +ay = = - —
7 b a
1

2

l[xz + a’bx +
a

a*b?
4}‘
) U2

2 2
iéx+Lb +ﬂ
2 2

a

<
Il

Letting x = at, you obtain the two intersecting lines
x=at, y=-bt,z=0and x = at,

y = bt + ab?, z = 2abt + a*b>.

Equating twice the first equation with the second equation:
2x% +6y2 — 4z + 4y -8 = 2x> + 6% —4z* —3x -2
4y -8 =-3x-2
3x +4y = 6,aplane

The Klein bottle does not have both an “inside” and an
“outside.” It is formed by inserting the small open end
through the side of the bottle and making it contiguous
with the top of the bottle.

Section 11.7 Cylindrical and Spherical Coordinates

1. The cylindrical coordinate system is an extension of the
polar coordinate system. In this system, a point P in
space is represented by an ordered triple (r, 6, z). (r, 6)
is a polar representation of the projection of P in the
xy-plane, and z is the directed distance from (r, 6) to P.

2. The point is 2 units from the origin, in the xz-plane, and
makes an angle of 30° with the z-axis.

3. (-7,0,5), cylindrical

x =rcos@ = -Tcos0 = -7
y=rsind =-7sin0 =0
z=75

(-7, 0, 5), rectangular
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1142 Chapter 11 Vectors and the Geometry of Space

4. (2,-7,—4), cylindrical 9. (0,5,1), rectangular
x =rcosd = 2cos(-7) = 2 . (0)2+(5)2 —s
y:rSiHQZZSin(—”)ZO tanﬂ—éjﬁ—arctané—ﬁ
2=t 2 - 0 2
z =1

(-2, 0, —4), rectangular

(5, %, 1} cylindrical
5. (3, %, 1), cylindrical

r 32 10. (6, 2\/5 , —1), rectangular
x =rcosf = 30052 = -
2
r= 6+ (23/3) =36 +12 = /48 = 43
. T 32
y=rsinf =3sin— = ——
4 2 233 N
2 =1 tan9=?=739=arctan7=g
&, ﬁ,l , rectangular z=-1
2 2
(4\/3 , % —1], cylindrical
6. (6, —3—”, 2), cylindrical
2 11. (2,-2,-4), rectangular
3z
x—rcos@—écos[—Tj—O ;o= /22+(_2)2:2\/§
y:rsin9=6sin—3—” =6 tan49=_—2:>6’=arctan(—1)=—z
2 2 4
z =2 z=-4
0, 6, 2), rectangular [2\/5, _%, —4j, cylindrical
4 7 lindrical
7. e =3 |, cylindrica 12. (3,-3,7), rectangular
= 2 — 2 = / =
x=rcos0=4cos76”=4(—23]=_2\/§ r=y3 () 18 =32
tan @ = =3 = 6 = arctan(-1) = _r
—rsin¢9—4sin7—”—4—l =-2 ’ !
y 6 2 z =1
z=-3 (3\/5, —%, 7), cylindrical

(—2\/3, -2, —3), rectangular
13. (1, \/5, 4), rectangular

2 4
—,—,8 |, cylindrical 2
373 j r=P+(\3) =2

_ o = 2 4z ( 2y 1) 1 3 .

e __ECOST_ 30 2) 3 t2‘~fll9=T:>6’:::1rctan\/§:g
. 2 . 4z ( zj 3) 3 =4
y=rsinf = -=sin— = |- | -——| = —
3 3 3 2 3 x
(2, -, 4} cylindrical

z=28 3
(;, ?, 8], rectangular
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14. (2\/5 =2, 6), rectangular 24. z = -2, cylindrical equation

z

—2, rectangular equation
r=~12+4 =

4
6 = arctan[—ij = Sz T

1
3 6 -2
=6 X_22>]<2/\")

z
(4, —%, 6), cylindrical -2 >

15. z = 4is the equation in cylindrical coordinates.

V4 s .

(plane) 25. 6 = s cylindrical equation
16. x = 9, rectangular equation tan % = 2
rcos@ =9 16 X
s . Yy
r = 9sec @, cylindrical equation — = =
Y 1 3o«

17. x* + y* — 2z% = 5, rectangular equation x =3y

2 — 222 = 5, cylindrical equation x-~/3 y = 0, rectangular equation

18. z = x* + y* — 11, rectangular equation

z = r? — 11, cylindrical equation

19. y = x?, rectangular equation

rsin @ = (r cos 9)2

sin @ = r cos® 6

z .
r = sec @ - tan 6, cylindrical equation 26. ro= > cylindrical equation
20. x* + y? = 8x, rectangular equation X+ = g
r? = 8rcos @ e
2 2 _ :
r = 8 cos 6, cylindrical equation Xty - i 0, rectangular equation
21. y* = 10 — 22, rectangular equation ﬁ
(r sin 6’)2 =10 - z? y
r?sin? @ + z* = 10, cylindrical equation - -2
2 y
22. x* + y* + z? = 3z = 0, rectangular equation /
1
r? + z% = 3z = 0, cylindrical equation
2. 7 = 3, cylindrical equation 27. r? + z? = 5, cylindrical equation
2 2 2 :
X7+ + z© = 5, rectangular equation
[x2 + )2 =3 y " g q

