92 Chapter 2 Differentiation

8l. s=(1 440" = v=2=1(1+40712@) =21 +407Y2 = v(6) =2(1 +4-6)"1/2 = £ m/sec;

v=2(1440)"Y = a=% = 1.2(14+407%%4) = —4(1 + 4% = a(6) = —4(1 +4-6)"%/? = — X m/sec?

_dv: _dv _dv  ds dv _ d _ Kk _dv _ds _ dv _
82. We need to show a = & isconstant: a = G = T - ¢ and & = i (k\/g) =35 S a=g-g=x"V

_ k. LR i
=35 ky/s = 5 which is a constant.

1 _ k. v _ _ _k dv _dv  ds _ dv
83. v proportlonal to \[ v = \/—for some constantk = G¢ = —557. Thus,a= G = ¢ -G =¢V

_ L. k2( 1

1
2¢3/2 2 2

3 ) = acceleration is a constant tlmes

so a is inversely proportional to s?

84. Let & =f(x). Then,a =% =& . & — v fx) = 4 (&) f5) = 4 (f(x)) - f(x) = ' (x)f(x), as required.
85. No. The chain rule says that when g is differentiable at 0 and f is differentiable at g(0), then f o g is differentiable at 0. But
the chain rule says nothing about what happens when g is not differentiable at O so there is no contradiction.

86. The graph of y = (f o g)(x) has a horizontal tangent at x = 1 provided that (fo g)'(1) =0 = {'(g(1))g(1) =0
= either f'(g(1)) = 0 or g'(1) = 0 (or both) = either the graph of f has a horizontal tangent at u = g(1), or the
graph of g has a horizontal tangent at x = 1 (or both).

Q-‘O-
=

= 1x73/%. From the chain rule, y = {//x
1 1..-3/4

_2\/* ax (Vx) = 2\/1%‘2\/;217‘

87. From the power rule, with y = x'/%, we get

dy

, in agreement.

88. From the power rule, with y = x*/%, we get d—y = %x’1/4. From the chain rule, y = x\/g
dy _ 1 d dy 1 3k
é?i—Qxﬁ'&(x\/;):% W( 2\/""'\/_) F (3% = e
= Wx %x’1/4, in agreement.

NG
2.8 IMPLICIT DIFFERENTIATION

1. x%y+xy? = 6:
Step 1: (“‘Hy 2x)+(x 2y & 4y2. 1) 0
Step 2: x2 Y 2xy dy:72xyfy

Step 3: g—i (x +2xy) = —2xy — y?
. dy _ —2xy—y?
Step4:  F = ﬁ

2. x>+ y?=18xy = 3x?+3y? dy—lSy—l—ledy = (3y2—18x)g—i:18y—3x2 = g‘—i:stg‘i

3. xy+y:=x+y:

Step 1: (2x dy+2y) +2y ¢ dy *1+
Step 2: 2x%+2ya—d—y:1—2y

dx
Step 3: %(2x+2y—l):1—2y
Lody 12
Step4: = 2x+2yy—1
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10.

11.

12.

13.

14.

15.

16.

. sin(rf) =

Section 2.8 Implicit Differentiation

Foxy+yl=1= 3 -y x P43y P =0= By -x)P=y-3> = ¢ =§y_z—ixj
x—y) =xF -y

Step1: x2 {2(;( —y) ( _ d—Yﬂ - yREx) =2x -2y &

Step2: —2x%(x — y) +2y & 9 — 2x — 2x2(x — y) — 2x(x — y)?

Step 3: % [—2x2(x —y) +2y] = 2x [1 — x(x —y) — (x — y)?]

Step 4: & — 2 =xx=9 G-y’ _ x[-xx=y-G=y] _ x(=x+xy-x"+2y—-y?)
p = dx —2x2(x —y) +2y - y—x3(x—y) X’y —x3+y

_ x—2x3+3x%y — xy?

- X2y —x3 4y

Bxy +7)2 =6y = 23xy+7)- (3x vy 3y) 62 = 23xy +7(3x) & —6 L = —6y(3xy +7)

X X 2
= PI6XGxy+7) - 6] = —6y(Gxy +7) = = — Fourl, — 2

y’ = i;} = 2y % = (H(i)ﬂ(;YI) = (xf1)2 = ji = )ﬁ

=1 2 Ctxy=x-y = X+ y+xy =1-y = +1)y=1-3x"-2xy = y =
x=tany = 1=(sec’y) L = £ = seclzy = cos’y

Xy = cot (xy) = x I +y = —csc’(xy) (xd—y + y) = x$ + xese?(xy) L = —yesci(xy) —

= [x+xcsc(xy)] = —y [esc?(xy) + 1] = £ = % =1

e =sin(x +3y) = 2e* = (1+3y)cos(x+3y) = 1 +3y = —Cos(zfi v = 3y = 7coszfi:3y) -1
2e** — cos (x + 3y)

A
=Y T TFosxtdy

X+siny =xy = 1—|—(cosy)%:y+xg—i = (cosy—x)g—i:y—l = =

ysin(%) =1-xy = y[cos(%)-(—l)%-d—i]+sin(%)-g—i:—xd—y—y =

d 1 _ dy _ - _ —y?
d_i |:_§COS( >+Sln< )+Xj| o y:> dii —*COQ( )-ilsm(y)+x 7ysin(;)—:m( )+xy

eV = 2x + 2y = eV (x%y’ 4 2xy) = 2 42y’ = x2e*Vy’ + 2xye*Y = 2 + 2y’ = x2eXVy/ — 2y = 2 — 2xye*”

2— 2xye" y
X2 —2

=y =

12 /2 _ 1p-1/2 | 1 —1/2 dr _ a [ 1] =1 dr _ _ 2\/ Vr

r—2+/0 = %92/3_1_%93/4 = % _9—1/2 :9—1/3_|_9—1/4 = % :9—1/2+9—1/3+9—1/4

= [cos ()] (r+6 %) =0 = % [0 cos (18)] = —r cos (1) = % = ;rcf)(;s(%) =-3,

1
2
cos(rf) # 0
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94 Chapter 2 Differentiation

18. cosr+cotf =e? = —sinr- L —csc?@=e?(r+0 L) = —sinr- L —csc?§=re? +ge? L
b a6 a6 b

o dr  parf dr 2 dr _  re?4cesc?d

= smrde Oe b =re? +csc?f = 0= "9 rsnr

19. x24y2=1 = 2x+2yy =0 = 2yy = —2x = L =y =-5 now to find &¥ , 4 (y’):i(—i)