x* + y* = 9, rectangular equation

3"t>

2

tS 3lr\ y
3T
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28. z = r? cos’ 6, cylindrical equation 32. (4,0, 0), rectangular
z = x2-, rectangular equation o= (_4)2 00 -4
oA tnf@=2=0=6=0
X
¢ = arccos Z = arccos 0 = %
4,0, z , spherical
jf/l//‘l 2
x 23y 5 \),
33. (—2, 2\/§ S 4), rectangular
29. r = 4 sin 6, cylindrical equation

p = \/(—2)2 + (2\/3)2 +42 =42

r? = 4rsin 6

4y tan9=1=&=—\/§
4 X -2
. 9=~
= 4, rectangular equation 3
¢ = arccos Z = arccosL =z
P V24

(4\/5 , 2?”, %j, spherical

g 34. (—5, -5, \/5), rectangular

30. r = 2 cos 6, cylindrical equation
r? = 2rcos @ tan@zl—jzlzﬁzﬁ
X -5 4
x2+ y? = 2x
2 2
X+t -2x=0 o= arccosi = arccos V2 = arccos 6
2-/13

(x - 1)2 + y* = 1, rectangular equation

[2\/ 13, %, arccos

26 .
o I spherical

35. (\/5 R 2\/5 ), rectangular

p=~3+1+12 =4

y 1

tanf = — = —

x 3

31. (4,0,0), rectangular ] :%

42 +0°+0% =4 2 N
¢ = arccos — = arccos — = —
tnf =2 =0=0=0 P 2 6

X

T .
4, —, —], spherical
¢=arccoso=% [ 6 6

(4, 0, %} spherical
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36.

37.

38.

39.

40.

(-1, 2, 1), rectangular

p =+ +22+12 =6

tng=2=2=6-= arctan(-2) + 7
X

¢ = arccos Z arccos L
p V6

1
J6 arctan(—2) + 7, arccos —= |, spherical
b 9 \/g >
[4, E, E], spherical
6 4

x = psingcos 8 = 4sin%cos% =6

y:psin¢sin6=4sin%sin%=\/5

z

pcos g = 4005% =22
(\/g R V2 s 22 ), rectangular

(6, T, %j, spherical
. . T

X = psingcos 8 = 6s1n500s7r = -6
. . LT

y :ps1n¢51n0=6s1nzs1n7r=0

z=pcos¢=6cos§=0

(-6, 0, 0), rectangular

(12, —%, 0], spherical

X = psing@cos @ = IZSiHOCOS(—%] =0

y = psingsin @ = 12 sin 0 sin (—%} 0

z=pcos¢g =12cos0 =12
(0, 0,12), rectangular

[9, E, 71'), spherical
4
. . V3
X = psing@cos @ = 9s1n7z'cosz =0

y=pM¢M0=9Mﬂm%=0

z=pcos¢p =9cosxw = -9

(0, 0, =9), rectangular
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Section 11.7

41.

42,

43.

44,

45.

46.

Cylindrical and Spherical Coordinates 1145

5, E, z , spherical
4 12

. . T
x = psin@cos @ = 5sin—cos — = 0.915
P ¢ 12 4

. . . T . T
= psin@gsin @ = 5sin — sin — = 0.915
y=psing TR

N
|

= pcosf = 5005% = 4.830

(0.915, 0.915, 4.830), rectangular
[7, 3—”, z , spherical
49

x=psin¢cos€=7sin§cos37”z—1.693
. . .. 37
y=ps1n¢s1n0=7s1n§s1n7z1.693

z=pcos¢g = 7cos§ =~ 6.578
(—1.693,1.693, 6.578), rectangular

y = 2, rectangular equation
psingsin@ = 2

p = 2csc ¢ csc 6, spherical equation
z = 6, rectangular equation
pcosg =6
p = 6sec @, spherical equation

x? + y? + z2 = 49, rectangular equation

p? =49
p =7, spherical equation

x* + y? — 322 = 0, rectangular equation

Xt 4yt + 22 = 477
p? = 4p*cos’ ¢
1 = 4cos’ ¢
1
cosp = —
4 2
¢ = %, (cone) spherical equation
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47. x> + y* = 16, rectangular equation
p? sin? ¢gsin® @ + p* sin? g cos’ 6 = 16
p? sin’ g(sin? 6 + cos” 6) = 16
p?sin? ¢ = 16
psing =4

p = 4 csc ¢, spherical equation
48. x = 13, rectangular equation
psingcos @ =13

p = 13 csc ¢ sec 0, spherical equation

49. x? + y? = 227, rectangular equation
p?sin? g cos® 6 + p?sin® gsin? @ =

p? sin? ¢)[cos2 6 + sin? 49] = 2p*cos’ ¢

2% cos® ¢

p?sin? ¢ = 2p? cos? O

sin? ¢
cos? ¢
tan ¢ = 2
tan ¢ = +~/2, spherical equation
50. x? + y* + z* — 9z = 0, rectangular equation 53

p? —9pcosg =0

p = 9 cos ¢, spherical equation
51. p = 1, spherical equation

x* + y* + z' = 1, rectangular equation

52. 6 = 37”, spherical equation
tan @ =

-1 =

%< %<

x + y = 0, rectangular equation
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. 9= %, spherical equation
cos ¢ = . —
NS e
NN S
N D e
3.2
4 ¥+t + 2t
3x% + 3y% — 2z = 0,z > 0, rectangular equation




54. ¢ = %, spherical equation

5S.