X dx2 > dx dx
N TG VRS S 7Y+X(7§) sincev — — % — ¥y g oy -x  y-(-y) -1
y = y? - y2 y=-y =Y T Ty = y3 Ty
2/3 2/3 _ 2.-1/3 | 2 —1/3 dy _ dy 12 —1/3] _ x-1/3 dy_ x V3 y\1/3.
20X/+y/—1:>§X /+§y /E—Oia[gy /]— % / :>y _y*m__(;) 5
P _ . x1/3. ,Ly 2/3 (7 Yy ’/ )erl 3(Lly 2/3
Differentiating again, y’ = KB 3y )y 4y (X)L Cy ) (- (x*%)
- <2/3 - 2/3
Py _ 142 3y=1/3 1/3,-4/3 _ y'3 1
= axz — 3 / / + 3y / / — 3x4/3 3yl/3x2/3

d2y _ y(2x2 e"2+e"2> - (xe"2 + l)y’

21, y2 =¥ +2x = 2yy =2xe¥ +2 = % = x—exi+1 =

dx?2 y?
2
y(2x2 R exz) _ (x S 1) XEXTH y? (2x2 R e"2) - (XZ e L oxed + 1)
(x4 y? - 2x)e"2 —x2e®

y3
22, y2—2x=1-2y = 2y-y —2==2y = yQy+2)=2 = y’:y—}rl:(y—i-l)’l;theny”:—(y+1)’2.y/

=+ DG+ = P=y' =5

2.2,y=x-y=>yy=1-y =y[yl+l)=1= L=y = 1%+1 = \/—;’/il ; we can

differentiate the equation y’ (y %/ 4+ 1) = l againto find y”: y' (— 1y 3/Qy’) +(y2+1)y"=0

1 1 ’ -3/2
—1/2 n_ 1 =32 o &y o (y*1/2+1> Y 1 _ 1
= (y + l)y T2 [y] y =Y = (y712+1) Top(y241)’ T 2(1+ )]
_ 2

2 xy+y =1 = xy +y+2y =0 = xy+2yy ==y = Yx+2)=—y = ¥V =535 F =Y

_ ey yasy) _ —0[adp o 142 (655)] a2 yeran oy

- x+ 2}')2 (x+2y)? - (x+2y)?

_ 2y(x+2y)— 2yt +2xy . 2y(x+y)

= 2B = = o

25. X3 +y? =16 = 32 +3y’y =0 = 3y?y' = -3x> = y = — §—§ ; we differentiate y’y’ = —x? to find y”:

22 4
—2x—2y (-3 —ox— &
2 // _|_y [2)/ y] — _2x = y2y// = —2x —2y [y/]2 = y// — y2( y ) — 7 ¥y
_ —2xy* —2x* diy _ —32-32 )
y® dx? 22 32

_ 2 (=) - (= y)(l+2y)
(x +2y)?

26 xy+y?=1= xy +y+2yy =0 = yx+2y)=-y =y _ﬁ -y =
i i (=2) (3) - (OO
since y/|(o,,.)=—%weobta1ny o1 (+ :_}T

27 Y24 x2 =yl —2xat (=2, and (~2,—1) = 2y ¥ pox =43 B 0 o oy B g8 d 5o

dy . _ dy _ x+1 dy - — dy =
= FQy—-4y¥)=-—2-2x = F = i~y 7 dx o land 3 ot =1
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29.

30.

31.

32.

33.

34.

35.

36.

Section 2.8 Implicit Differentiation

2 +y)?=x—y?at(d,0and (1, 1) = 2 (x> +y?) (2x—|—2y g_y) :2(X—y)( - j—Y)

d d —2x (x> +y? X— d
= GRYCH)HE - = 2y H -y = =gy = 8| =
d¥ =1
and G|
X2Hxy—y?=1=2x+y+xy —-2yyY =0 = x—2y)y = -2x—y = y = 5’;—1;
(a) the slope of the tangent linem = y'| ,, = I = the tangentlineisy —3 =7 (x—2) = y=jx—3

(b) thenormallineisyf3:f%(fo) = y:f%x+%

x2+y2:25:>2x—|—2yy’:0:>y’=—§;
(a) the slope of the tangentlinem:y/|(3,—4>:_§ Gt 7 = the tangentlineisy + 4 = 3 (x =3) >y = 3 x — %
(b) thenormallineisy+4:fg—‘(xf?)) = y:f%X

2,2 2 20 200 2 _ .
xy? =9 = 2xy* +2x%yy =0 = x*yy = —xy :>y’_—§,
(a) the slope of the tangent linem = y'| _ ; = —¥| i)

(b) thenormallineisy—3:f%(x+1) = y:f%er%
V—2Xx—4dy—1=0 = 2yy =24y =0 = 2(y—2)y =2 = y’:y%'

2 9
(a) the slope of the tangent line m = y/| o = —1 = thetangentlineisy — 1 =—-1(x+2) = y=—-x—1
(b) thenormallineisy —1=1(x+2) = y=x+43

6x2 +3xy +2y* + 17y —6 =0 = 12x + 3y + 3xy’ +4yy’ + 17y’ = 0= y'(3x + 4y + 17) = —12x — 3y

=Y = i

(a) the slope of the tangent line m = y’|(71’0) = %‘Hm = % = the tangent lineisy — 0 = g(x +1)
=y=208x+2¢

(b) thenormallineisy—O:—%(x—i—1) = y:—%x—%

X2—/Bxy+2y2 =5 = 2x —/3xy' — 3y + 4yy =0 = y’(4yf\/§x) =3y —2x = y/:%;

(a) the slope of the tangent line m = y’| (v32) = ﬁ'\}%ﬁ

=0 = thetangentlineisy =2
(v32) g y

(b) the normal line is x = \/§

2xy + wsiny =27 = 2xy' + 2y +7w(cosy)y =0 = y2x +mcosy) = -2y = y’:ﬁ;
. -2 . L
(a) the slope of the tangent linem = y'| ., = m w2 = the tangent line is
y—5=—5&-1) = y=—-3x+m7
(b) thenormallineisy—%:%(x—l) = y:%x—%-i-%

X sin 2y =y cos 2x = x(cos 2y)2y’ + sin 2y = —2y sin 2x + ¥’ cos 2x = y'(2x cos 2y — cos 2x)
sin 2y 4 2y sin 2x
cos 2x —2x cos 2y

= —sin 2y — 2y sin2x = y' =

(a) the slope of the tangent line m = y’| 5 = sindy 2y sin2x = % =2 = the tangent line is

) €08 2X — 2X cos 2y (5.3) z
y-5=2(x-%) = y=2
(b) the normal lineisy — 2 =—3(x—%) = y=—1x+ 3
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37.

38.

39.

40.

41.

42.

Chapter 2 Differentiation

y=2sin(rx —y) =y =2[cos(mx —y)] - (r —y') = y'[1 + 2 cos(mx — y)] = 27 cos (7X — y)
_ 2mcos(mx—y) .