56.

Section 11.7 Cylindrical and Spherical Coordinates 1147

57. p = csc @, spherical equation
psing =1

COS¢=% «/x2+y2 =1
AJXT+H YTtz

z

x* + y* = 1, rectangular equation

0= —F/—rn—
N -
z = 0, rectangular equation
xy-plane

~ <3
_?:? 58. p = 4 csc ¢ sec ¢, spherical equation
f 3Ny 4
« s =
Y S sin ¢ cos 6

psingcos b =4
p = 4 cos @, spherical equation

4z
N N L L
x4+ y? 4+ 22

4y +z22-4z=0

x = 4, rectangular equation

4y +(z- 2)2 = 4,z > 0, rectangular equation

59. (4,% ) cylindrical

p=~4+0 =
1

p = 2 sec @, spherical equation
pcosg =2

z = 2, rectangular equation

¢ = arccos ———— \/— = arccos 0 = —

[4, —j spherical

60. (3,

p:\/32+02
g =

-hléx

, Oj cylindrical

¢ = arccos

z 0 =z
———— = arccos — = —
N+ 22 9 2

[3, —Z, z), spherical
472
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. (o3
,- F VT - o3

M\k}

) cylindrical

0=
@ = arccos ——Z = arccos[i) = arccos [;lJ _ 3
2+ z2 6\/5 \/E 4
[6\/_ z ] spherical
62. ( 4, f, 4) cyhndrlcal 66. (4’ ﬁ’ zj’ spherical
3 18" 2
.
P = ()+42=4\/5 r:4s1n5:4
0 = o~
3 18
z T T
= arccos ———— = arccos—= = — - r_
¢ P2 4 2 J2 4 = 4 cos 0

63. (12, 7, 5), cylindrical

= \/122 +5% =

67.

[4\/— ] spherical (4,— Oj cylindrical

, —— —j spherical

9 = r = 6sin ? =33
¢ = arccos S arccos el 9 = _r
N 13 6
T
13, 7, arccos 3 , spherical z=6c¢cos— =3
13 3
V.4
(3\/_ T 3], cylindrical

64. | 4,

7/ N\

SR

) 3], cylindrical

=J4# +3 =5 68-[

5, —5?”, ﬂ'}, spherical

P
o="= r=5sinxr =0
2 S
z 3 6 = =
¢ = arceos ————— = arccosg 6
NIt otz z=5cosT = -5

V3 3 .
(57 > arccos g)» spherical [0, —5?7[, —5], cylindrical
T .
65. [10, e 5} spherical 69. [8,7—” ﬁj spherical
r=10sin 2= = 10 r=8sinZ =4
2 6
T 1z
0 = — = —
6 0 6
T
— r_ 8V3
Z—IOCOSZ—O Z:Scosng\/_
10, %, 0 |, cylindrical 4. 77 43, eylindsi
6 o , cylindrical
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T 37 ) (b) The surface is a hyperboloid of one sheet. The
70. | 7,—,— |, spherical L o 2 2
4’ 4 equation is (il) x~ + y° — z© = 2.
= 7sin 3 _ 2 In cylindrical coordinates, the equation is
4 2 ¥+t -2 =2
V4
6= oz =2
2 _ 2
3t N2 =z 42

z = 7cos— =
4

79. X2+ y* + 22 =27
W2 W2 fndrical
T’Z’_T , Cylindrica (a) r2 +Zz =27

(b) pP=27= p =33

2

M. r=5
Cylinder 80. 4(x* +y7) = 2*
Matches graph (d) @@ 4 =2 =2r =z
- o (b) 4(,02 sin? ¢ cos? @ + p? sin? ¢ sin? 9) = p?cos’ ¢
72. 0 =~
4 4sin’ ¢ = cos® ¢,
Plane N 1
Matches graph (e) tan” ¢ = 4
73. p=5 tan¢=%:¢=arctan%
Sphere
Matches graph (c) 81. x> +y* +2z2-22=10
2 2 _ 2 2 _
74¢_£ @ rr+z2-2z2=0=>r"+(z-1) =1
4 (b) p*—2pcosg =0
Cone p(p — 2 ¢cos ¢) =0
Matches graph (a) p = 2cos ¢
75. 12 =z, x>+ yt =z 82. X2+ =z
Paraboloid (@ =z
Matches graph (f) (b) p*sin®¢ = pcosg
76. p = 4secp,z = pcos¢g = 4 psin® ¢ = cos ¢
Plane = cos §
sin’ ¢
Matches graph (b)
p = cscpcotg

77. 8 = cis a half-plane because of the restriction » = 0.
83. x* +y? =4y

78. (a) The surface is a cone. The equation is (i) (@) 12 = 4rsin@,r = 4sin 0

24 2 = 42
Ty T (b) p?sin? ¢ = 4psin ¢sin O
In cylindrical coordinates, the equation is psing(psing — 4sin6) = 0
x2 + y? :%zz =4sin0
P2 = 452 sin ¢
9
2 p = 4sin @ csc ¢
r = 32.
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1150 Chapter 11 Vectors and the Geometry of Space

84. x> + y* =45 89. 0< 6 <27
(@ > =450 r =35 0<r<a
(b) p?sin? gcos® @ + p? sin? gpsin® @ = 45 res aw
p?sin® ¢ = 45 ai
p=3\/§csc¢
85. x> — )7 =9
(@) r*cos’@ —r*sin?@ =9 o N
R — 90. 0<6<2r
cos” @ — sin” @ e <a
(b) p?*sin’® gcos® @ — p?sin? gpsin? @ =9 22 < 2 46 —8

9

22
prsintp=————
cos? 6 —sin’ 6

> 9csc’e

cos? 6 —sin’ 6

86. y =4
(@) rsinfd =4 = r = 4cscd
(b) psingsin = 4, 91. 0 <0 < 2xm
p = 4cscpcescd OS¢S£
6
87. 0<o <= 0<p<asecd
- 0=0<2 Z
<r<2 ai
<z<4

92. 060 <2rx¢
'\V
o LI
4 2
0<p<l1
88. L<o<”
2 2
0<r<3

IN
N
IN
~
o
[}
172
D)
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93. 0 < 9 < r 97. Spherical
2 4<p<6
V4
0<¢g < —
¢ 2
0<p<2

IN
~

IN
9%}

S =
IN
N

<2
94. 0

IN
IN

9 — 2

(=)
IA

ST
In

bl SR

—
IN
IN

99. Cylindrical coordinates:
r?+2z2 <9,

95. Rectangular r<3cs0,0<0<x
0<x<10

0<y<10
0<z<10

IN

IN

z

10

P Y 100. Spherical coordinates:
p =2
<3
96. Cylindrical: P
0.75 < r <125 03¢S%

0<z<8
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101. False. (r,6,z) = (0,0,1)and (r,8,z) = (0, 7,1) 103. z =sinf,r =1
represent the same point (x, y,z) = (0,0,1). s=sing=2=2— y
r 1
102. True (except for the origin). The curve of intersection is the ellipse formed by the

intersection of the plane z = y and the cylinder » = 1.

104. p = 2secyp = pcos¢ = 2 = z = 2plane
p = 4sphere

The intersection of the plane and the sphere is a circle.

Review Exercises for Chapter 11

L P=(,2),0=41,R=(54)
(@ u=P0=(34-11-2)=03-)

v=PR=(5-14-2)=(42)

(b) u=3i-jv=4di+2j
© [uf=~/3*+(-1)" =10 |v|= 4 + 2> =20 = 2/5
(d) =3u+v=-33-1)+(4,2) = (-5,5)

2. P=(=2,-1),0 = (5-1),R = (2,4)

@ u=PQ =(5-(-2),-1-(-1)) = (7.0)
PR = (2= (=24 (-1) = (4.3

\4
(b) u ="7i,v = 4i + 5j
© [ul=~7 + 0% = VA = 7 |v|= V& + 5 = Al

(d) =3u+v =-3(7,0)+ (4,5) = (-17,5)

3. v =|v|(cos @i + sin 6 j) 74 = \/(_2 P+ (3-6) +(5-3)
= 8(cos 60°i + sin 60° j) _ i 9T -3

Lo, N30 _
8{2”2]_4 r 3= (43) B.d = J(4- (2] + (1= + (-1~ (-9)
=36+ 4+ 16 = \/36 = 2J/14

4. v =||v|cos @i +|v|sin 8]

- %cos 225°% + %sin 225°% 9. (x =3 +(y+2  +(z -6 =4
2 2 2
NN NOENG) (x=3) " +(p+2) +(z-6) =16
= -] — —] = _—
4 4 ! 4 4
10. Center: (0 h 4), (0 s 6], (4 s O] = (2.3.2)
5. 2=0,y=4x=-5(-540) 2 2 2
Radius:
6. y = 3 describes a plane parallel to the xz-plane and \/(2 ~ 0)2 f(3- 0)2 i(2- 4)2 _J3i9+4=J17

passing through (0, 3, 0). , , ,
(x=2)"+(y=3)" +(z-2) =17
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1. (x> —4x+4)+ (3" -6y +9)+2" = 4+4+9
(x-27+( -3’ +22=9
Center: (2,3, 0)
Radius: 3

12. (x? = 10x + 25) + (y* + 6y +9)
+ (22 -4z +4)=-34+25+9+4
(x=5+(r+3) +(z-2" =4
Center: (5, -3, 2)
Radius: 2

13. (a), (d)

2,-1,3)3

(b) v ={(4-24-(-1),-7-3) =(25,-10)
() v

2i + 5j — 10k

14. (a), (d) (3,-5.)%

(b) v=03-6-3-2,8-0)=(3-528)

(¢) v =-3i-5j+8k

16.

17.

18.

19.

20. 8

21.

22.