=y = 1+2005(7rxjy)’

27 cos (X —y)

(a) the slope of the tangent line m = y'[ 1, = 5 T Zoos (X y)

=2nm = the tangent line is
1,0

y—0=2n(x—-1) = y=2mx—27
1

(b) thenormallineisy—O:—%(x—1) > y=-X+4+

x2cos’y —siny =0 = x2(2 cos y)(—siny)y +2x cos’y —y' cosy =0 = y'[-2x%cosysiny — cosy]

2x cos’y X
2x%2cosysiny+cosy ’

= —2xcos’y = y =

2x cos’y

(a) the slope of the tangent line m = y/| Om = IxTcosysiny Foosy

=0 = thetangentlineisy =7
0,m)

(b) the normal line is x = 0

Solving X2+ xy +y?=7andy =0 = x2=7 = x= £/7 = (—\/7, O) and (ﬁ, O) are the points where the
curve crosses the x-axis. Now x2 +xy +y?> =7 = 2x +y+xy +2yy =0 = (x+2y)y' = —2x—y

_ 2x + _ 2x + : — *2\/5 — 1
=y =- x+2§ = m=— sz = the slope at (—ﬁ,O) ism=——7 = —2 and the slope at (ﬁ,O) is
m= — % = —2. Since the slope is —2 in each case, the corresponding tangents must be parallel.

Let p and q be integers with q > 0 and suppose that y = \/xP = xP/9. Then y¢ = xP. Since p and q are integers and
assuming y is a differentiable function of x, & (y9) = L (xP) = qyd 'L =px? ' = ¢ = Z;Z:: =2 ;2:1
p—1 p—1 —1—(p— —
= g . (x:n)q*‘ = g = g .xP—1-(P-p/0) = g .x(P/a) -1
yi=y = x? = 4y’y =2yy - 2x = 2(2y° —y)y = —2x = y' = ;2 the slope of the tangent line at
Y __ % _ 4 a1 __y e at (¥72,4)
V3 V3 = = = == = —1; the sl f the t tl t| %, 5
(4, 5 ) is 775 (%3’%3) AN R e Rl R e slope of the tangent line at -, 3

X3+y—0xy=0 = 32 +3y’y —9xy' =9y =0 = y 3y’ - 9%x) =9y —3x*> = y = 252_—3;2; = izy:;(i

/ _5 / __ 4.
@ Yl =7andy],, =3

N )
) y=0= ¥E=0=3y-=0=y=% =+ (3) -%(¥)=0=x"-543=0

= x*(x*-54)=0 = x=0o0orx = /54 =3 \‘/5 = there is a horizontal tangent at x = 3 \75 To find the
corresponding y-value, we will use part (c).
2 3
© £=0=2=2=0=y-3x=0=y=+/3y=3x = x* + (\/3){) —9xy/3x = 0

= X~ 6\/3x2=0= x3? (x3/2—6\/§) —0 = X2 =00rx*? =63 = x=0o0rx = /108 = 3 /4.

Since the equation x* + y* — 9xy = 0 is symmetric in x and y, the graph is symmetric about the line y = x. That is, if

(a,b) is a point on the folium, then so is (b, a). Moreover, if y'| @p = M, then y'| o = % . Thus, if the folium has a

horizontal tangent at (a, b), it has a vertical tangent at (b, a) so one might expect that with a horizontal tangent at

x = /54 and a vertical tangent at x = 3 v/4, the points of tangency are (\3/ 54,3 \3/:1) and (3 NERY 54) ,
respectively. One can check that these points do satisfy the equation x> + y* — 9xy = 0.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



Section 2.8 Implicit Differentiation 97

43, X2 4+2xy —3y? =0=2x +2xy +2y —6yy = 0= y/2x —6y) = —2x — 2y =y = Hy = the slope of the tangent

X+y
3y —x

= 1 = the equation of the normal line at (1, 1)isy — 1 = —1(x — 1) = y = —x + 2. To find
an

where the normal line intersects the curve we substitute into its equation: x> + 2x(2 — x) — 3(2 — x)?> = 0
S x24+4x =22 3@ —4x+x)=0= 43+ 16x-12=0=x>-4x+3=0= x—3)x—-1)=0
= x=3andy = —x + 2 = —1. Therefore, the normal to the curve at (1, 1) intersects the curve at the point (3, —1).

. . _
linem=y |(1’1) =

Note that it also intersects the curve at (1, 1).

44. xy+2x—y=0 = x Y ty+2-— dy =0 = gi = lJ_ri;theslopeoftheliner—i—y: 0is —2. In order to be
parallel, the normal lines must also have slope of —2. Since a normal is perpendicular to a tangent, the slope of
the tangent is . Therefore, {+2 =1

y(=3—-2y)+2(-3-2y)—-y=0 = y’+4y+3=0 = y=—-3ory=—1. Ify = —3, then x = 3 and

y+3=-2(x-3) = y=-2x+3. Ify=—1,thenx=—-landy+ 1= -2x+1) = y=—-2x—3.

= 2y+4=1-x = x=—3—2y. Substituting in the original equation,

45. xy3 +x’y =6 = )((3y2 dy)-l—y?’—i—x2 Yixy=0= LCxy?+x) =y —2xy = &= —¥ =2y

3xy? + x2

:_y+2xy also, xy +xy—6:>x(3y) ?,dx_’_X _|_y(2x >:0:> g_;(y3+2xy):—3xy2_x2

IyZ AR
= 3—; = 3y’§y+;xxy thus dx y appears to equal T The two different treatments view the graphs as functions

symmetric across the line y = X, so their slopes are reciprocals of one another at the corresponding points
(a,b) and (b, a).

46. x* +y? =sin’y = 3x>+2y £ = Q2siny)cosy) & = L2y —2sinycosy) = —3x> = %:%

dx __ 2smyco;y 2y . thus dx
dy — 3x dy

_ 3 . _ 2 d —
,m,also,x +y? =sin’y = 3x x—|—2y 2sinycosy =

appears to equal - . The two different treatments view the graphs as functions symmetric across the line
dx

y = x so their slopes are reciprocals of one another at the corresponding points (a, b) and (b, a).

47-54. Example CAS commands:

Maple:
ql =x"3-x*y+y"3 =7,
= [x=2,y=1];
pl :=implicitplot( q1, x=-3..3, y=-3..3 ):
pl;

eval(ql, pt);
q2 :=implicitdiff( q1, y, x );
m :=eval( g2, pt);
tan_line :=y = 1 + m*(x-2);
p2 := implicitplot( tan_line, x=-5..5, y=-5..5, color=green ):
p3 := pointplot( eval([x,y],pt), color=blue ):
display( [p1,p2,p3], ="Section 2.8 #47(c)" );
Mathematica: (functions and x0 may vary):
Note use of double equal sign (logic statement) in definition of eqn and tanline.
<<Graphics'ImplicitPlot®
Clear[x, y]
{x0, yO}={1, n/4};
eqn=x + Tan[y/x]==2;
ImplicitPlot[eqn,{ x, x0 — 3, x0 4+ 3},{y, yO — 3, yO + 3}]
eqn/.{x — x0,y — y0}

eqn/.{ y — y[x]}
Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



98 Chapter 2 Differentiation
D[%, x]
Solve[%, y'[x]]
slope=y'[x]/.First[%]
m=slope/.{x — x0, y[x] — y0}
tanline=y==y0 4+ m (x — x0)
ImplicitPlot[{eqn, tanline}, {x, X0 — 3, x0 + 3},{y, yO — 3, yO + 3}]