Review Exercises for Chapter 11 1153

1
. z=-u+3v+—w
2

=—(5,-2,3) +3(0,2,1) + %(—6, -6,2)

(-5,2,-3) +(0,6,3) + (-3,-3,1)
= (-8,5,1)

u—-v+w-2z=0
1
=—(u-v+
z 2(u V+ W)

- %((5, -2,3)=(0,2,1) + (-6,-6,2))

1
= —(-1,-10, 4
2< td 0) >

o
2

v=_(-1-36-49+1) =(-4,210)
w=(5-33-4-6+1)=(2-1-5)

Because —2w = v, the points lie in a straight line.

v=(38-5-5+45-7)=(3,-1,-2
w={(1-56+43-7) =(610-4)

Because v and w are not parallel, the points do not lie in
a straight line.

Unit vector: u:<2,3,5>:< 2 , 3 , > >
IR N RNERNET

- E)

49 7 77 777

P =(500),0 =(44,0),R =(2,0,6)

(6,-3,2) _ 816.-3.2) = <§ - E>

(-1, 4,0)

6)

(@ u-= ,
() u-v = (-1)(=3) + 4(0) + 0(6) = 3

s

"U

'R

vV =

(3,0

() Vv-v=9+36=45

P=(2-13),0 =(0,51),R = (55,0)
(@ u=PQ =(-2,6-2)
v =PR =(3,6,-3)
(b) u-v = (=2)3)+ (6)(6) + (-2)(-3) = 36
) v-v=9+36+9 =54
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28. =(l,-1,1 =(2,0,2
23. u = (cos—1+sm3—ﬂjj 5\2/5[—i+j] u=(L-L1),v=1(202)
(a) w, = projyu = vy
v = (cos—l+sm—;}:—i+\/§j : ' HVH2
4
=—(2,0,2) = (1,0,1)
u-v= #(1 + \/g) 8
(b) w, =u—w, =(,-11) = (1,0,1) = (0,-1,0)
25 5 —
HuH N2 - 2 > HVH =Vi+3 =2 29. There are many correct answers.
e wev| (5\/—/2)( +\/§) i NN For example: v = £(6, -5, 0).
fufliv ) ! 30. W = F - PO =|F||PQ]cos & = (75)(8) cos 30°
@) 6= arcos Y26 76 = 300</3 ]
4 12
(b) 6 = 15° i jk
31. xv=|4 3 6|=-9+26j-7k
24. u = (1,0,-3) @ wxv B
5 2 1
v =(2,-21)
(b) vxu=—(uxv)=09i-26j+7k
u-v=-1
Jul= VT+9 = V10 © vxv=0
[v|=~4+4+1=3 i jk
) uev 32.(a) uxv=|0 2 1|=1li+j-2k
cos 0 = —
[ H KN b-3 4
b - =-11i - j + 2k
(@) 6 = arccos[#j ~ 1.465 () vxu (uxv) SR
310 (c) vxv=20
(b) 6 = 83.9°
i j Kk
25. u = (7,-2,3), v = (-1,4,5) 33. uxv=|2 —-10 8|=232i+48j+ 52k
Because u - v = 0, the vectors are orthogonal. 4 6 -8
26. u = (~3,0,9) = —3(1,0,-3) = -3y > v]= 6032 = 4/377
The vectors are parallel. Unit vector: —3177 <8, 12, 13>
27. u = (4,2),v = (3,4)
34. u = (3,-1,5),v =(2,-4,1)
() W, = proj,u = ["'zv]v i jk
[V uxv=|3 -1 5|=19% +7j- 10k
20
3,4 2 -4 1
- (%69
- (219 A =uxv]= 197+ 7 + (10)
5 55 - J510
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35s.

36.

37.

38.

39.

40.

F = —40k (25 cm = gm)

PO = i(cos 60°j + sin 60°k) = é] +

The moment of F about P is

v=_9-311-06-2)=(6114)

(a) Parametric equations:
x=3+6ty=11lt,z =2+ 4

x-3 'y

11

(b) Symmetric equations:

v=08+110-45-3)=(96,2)

(a) Parametric equations:

41.

“[

42.

43.

_z=2
4

44.

x=-14+9y=4+6t,z=3+2t

(b) Symmetric equations: x+1_y ; 4_:z ; 3
P = (~6,-8,2)
v =j=(010)

x=-=6y=-8+tz=2

Direction numbers: 1,1,1, v = (1, 1,1)
P(1,2.3)

x=1+ty=2+t,z=3+1¢

45.

Review Exercises for Chapter 11 1155

P =(-3,-42),0=(-341),R=(,1,-2)

i j k
n=POxPR=|0 8 —1|=-27i—4j-32k

4 5 -4
27(x +3) —4(y +4)=32(z-2) =0

27x + 4y + 32z = 33
n=3-j+k

3(x+2)-1y-3)+1(z=-1) =0
3x—-y+z+8=0

The two lines are parallel as they have the same direction
numbers, —2, 1, 1. Therefore, a vector parallel to the

planeis v = —2i + j + k. A point on the first line is
(1, 0, -1) and a point on the second line is (-1, 1, 2).
The vector u = 2i — j — 3k connecting these two

points is also parallel to the plane. Therefore, a normal
to the plane is

i ok
vxu=|-2 1 1|=-2i-4j=-2i-+?2j)
2 -1 -3
Equation of the plane: (x —1) + 2y = 0
x+2y =1

Let v = <5 -2,1+2,3- 1> = <3, 3, 2> be the direction
vector for the line through the two points. Let

n = (2,1, -1) be the normal vector to the plane. Then

j k

3 2(=(-57,-3)

1 -1

i
vxn=|3
2
is the normal to the unknown plane.
“S(x-5+7(y-1)-3:z-3)=0
Sx+7y-3z+27=0

0(1, 0, 2) point
2x =3y + 6z =6
A point P on the plane is (3, 0, 0).

PO =(-2,0,2)

n = (2,-3,6) normal to plane
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1156 Chapter 11

46.

47.

48.

49.

Vectors and the Geometry of Space

0(3,-2, 4) point
2x -5y +2z=10
A point P on the plane is (5, 0, 0).
PQ = (-2,-2,4)
n = (2,-5,1) normal to plane
_[Ponl 0 30
o] " Va0 3

The normal vectors to the planes are the same,

n = (5.-3,1).

Choose a point in the first plane P(0, 0, 2). Choose a
point in the second plane, (0, 0, -3).

PO = (0,0,-5)

0(-5,1, 3) point
u = (1, -2, -1) direction vector
P(1, 3, 5) point on line

PQ = (-6,-2,-2)

i j Kk
POxu=|-6 -2 -2|=(-2,-814)
1 -2 -

xX+2y+3z=6
Plane
Intercepts: (6, 0, 0), (0, 3, 0), (0, 0, 2),

50. y = z?

Because the x-coordinate is missing, you have a
cylindrical surface with rulings parallel to the x-axis.
The generating curve is a parabola in the yz-coordinate
plane.

51. y = %z

Plane with rulings parallel to the x-axis.

52. y =cosz

Because the x-coordinate is missing, you have a
cylindrical surface with rulings parallel to the x-axis.
The generating curve is y = cos z.

2 2
s3. 5+ Xy 2o
9
Ellipsoid
2 2
xy-trace: R A |
16 9
2
xz-trace: — + z2 =1
yZ
yz-trace: o +z22 =1
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Review Exercises for Chapter 11 1157

54. 16x* +16y* =9z = 0 57. x* + 2% = 4.
Cone Cylinder of radius 2 about y-axis

xy-trace: point (0, 0, 0)

4
xz-trace: z = i—x
2 9
4 )
yz-trace: z = i?y E

— 2 2 _
z=4F Ay =9 58. 1% + 22 = 16.

Cylinder of radius 4 about x-axis

oy 2 .
55. 6 9 +z7 =1 59. z? = 2y revolved about y-axis
y_z—x_z—zzzl z = /2y
9 16 4 g2 = [i’(y)Jz ~ 2y
Hyperboloid of two sheets
5 5 ¥+ 22 =2y
Xy-trace: PANE N,
9 16 60. 2x + 3z = lrevolved about the x-axis
xz-trace: None 1-2x
2 z=
J 3

z-trace: =— — z° = 1
Y 9

Y+ 2= [r(x)]2 = (1 — 2x)2 Cone
3 9

61. (—\/5, 3, —5), rectangular

@ r=(-V3) +3 =Vi2 =23

56. —+—-—=1 -3 T
25 4 100 tan9=$39=—§
Hyperboloid of one sheet

z=-5
PR
xy-trace: — + — =1 7
25 4 (2\/5 , =, —5), cylindrical
2 72 3
xz-trace: 55 100 =1 5
(®) p=+f(-V3) +3 + (-5 =37
2 2
yz-trace: L _Z o 3 V4

4 100 tanf = —— = 0 = ——
. I3 3
¢ = arccos Z - arccos[_—s)
P 37
[\/ 37, —%, arccos (—%B, spherical
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1158 Chapter 11 Vectors and the Geometry of Space

62. (8,8, 1), rectangular
(@ r=+/8"+8 =8/2

tan9=§=1:6=

64. [—2, %, 3), cylindrical
T x=rcos€=—Zcos%=—l
4

y=rsin0=—2sin%=—\/§

z =1
(8\/5, %, 1), cylindrical z=3
(—1, —\/5 S 3), rectangular
(b) p=~/8 +8 +12 =129
tan @ = 8 _ 1>9== 65. [4, T, EJ, spherical
8 4 4

z 1 . . T
= Z = x = psingcos @ = 4sin —cos 7 = —2-/2
¢ = arccos - arccos NG psin g 4

y=psin¢sin0=4sin%sinﬂ'=0

, —, arccos , Spherica
J129, V129 1 pherical
4 129 T
z=pcosg = 40052 =22
63. (5, 1), cylindrical
(—2\/5, 0, 2\/5), rectangular
x =rcosf =5cosxw = -5

y=rsin@ =5sinzx =0
z =1

(=5, 0, 1), rectangular

66. [8, —E, ﬁ], spherical
6 3

X = psin@gcosf = 8sin % cos(—%) = 8(\/5}(\/5] =6

2 2
V4 V3 V3 1
= psingsinf = 8sin —sin| —— | = Y — || —— =—2\/§
Y= psing 3 ( 6) ( 2 J( 2)
z =pcos¢ = 8COS% =4
(6, —2\/§ s 4), rectangular
67. x> —y* = 2z 69. z = r?sin® @ + 3r cos 6, cylindrical equation