2.9 INVERSE FUNCTIONS AND THEIR DERIVATIVES

1. Yes one-to-one, the graph passes the horizontal test.

2. Not one-to-one, the graph fails the horizontal test.

3. Not one-to-one since (for example) the horizontal line y = 2 intersects the graph twice.

4. Not one-to-one, the graph fails the horizontal test.

5. Domain: —1 <x < 1,Range: — 5 <y <7 6. Domain: —oco < x < oo, Range: —§ <y <
y
y = f(x);
// L7 y=x
L
y=f(x)

. R 1 o5 T I X

7. Stepl: y=x>4+1=>x>=y—-1=x=,/y—1

Step2: y=+x—1=1"1x)

8. Stepl: y=x? = x=—./y,sincex <0.
Step2: y=—y/x=f"1(x)

9. Stepl: y=x*-1=x=y+1 = x=(@F+ D3

Step2: y=3/x+1=Ff1x)

10. Stepl: y=x>-2x+1 = y=x—-1? = Vy=x—1Lsincex 1= x=1+,/y
Step2: y=1+/x=f"1(x)

11. Step1: y=x+1)? = VY=x+1, sincex -1 =x=,/y—1
Step2: y=/x—1=f"1(x)

12. Step1: y=x*3 = x=y%?
Step2: y =x%2 =f1(x)

13. Stepl: y=x" = x=y/*
Step2: y="/x = fl(x);

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley
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Section 2.9 Inverse Functions and Their Derivatives

Domain and Range of f~!: all reals;

f(f~1(x)) = ()(1/5)5 = xand f1(f(x)) = (x5)1/5 =

X

14. Stepl: y=x*+1 = x*=y—1 = x=(y—- D3

Step2: y=/x—1=f"(x);

Domain and Range of f~!: all reals;
FE100) = (k= D3’ +1=(x = )+ 1 = xand f~1(Fx)) = (3 + 1) — )'? = (x)/* = x

. 1 2 1 — 1
15. Step1: y= 5 = x =y = X= 7
Step2: y = % =f1(x)
Domain of f~!: x > 0, Range of f~1: y > 0;
f(f~(x)) = 11 ;= ﬁ =xand f ' (f(x)) = % = <1) = xsincex >0
e ¢
16. Stepl: y=5 = x*=] = x:ﬁ
Step2: y =5 =7/ =f"1(x)
Domain of f~!: x # 0, Range of f~1: y # 0;
_ _ ~1/3 -1
F(E00) = —os = = rand 1000 = (2) = (57 =
17. (@) y=2x+3 = 2x=y -3 (b)
3 — X 3 y
= x=5-3 = f10=5-3 Jr=rm=2x43
df _Aodrt| 1
© &l =25 _ =3 PSR
2 2
2/ o - *
- 3
_3/2/
18. (@ y=1x47 = ix=y-7 (b)
= x=5y-35 = fi(x)=5x—-35
df 1 dft
© il =5 6|, T
y=1"1(x) = 5x - 35
[
19. (@) y=5—-4x = 4x=5—-y (b)
y
=x=2-3=flx=3-1 )
df _ ! _ 1 y=fo)=—dx+5
© =% | =1

y=r"w=-+2

X
o| g\ 5
4
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100  Chapter 2 Differentiation

20. (a) y=2x2 = x’ = %y (b)

_ 1 -1 _ X
= X—ﬁ\/? = f (X)—\/g y=f(x).—_2x2
©) &l = 4x|,_, = 20,

df!
dx

1 .—1/2

= —=X
x50 2V2

21, (@) fgt) = (3/x)" = x gf0) = V3P =x () ,
(o) f'(x) = 3x2 = f'(1) =3,f'(-1) =3; o1
g =3x = )= g’g(—l)— 3
(d) The hne y = 0 is tangent to f(x) = x3 at (0, 0);
the line x = 0 is tangent to g(x) = 3\/§ at (0,0) B — 2

22. (a) h(k(x)) = ((4x)1/3) X, ()

i
kh(o) = (4- % ) 4.2
© Nx =% = NQ)=3n-2)=3; 2
Kx) =303 = K@) =1.K(=2) =3
(d) The line y = 0 is tangent to h(x) = £ at (0, 0); B 2z
the line x = 0 is tangent to k(x) = (4x)1/ 3 at -2
(0,0)

-4

23 & —3x% —6x = U2 24, & =2x 4 = 42

25. (@) y=mx = X= %y = f1lx) =

(b) The graph of y = f~1(x) is a line through the origin with slope %
26, y=mx+b = x=2 -2 = f7I(x) = L x — 2 the graph of f ~!(x) is a line with slope X and y-intercept — >
27. Let x; # X9 be two numbers in the domain of an increasing function f. Then, either x; < x5 or

X1 > Xo which implies f(x;) < f(x2) or f(x1) > f(X2), since f(x) is increasing. In either case,
f(x1) # f(x2) and f is one-to-one. Similar arguments hold if f is decreasing.

28. f(x) is increasing since Xy > X; = %XQ —|— > 3 X1 + 2 2 da _ % =

df ! 1
dx 3

T (3)

29. f(x) is increasing since xo > x; = 27x3 > 27x3;y =27x% = x = %y1/3 = flx)= %x1/3;

df 2 a1 _ 1 _1,-2/3
o = 81X = S5 = gal e = 5o = 9%
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30.

31.

32.

33.

34.

35.

36.

37.

38.

Section 2.9 Inverse Functions and Their Derivatives

f(x) is decreasing since xo > x; = 1 — 8x§ <1- 8x§; y=1-8 = x= %(1 — y)l/3 = flx)= %(1 —x)1/3;

df A2 =t 1 — _ =1 1l _x)2/3
dx 24x" = dx T —24x? | La—x)3 7 6(1—x)23 7 6 (I=x)

f(x) is decreasing since xo > x; = (1 — %) < (I —x);y=(1—-x) = x=1—-y/? = f1x)=1-x!/3

df _ 201 _ )2 af! 1 _ =1 _ _14,-2/3
x = =X = S5 = Srop s 3es T 73X
—X
e : : 5/3 5/3. 5/3 3/5 -1 3/5.
f(x) is increasing since Xo > X; = X'~ > X ,y:x“’/ = X=Yy o= f x)=x /5,
df _ 5.2/3 a1 _ 3 _3.,-2/5
ax — 3% T T T nen|,, T ser 5%

The function g(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if x; # x5 then f(xy) # f(xs), so
—f(x1) # —f(x2) and therefore g(x;) # g(x2). Therefore g(x) is one-to-one as well.

The function h(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if x; # X5 then f(x1) # f(x2), so
f(%l) # @ , and therefore h(x;) # h(xs).

The composite is one-to-one also. The reasoning: If x; # X5 then g(x;) # g(x2) because g is one-to-one. Since
g(x1) # g(xo), we also have f(g(x1)) # f(g(x2)) because f is one-to-one. Thus, f o g is one-to-one because

X1 # xg = f(g(x1)) # f(g(x2)).