(a) Cylindrical: z = y? + 3x, rectangular equation

r2cos? @ — r?sin® @ = 2z = r?cos20 = 2z

(b) Spherical: ol
p?sin? g cos? @— p?sin® gsin® @ = 2p cos ¢ 2
N
psin® gcos20—2cosg =0 4'4 R {i\
2
p = 2sec 20 cos ¢ csc’ @ ¥ - i
4

68. x* + y* + 22 =16
(a) Cylindrical: 7> + z* = 16
(b) Spherical: p = 4
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Problem Solving for Chapter 11 1159

. r = =5z, cylindrical equati . .
70. r = -5z, cylindrical equation . ¢ = %, spherical equation

z T

¢ = arccos ———————— = —

x4+t +zr 4
z \/E
— = cCos— = ——
NSNS 2

2t = %(xz +y’ + 2%

= x* + y? + 2*

0, rectangular equation

72. p = 9 sec 6, spherical equation

pcosf =9

z = 9, rectangular equation

Problem Solving for Chapter 11
1. a+b+c=0 Z.f(x):'[(:/14+ldt

bx(a+b+c)=0
(bxa)+(bxc)=0 @

[axb]=]bxe|
[bx cf =[[b|¢] sin 4

Ja>xb]=[a][b] sin
Then, 4l
sind _ |bxe
[al ~ lal[p]le] ®) f(x)=x*+1
- [axb] f(0)=1=tan8
lal o] p_ T
sin C 4

el Lo o [N2A2
“=\/5('+J)=<2’2>

y "' © i<\/§ \/§>

>

2 2

b (d) Thelineisy = x: x =t,y = t.

The other case, sin 4 = sin B is similar.
al  |v]
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1160 Chapter 11 Vectors and the Geometry of Space

3. Label the figure as indicated. 6. (n + ﬁ’o) L (n - ﬁ’o)

From the figure, you see that . .
Figure is a square.

S L T T PR el
SP = 52 Eb = RQ and SR = 52 + Eb = PQ. So, | PPo H = |n| and the points P form a circle of radius
Because SP = RQ and SR = PQ, | in the plane with center at P,.

PSRQ is a parallelogram. n+PP, n-PP,

N

{ Py P
Y sa+ b 2!
WS 7@ V= af (Vo) = {ﬂz} - L.
4. Label the figure as indicated. 1 1 1
_ Note: — (base)(altitude) = —z(1) = -7
PR=a+b 2 2 2
O - b _ 2 2
S0 =b-a (b) x—z + y—z = z: (sliceatz = ¢)
(a+b)-(b-a) =HbH2 —HaHz = 0, because a , b ,
X y
— b in a rhombus. — gt ==
|a| =] b in a rhombus (\/Za)z (\/;b)z

5 R
At z = ¢, figure is ellipse of area

a ﬂ(\/Za)(\/Zb) = rmabc.

k

2 2
Iok”abc de = {ﬂaéx } _ rabk

P 0 |14
b
0 2

5. (a) u = (0, 1,1)is the direction vector of the line

1 1 .
V = —(mwabk)k = — fb. height
determined by P, and P,. © 2(” abk) 2 (area of base)(height)

PO x ’
= ‘7‘ IQu uH 8.(a V = ZJ'Orfr(r2 - x%)dx = Zﬂ{rzx - i} = %/tr3
0
20,1y x (0,1, 1) (b) Atheight z = d > 0,
B J2 2y &
S +=5+— =1
22 3 2 at  p P
RN 2y L e
: a> 2 2 2
2 32
2(.2 _ dZ b2 2 _ dZ
GG GG
20,2 _ g2 2.2 _ g2
Area = ”\/[a (C 2 a )]{b (C o2 ‘ )J
(b) The shortest distance to the line segment is _ @(cz _ d2)
|rol-e.0.-4] - ¥
Vo= o Z(e - g)aa
¢
= 2”§Zb{ 2d - ds} = —nabc
c 3
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9. From Exercise 54, Section 11.4,

(uxv)x(wxz)=[(uxv)-z]w—[(u><v)‘w]z.

10. x=—t+3,y=%t+1,z=2t—1;Q=(4,3,S)

(@) u = (2,1, 4) direction vector for line
P = (3,1,-1) point on line
PO =(1,2,s +1)
L
I?qu =11 2 s
-2 1

1

& 4 o=

(7= 9)i + (-6 — 25)j + 5k

|PQ><u_\/7—s (=6 — 25)* + 25
e \/i
(b) 10

I

—4

The minimum is D = 2.2361 ats = —1.

(c) Yes, there are slant asymptotes. Using s = x, you have

Problem Solving for Chapter 11 1161

1 NG NG P [5
D(s) = —~/5x% + 10x + 110 = NP+ 2x+22 = —\/(x+1) +21 > £ [—(x+1
(s) V21 V21 V21 ( ) 21( )

/105

y == o0 (s + 1) slant asymptotes.

11. (a) p = 2sing

Torus

(b)
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1162 Chapter 11 Vectors and the Geometry of Space

12. (a) » = 2cos 8 (b) z =7r*cos28

rz(cos2 6 — sin® 9)

Cylinder

(7 cos 6)2 — (rsin 9)2

= x2 — P

Hyperbolic paraboloid

13. () u =|uf(cos0i + sin0j) =||uli
Downward forcew = —3j
T =|T|(cos(90° + )i + sin(90° + 6)j)
=| T||(~sin & i + cos 6 j)
0=u+w+T=|ufi —3j+|T|(-sin i+ cos 6 j)
Jull= sin 6] T]
3 = cos 6’||T||

1f0 = 30°, |uf = (1/2)|T| and 3 = (/3/2)| T = | T = 2+/3 = 3.4641 Nand |u] = %(2\/5) ~1.7321N

(b) From part (a),||u] = 3 tan 6 and| T||= 3 sec 6.
Domain: 0° < 8 < 90°

© g 0° 10° 20° 30° 40° 50° 60°
T 3 | 3.0463 | 3.1925 | 3.4641 | 3.9162 | 4.6672 6
u | O | 05290 | 1.0919 | 1.7321 | 2.5173 | 3.5753 | 5.1962
(d 7s
_y/
llul]
0 60

0

(e) Both are increasing functions.

f) g_l)illrl/lz_T = oo and a—lj;lrl/lz-"u": oo,

Yes. As 6 increases, both 7" and ||u|| increase.
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Problem Solving for Chapter 11 1163

14. (a) The tension T is the same in each tow line.

6000i = T/(cos 20° + cos(—20°))i + T(sin 20° + sin(—20°))j
= 2T'cos 20°i
_ 6000 3192.5N
2 cos 20°
(b) Asin part (a), 6000i = 27T cos &
7= 3000
cos &
Domain: 0° < 8 < 90°
(C) o o o o (o] o
10 20 30 40 50 60
T 3046.3 | 3192.5 | 3464.1 | 39162 | 4667.2 | 6000.0
(d) 10,000
0 90

0

(e) As @ increases, there is less force applied in the direction of motion.

15. Let@ = o — f, the angle between u and v. Then

it gy L] _Lvxl

el Tudivl

Foru = (cos ,sin @, 0) and v = {cos /3, sin f3,0),

u|=|v|=1land
i i K
vxu =|cos f sinf O = (sin & cos f — cos & sin fk.

cosa sina 0

So,sin (& — B) =| v x u|| = sin & cosf — cos & sin .

16. (a) Los Angeles: (6371, —118.24°, 55.95°) Rio de Janeiro: (6371, —43.23°,112.90°)
(b) Los Angeles: x = 6371 sin(55.95°)cos(—118.24°) Rio de Janeiro: x = 6371 sin(112.90°)cos(—43.23°)
y = 6371 sin(55.95°)sin(~118.24°) y = 6371sin(112.90°)sin(~43.23°)
z = 6371 COS(55.95°) z = 6371 COS(112.90°)
(x, v, z) = (~2497.7, —4650.4, 3567.2) (x, 3, z) = (4276.1,-4019.8, —2479.1)
© cosg - LY (C2AOTT)AT6N) + (-A6SO(-40198) + (356T2)(-24T91) oo
[ulllv] (6371)(6371)

6 = 91.17° or 1.59 radians
(d) s = r6 = 6371(1.59) = 10,130 km
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1164 Chapter 11 Vectors and the Geometry of Space

(e) For Boston and Honolulu:

a. Boston: (6371, —71.06°, 47.64°) Honolulu: (6371, -157.86°, 68.69°)
b. Boston: x = 6371 sin 47.64° cos(—71.06°) Honolulu: x = 6371 sin 68.69° cos(—157.86°)
» = 6371sin 47.64° sin(—71.06°) ¥ = 6371 sin 68.69° sin(-157.86°)
z = 6371 cos 47.64° z = 6371 cos 68.69°
(1528.0, —4452.8, 4292.7) (—5497.8, -2236.9, 2315.3)
. 1528.0)(—5497.8 —4452.8)(—2236. 4292.7)(2315.3
¢ cosg = UV (5280)(=54978) + ( X 0) + (42927)(23153) _ 54309
[ulllv] (6371)(6371)
8 = 73.54° or 1.28 radians
d. s = r6 = 6371(1.28) = 8155 km
17. From Theorem 11.13 and Theorem 11.7 (6) you have 19. x* + 3% =1 cylinder
_ ‘P—Q ' n‘ z =2y plane
H n H Introduce a coordinate system in the plane z = 2y.
‘w (u x V)‘ ‘(u X V) - w‘ ‘u (v x w)‘ The new u-axis is the original x-axis.
ux v B Jux v - luxv| The new v-axis is the linez = 2y, x = 0.
Then the intersection of the cylinder and plane satisfies
18. Assume one of a, b, c, is not zero, say a. Choose a point the equation of an ellipse:
in the first plane such as (—d, /a, 0, 0). The distance 24+y=1
between this point and the second plane is 5
L _ lat=di/a) + b(0) + (0) + ¢ 2+ @ =1
\/ a®> + b* + ¢
2 22 .
d, + d)| - d, — | X+ i 1 ellipse

_\/a2+b2+c2 _\/a2+b2+02.
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