Yes, g must be one-to-one. If g were not one-to-one, there would exist numbers X; # X» in the domain of g with
g(x1) = g(x2). For these numbers we would also have f(g(x;)) = f(g(xs)), contradicting the assumption that
f o g is one-to-one.

(goDHx) =x = gfx) =x = gUENI'x) =1

The function f(x) = x" is diferentiable everywhere, and g(x) = x!" is the inverse of f, so by Theorem 4
g(x) = f,<1 =t =1 -1 - 1= LUl provided x # 0.

g(x)) n (g(x))"! n (xVn)nT 1 x(-Dh nxi-1m

39-46. Example CAS commands:

Maple:
with( plots );#41
f :=x -> sqrt(3#x-2);
domain :=2/3 .. 4;
x0 :=3;
Df := D(f); # (a)
plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"],
title="#41(a) (Section 2.9)" );

ql :=solve( y=f(x), x ); # (b)
g :=unapply(ql, y);

ml := Df(x0); #(c)
tl := f(x0)+m1*(x-x0);

y=tl;

m?2 := 1/Df(x0); #(d)
t2 := g(f(x0)) + m2*(x-f(x0));

y=t2;

domaing := map(f,domain); # (e)
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102 Chapter 2 Differentiation

pl = plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ):

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ):

p3 :=plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ):

p4 = plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ):

pS := plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ):

display( [p1,p2,p3,p4,p5], scaling=constrained, title="#41(e) (Section 2.9)" );
Mathematica: (assigned function and values for a, b, and x0 may vary)
If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica
to do this.

<<Miscellaneous “RealOnly"

Clear[x, y]

{ab}={-2,1};x0=1/2;

flx_ 1=03x+2)/(2x —11)

Plot[{f[x], f'[x]}, {x, a, b}]

solx = Solvely == f[x], x]

gly_l=x/.solx[[1]]

y0 = f[x0]

ftan[x_] = y0 + f'[x0] (x-x0)

gtan[y_] =x0 + 1/ f[x0] (y — y0)

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{X, a, b},

Epilog — Line[{{x0, y0},{y0, x0} }], PlotRange — {{a,b},{a,b}}, AspectRatio — Automatic]

47-48. Example CAS commands:

Maple:

with( plots );

eq := cos(y) = x(1/5);

domain :=0 .. 1;

x0:=1/2;
f := unapply( solve(eq,y ), x); #(a)
Df := D(f);

plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"],
title="#48(a) (Section 2.9)" );

ql :=solve(eq, x ); # (b)
g :=unapply(ql, y);

ml := Df(x0); #(c)
tl := f(x0)+m1*(x-x0);

y=tl;

m2 := 1/Df(x0); #(d)
t2 := g(f(x0)) + m2*(x-f(x0));

y=t2;

domaing := map(f,domain); # (e)

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ):

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ):

p3 :=plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ):

p4 = plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ):

pS = plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ):

display( [p1,p2,p3,p4,p5], scaling=constrained, title="#48(e) (Section 2.9)" );
Mathematica: (assigned function and values for a, b, and x0 may vary)
For problems 47 and 48, the code is just slightly altered. At times, different "parts" of solutions need to be used, as in the
definitions of f[x] and g[y]

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



Section 2.10 Logarithmic Functions

Clear[x, y]

{a,b} ={0,1};x0=1/2;

eqn = Cos[y] == x'»

soly = Solve[eqn, y]

flx_] =y /. soly[[2]]

Plot[{f[x], f'[x]}, {x, a, b}]

solx = Solve[eqn, x]

gly_l=x/.solx[[1]]

y0 = f[x0]

ftan[x_] = y0 + f[x0] (x — x0)

gtan[y_] =x0 + 1/ f[x0] (y — y0)

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{X, a, b},
Epilog — Line[{{x0, y0},{y0, x0} }], PlotRange — {{a, b}, {a, b}}, AspectRatio — Automatic]

2.10 LOGARITHMIC FUNCTIONS

. (a)
(b)
(©)
(e)
()

2. (a)
©
(e)

®

3. (a)

(©)

4. (a)
(b)

(©

()

In0.75=In2=mIn3-In4=In3-mn2>=mn3-21n2
Inj=In4-In9=In2>-1n3>=2In2—-2In3

Inf=Inl-In2=-In2 @ In%/9=2In9=1m3>=2%In3
In3y/2=mn3+In2"2=In3+1n2
Iny/135=1mn135=1In% =1 (In3*-In2)=1{@BIn3—-1n2)
1n1%—5:1n1731n5:f31n5 (b) 1n9.8:1n45—9:1n7271n5:21n771n5
ln7f:1n73/2:%1n7 (d In1225=Imn352=2In35=2In5+2In7
In0.056=In %z =In7—-1In5*=1In7—-3In5

125
n35+m7  n54+mm7-In7 _ 1

In 25 - 2In5 2

5

In sin@—ln(Si‘S‘Q) =1In (C;Lf)) =In5 (b) In(3x> —9x) +1In (3%() =1In (3"23—;9") =Inx-3)
Lin (4t1) — In2 = In /4t — In2 = In 2¢2 —ln2:1n(27‘2) — In ()

Insec +1Incos @ =1In[(sec f)(cos )] =In1=0
In(8x+4)—In2>=In(8x+4) —In4 =In (2) =In@2x+ 1)

3 Ve —1T-In@t+ D=3 - D" @+ =31 In@—1)—Int+1)=In (%)
—In(t—1)

en72 — 79 (b) e—lnx2 _ eﬁ _ % (©) elnx=Iny _ oln(x/y) — %
eln (xX+y?) _ %2 + y2 (b) e~ In03 _ e[ﬂ% _ % (©) elnmx—In2 _ eln(rrx/Z) — %x
2Iny/e=2mle?=(2) () ne=1 (b) In(lne®) =In(elne) =Ine =1

Ine¥) = (—x2 —y?) Ine = —x? — y?
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104  Chapter 2 Differentiation
8. (a In (esece) = (sec )(Ine) = sec O (b) Ine®) = (e*)(Ine) = e*
(¢) In(e*™) =1In (e“”‘z) =Inx>=2Inx
9. Iny=2t+4 = ey =X = y=¢2 10. Iny=—t+5 = e =e = y=¢

11 In(y —40) =5t = "0 =¥ = y—40=¢" = y=1¢"+40

—_ — _ _ _ _ t_1
12. In(1=2y) =t = M- —¢el = [ _2y=¢ = —2y=e'—1 = y_—<eT)

13. In(y—D—In2=x+Inx = In(y—D—In2-Inx=x = In(35)=x = "(5) =" = Ll =

=> y—1=2xe* = y=2xe*+1

14. In(y>—1) —In(y + 1) = In(sinx) = In (ysz_ll) =In(Gsinx) = In(y — 1) =In(sinx) = MO~ = nGinx)

= y—1l=sinx = y=sinx+1

15. (@) e =4 = Ihe*=In4 = 2klne=1In2%2 = 2k=2In2 = k=1In2
(b) 100e'* =200 = ¢'* =2 = Ine!*=In2 = 10klne=In2 = 10k=1In2 ﬁk:%

k _ k _ k _ k —
(€) 100 =3 = IneM1 =Jpna = K-lne=Ina = iz =Ina = k=1000Ina
16. @ e* =1 = me*=In4"! = Sklne=—-In4 = 5k=—In4 = k=14

(b) 80ek=1 = e“=80" = Ine*=In80"! = klne=—-1n80 = k= —1n80
(c) eMmOBk — 08 = (M08)" =08 = (0.8)k=08 = k=1

17. @) e %% =27 = ne %*=mn3% = (-03t)lne=3In3 = —03t=3In3 = t=—-10In3

(b) =4 = Ine"=mI2'=ktlne=—-In2 = t=—12

© e =04 = ("02)'=04 = 020=04 = N02'=104 = tn02=In04 = =00

In 0.
In0.2

18. (a) e %" =1000 = Ine ®%" =1n 1000 = (—0.01)Ine =1In 1000 = —0.01t =1n 1000 = t= —100In 1000
(b) =% = Ine" =10 =ktlne=—-In10 = ki=—1n10 = t=— 110

© em=1 o () =271 = 20=2"1 = (=1

€
€

19. eVi=x2 = IneVi=Inx? = Vt=2Inx = t=4(nx)?
20. e¥’ et =t = Xt — gt = Ine 2t —net = t=x242x+1

21 (a) 57 =7 (b) 8o=v2 = /2 () 137 =75
(d) log, 16 =log, 4> =21log, 4 =2-1=2 (e) logsv/3=log 32 =1log,3=1-1=1=05
(f) log, (3) =log,4™'=—1log;4=-1-1=-1

22. (a) 292? =3 (b) 10Pe0(/2) =1 (c) w7 =7
() log, 121 = log,, 112 =21log,, 11 =2-1=2
(e) logy 11 = logy, 12112 = (3) login 121 = (%) 1=1
(f) logs (5) =logs372=-2log;3=-2-1=-2
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23.

24.

25.

26.

27.

29.

31.

32.

33.

35.

37.

38.

39.

40.

41.

42.

43.

44.

(a)
(b)
(©

(a)
(b)
()

(a)
(©)

(a)
(b)
(©)

y:

y:

Section 2.10 Logarithmic Functions

Letz=log,x = 4 =x = 2¥=x = (2)’=x = 20 =/x
Letz=1logsx = 3 =x = (3)°=x = 3*=x% = 9 =x2
10g2 (e(an) sinx) — 10g2 Zsinx — sin X

Letz = log; (3x?) = 5 =3x? = 25 =9%*
log. (e*) =x
log, (20x sinx) = log, 4lesinx)/2 _ & sQinx

logpx _ Inx . Inx _ Inx In3 _ In3 (b) lozx _Inx . Inx _ Inx I8 _ 32 _ 3
logsx ~ In2 ° In3 ~ In2 Inx ~ In2 loggx ~— In2 ° In8 ~ In2 Inx ~ In2
logxa __ Ina . Ina _]n_a_lnx2_21nx_2

logoa ~ Inx ° Inx2 7 Inx Ina ~ Inx

logox _ Inx . Inx _ Inx I3 _ 1

logsx — In9 ° In3 ~ 2In3 Inx 2

logmx _ _Inx . Inx In x (%)1“2 In2

log sx 7 /10 © Iny/2

logab _ Inb . Ina _ Inb _Inb _ (M)Z

logba =~ Ina * Inb ~ Ina Ina ~ \Ilna

In3x = y=(5)3 =1 28. y=Inkx = y = (&) K =1

() = %= (§)ey=2 0.y =M (€7) = %= (&) GeP) =3

In2=mh3x"! = %: (35) (-3x2) =1

N0 =mi10x?! = ¢ =(35) (-10x2) = -1

m@+1) = $=(2)0D=7 4. y=l@20+2) = $ = (325 Q=7

nx’ = @ = (%) () =3 36. y=(nx)? = & =30nx)?- L (Inx) = A
dx x3 X -y (IIX) = dx (HX) dx(nx) X

tn? = L= +2tnt)- L (nt)=(nt)? + 2 = (Int)> + 2 Int

tInt=tn 02 = % = "2 + Ltdn 2+ & dnp = (n /2 + LLZ = (V2 4 Lo

x! _x dy _ 3 XL 4t 3
4lnx 16:>dx—xlnx—{-4 S 16_xlnx

x* _x dy _ 2 ¥ 13 g2
3lnx s = dx—xln;ﬂ—3 x 9—xlnx

me _y dy _ ) =Wn0® 1 ine
t dt — 2 -t
Lilnt _ dy _ (D) -A+mod) 1 it _ It
t dt t2 - t2 - 2
nx oy oo UHm0()—mo() G-t
T+Inx y = d+Inx? = TO3mx? T xU+hx?
xinx o (I+lnx) (Inx+x-1) —xInx) (1) A4 lnx?—Inx _ | — _Inx
1+1Inx - (1+1n x)? - (1 +1n x)? - (1 +1n x)?
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45.

46. y

47.

Chapter 2 Differentiation

1

1

y=hnx =y =(55) ) =
=In(n(nx) = y = ggg - a A X)) = 155 - mx - ax A0 = o mm
y = 0[sin(In 0) + cos (In §)] = ¥ = [sin(In 6) + cos (In 6)] + 6 [cos (In O) - 1 — sin (In ) - 1]

=sin(In ) + cos (In 8) + cos (In #) — sin (In ) = 2 cos (In 6)

48. y =In(sec§ +tan ) = % = secflm f;feﬁ = Seclzgzn f:ecs%c 9 — sec o
_ 1 1 _ 1 1 1 _ 2x+ D +x 3x+2
49. y—lnX e —Inx—3hhGx+D = y=-{—3 (x+1) =T Txa+D T _ZX(Xil)
_ 1 I+x 1 1 1 1 _ 1| 1=x+14+x| _ 1
50. y=5In = =3In(+x)-In(l-x)] =y =3[75 - (%) -D] =3 |:(1+x;1jx):| = 1%
141 gy _ (-l (}) —d+mp(3xt) L-mtglynt
Shy= IJ—rIE: = d% - (I—Ino? - A—=Ino? t(T—In1)?
52y =/Iny/t= (In /)" = & = 1(in/2) 724 (1 02) = 1 (1n/2) V2L L 4 (1)2)
_11,[1/2—1/2.4,%1/2 1
: (Int) e 4t/In V1
53. y=In(sec(In9)) = § = f - & (sec(In §)) = *CLOLEID . £ (I ) = “nnd)
i S sin z
54. y:lnim:%(lnsm&—l—lncosG)—ln(l+21n9) = %—%(2?53—&053)—m
1 4
=3 [CotG—tane— m}
55, y=tn (L) =5 (@ + )= S (- = ¥ = 32 - L (1) (<D = 4% + ok
_ Jx+D5 1 _1(_5 20} _ 5 | (x+2)—4x+1D)
56 yfln m = 5[51n(x+1)—201n(x+2)] = y/ =3 (m — X+2) =3 {le
__5 [%}
— T2 |G+ DE+2)
57. y=/xx+ D =&+ )2 = hy=Lhxx+1) = 2lhy=Ihx+hEx+1) = %:%Jr
_ (1 1 1) _ VXE+DEx+1D) x4
=y = (5) VX +1) (I + x+_1) = PTCEN)) = 2\/x(r+1)

58.

59.

60.

y=vx+1Hx-1)? = lny:%[ln(xz—i-l)-i-Zln(x—l)] %:%(XZZJ’:I —l—le)
X + x2 2x2—x+1)|x—1
= ¥V = V) =1 (Fr +557) = VD= 1) [ xz+l§<lel>} = \/x2++l())(‘_]) ‘
- ;:(;)1/2 = Iny=1[nt—In@+ 1] = L& —1(1_ 1)
y t+1 1 y=3 ya — 2\t T tr1
dy _ 1 1 1 1 / 1 _ 1
= _¥ -2 tJ%l (Y - t+1) t+1 [t(t+1):| W/ IERIE
y= i =+ DI = Iny=Jnt+In@e+ D] = ¥ =—3(F+ )
d 1 /1 2401 ] 241
= d_¥ T2\ wt+ D |:L(tt;r‘—1)] —_2@;1—{)3/2
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61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

Section 2.10 Logarithmic Functions

y=V0+3Gin0) =0+3)?sin0 = Iny=1n@+3)+In(sing) = 1 ¥ =7l o
= %:\/0+3(sin9) [2(9+3)+cot9}

y=(an0)y/20+1=(an )20+ D'* = Iny=In(@nd) + 1 n@I+1) = 1§ =204 (1) (527)
U _ (tan 0) /20 1 1 (s;;g + 29+1) = (sec?0) /20 + 1+ el

y=tt+Dt+2) = Iny=Int+hnt+D+h+2) = 1&=14 L4

t+1 t+2
dy _ _ U+ DA+ Ftt+2)Ftt+ 1D | _ 7.2
= W D) (L4 g ) = e D+ 2) [ D412 } =324 6t+2
_ 1 _ 1dy 1 1 1
= dy _ 1 [_l_L_L] _ -1 t+DE+2D)+tt+2)+tt+ 1)
dt T t(t+ D(t+2) t t+1 t+21 T tt+ D(t+2) tt+ D(t+2)

32 46t+2
(88 + 32 4 21)°

y:eectfg = Iny=In(@+5)—1Infd—In(cos §) = %% #———I—“"a

= % = (557) (ﬁ — § +tan0)

s Lay 6 _ (secO)tan 6)
y=ML = Iny=In¢+InGing) — 5 In(sech) = §d_§*[ + e - %]
B
- !
y_)((x:;;; = lnyzlnx-i-%ln(XQ"'l)_%ln(x—"l) = y;:%_FszH _3("2“)
_oxvxe+l [1 2
= y = )((X:I)z/?, ;"'xzxﬂ T3+
10 '
y= /Sy = Iy =00IG+ D~ 5h@x+ D] = ¥ = 55— 5
_ [ &x4Dw 5 5
=Y =\ Gty (&1~ =71)
y= %2 = Iny=1hx+hx-2)-nx*+1)] = y?:%(%+xi2*x22il)

2 1 2
=y =3 \3/ x>(<§+1) (5 +55% - 59

y= ¢ % = Iny=1[lnx+In(x+1+In(x—2)—In(x*+1) — In(2x + 3)]

11 3/ xx+Dx=2) (1 1 1 2x 2
=Y =3 ytrness Gt T~ o7~ w5

y = In(cos?0) = 3 = -2cosf - (—sinf) = —2tan6

00526

y=In(30e™?) =In3+mnf+Ine’=In3+mnd—0 = %:é—l

y=In(3te)=mm3+Int+he'=m3+hnt—t = F=1-1="1=
y=In(2e'sint) =In2+Ine '+ Insint=In2—t+Insint = % :71+($) %(sint):fl+%nstl

__cost—sint
sin t
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108  Chapter 2 Differentiation

75. y=1In; eg—lne ~In(1+e’)=0-Im(1+’) = L =1-(L5) S (1+e)=1- 5=

= =i (148) = § = () (V) - () 61+ 9

= (%) () - (9) () = S50~ s = o

77. y = e(costHnt) — eeostglnt _ acost s ?T}[’ — oSt | gecost %(COS t) = (1 —tsint) ecost

78. y=e"(In? +1) = ¥ =e"(cost)(Int? + 1) + 2"t = e [(In € + 1) (cos t) + 2]

79. Iny =¢¥sinx = ( )y = (y'¢¥)(sinx)+e¥cosx = ¥y (——eysmx) =¢eY cos X
oy () —o s oy = e
80. Inxy =" = Inx+Iny =" = +( )y =(l+y)e?Y = y’(%—e"*y) =ty -1

X
) [ 1—yer" _ oxe*ty_1 ;o y(xe*tY—1)
= y ( y ) - X = y = x(l—ye"*y)

81. xy:yx:>lnxy:1nyx:>ylnx:xlny:>y-%—l—y“lnX:x-%~y’+(l)-lny:>1nx-y’—§-y’zlny—%

— _y xlny—y
xylnx—x2 7 x \ylnx—x

(xeX +1) cos’y
X

82. tany =e* +Inx = (sec’y)y =e*+1 = y =

83. y=2" = y=2In2 84. y=3" = y =3*(n3)(—1)=—-3"1In3
) 56
2

86. y=2" = % =2"(n 225 = (n2*) (2) = (ln 452"

85. y =5V = & =5V n5) (3572 = (&2

<k

87. y=x" = y =mx(~V 88. y=t—* = ¥ =(1-e)t

9. y = Toz. 50 = B = & = (¢3) (4) 9 =

_ In(1+601n3) dy _ 1 1 _ 1
90. y =log; (1 +01In3) = 25772 = @& = (_3) (1+91n3)(1n3)_ T+0In3
91. y = logsx + loggx? = 1% 4 Ix — x4 plnx 3 nx — y/— 3

_ X __ xlne Inx _ X Inx __ 1 /I x—1
92. y =logsse _10g5\/§* 25 25 _ 2In5 25 (21“5)(x—lnx) =Yy = (21n5) (1 - E) = 2xIn5

_ _ 1 Inr) _ I’ dy _ 1 1\ _ 21
93. y=logr-log,r= (ﬁ) (1:_r) = (1n2n)(1r114) = = |:(ln2)(1n4):| (2Inr) (?) = r(1n2)121¥14)

_ _ (Ilnr) (Inr) _ _ In’r dy _ 1 1\ _ _ 2Inr
94. y =logsr-logyr = (135) (i15) = mdhams = & = {(lnS)(ln9):| @In o) (1) = s
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Section 2.10 Logarithmic Functions 109

<1y In3 In (220" (n3)In (2 N
95. y =log, ((2£4)") = bl = mg 1)=ln(xt})=ln<x+1>—ln<x—1>

dy _ 1 1 )
= X T i+l x—1 - xFDx=D
X (]nS)/Z 7x
_ 7x_\In5 _ 7x \ms)2 _ In(575) _ sy | n(5%) | 1 7x
96. y = log; (3x+2) = log; (3x+2) = ns = (T) Ins = Eln(3x+2)
1 _1 dy_L_ 3 _ (Bx+2)—3x __ 1
=;InTx—5InGx+2) = F =55 ~ 3533 = 2w — 1D

97. y =0 sin(log, 0) = 0 sin (2f) = & =sin (18) + 0 [cos (28)] (;15) = sin(log; 6) + 15 cos (log; §)

: : Cnel 1 0f ; g
98. y:10g7 (smt9c050) _ In(sin #) +In(cos ) —Ine” —In 2! _ In(sin ) +In(cos ) —6—01In2

ef2f In7 In7
dy _ __cosf sin _ 1 2 _ 1
= 0= EnoInD  GosfnT) W7 T — (ln7) (cotf —tant — 1 —1In2)
_ _ e _ |
9. y=logse*= 115 =ps = Y =53
_ Inx+Ine?—In2—Iny/x+1 _ 2Ilnx+2—-In2—L1nx+1)
100. y = log, (2@) In2 - n2

= ’_ 1 4x+1D—x 3x+4
y = xln2 2(In2)(x+1) — 2x(x+1)(ln2) 2x(x+1)1n2

101. y = Jlog2t — 3(Iny)/(n2) % — [3('"l)/(1"2)(1n 3)} (t11112) _ % (10g2 3) Jlogat

_ _ 3InQogt _ 3n(7) dy _ (3 1y_ 3 _ 1
102. y =3 logs (log, ) = =% s = d = (_8) m (m) = (o8 — Wnoan2)
_ 2y _ I8+ (") 3124 n2)Iny _ dy 1
103. y = log, (8t"*) = — = =5 =3+t = ¥=1

. tin ( (eM3)" sint .
104. y = tlogs (e(smt)(lnS)) _ <(1n3) ) _ tlnh(133 ) _ l(smhll)gln 3 _ —tsint = gl_}t’ —sint+tcost

105. y=x+1 = ny=In(x+ 1y =xIn(x+1) = Y; In(x+1)+x- =y =&+ 25 D]

(x+l)

106. y=x* = Iny=Inx*Y =x+1)Inx = yy/:lnx—i-(x—l—l)(%):lnx—i-l—i—% =y =x*V(1+1+Inx)

-

107 y= (V' =(t2) =t# = my=Int? = (HInt = L L= (D o+ (3) (1) =5+

B[

108. y=t""=t") = Iny=nt"") = (¢/?) (lnv) = ! Y= () o +e2 (L) = e
dy _ (m r+2) Vi
t — \ 2Vt

109. y = (sinx)* = Iny = In(sin x)* = x In(sin x) = y = In(sin X) + X (C"“) =y’ = (sin x)* [In (sin x) + x cot X]

sin X

sin X + x (In x)(cos x)
X

110. y=x" = Iny = Inx" = (sin x)(Inx) = % = (cos x)(In x) + (sin x) (1) =

y/ _ XSi" X [sin X+ x(l)I: x)(cos x)}
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110  Chapter 2 Differentiation

HL y=x"x>0 = ny=(x?’ = £ =20nx () = y= (xlﬂ*)(lnxz)

112. y=(nx)™ = Iny=(Inx)In(Inx) = y;’: (HIn@nx)+(nx) () L (nx) =200 4 L

In x
= y/ —_ (ln(ln:)+1> (ln X)lnx

113. (a) Begin with y = In x and reduce the y-value by 3 =y = Inx — 3.
(b) Begin with y = In x and replace x with x — 1 = y = In(x — 1).
(c) Begin with y = In X, replace x with x + 1, and increase the y-value by 3 = y = In(x + 1) + 3.
(d) Begin with y = In x, reduce the y-value by 4, and replace x withx —2 =y = In(x — 2) — 4.
(e) Begin with y = In x and replace x with —x = y = In(—x).
(f) Begin withy =Inx and switchxandy = x =Inyory = e*.

114. The functions f(x) = x™* and g(x) = 2"* appear to y
have identical graphs for x > 0. This is no accident, B
because X1n2 — ean-lnx — (ean)]"" — 21nx' y'xlﬂz y-2‘nx

=y” = (Acos(Inx) — Bsin(Inx)) - =3 + (—A sirf(ln x)-1— Bco);(lnx) K '

= (—A(cos(Inx) + sin(Inx)) + B(sin(Inx)—cos(Inx))) - &

= x%y" +xy’ +y = (—A(cos(Inx) + sin(Inx)) + B(sin(Inx)—cos(Inx))) + (A cos(Inx) — B sin(Inx))
+ (Asin(Inx) + Bcos(Inx)) =0

115. = Asin(Inx) 4+ Bcos(Inx) = "= Acos(Inx ! — Bsin(Inx 1 — A cos(Inx) — Bsin(Inx 1
y y
1

116. lim_(1+%)"= lim [(1+

(n/x) X
) =¢* foranyx > 0.
n— oo n— oo
117. (a) Amount = 8(1)""
1 t/lZ_ 1 t/lZ_ 1 1 t/12_ 1\3 o o
® 8(;) T =1-(3)""=5-0G) =0G) 2 H=3-1t=36
There will be 1 gram remaining after 36 hours.

0.18t

represents the decay equation; solving (0.9)yy = yoe %18 = t = In(09) ~ 0.585 days

118. y = yoe~ —013

2.11 INVERSE TRIGONOMETRIC FUNCTIONS

L@ 3 ® -5  © 3 2. @ -F (b3 (© -1
3. (@ —¢% (®) % (© —3 4. (a) ¢ (b —7 © 3
5 @ % (b F © % 6. @ ¥ ®) % (© =
7. (a) ¢ (b) T © = 8. (a) % ® ¥ © 3
9. @ % ® -5  © 3 0. @ -5 () I (© —2
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11.

13.

15.

17.

21.

23.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Section 2.11 Inverse Trigonometric Functions

(a) %Tﬂ (b) © 2777 12. (@ % (b) %ﬂ © 3
lim sin"'x =73 14. lim cos 'x=n
X — 1" x — —1%
lim_ tan'x =3 16. lim_tan'x=-7%
X =00 X — —00
lim seclx=12 18. lim_ sec'x=_lim cos' (i) =12
X = 00 2 X = —00 X = —00 X 2
lim csc™'x = _lim_sin™! (1) =0 20.  lim__csc'x=_lim_sin"! (1) =0
X — 00 X — 00 X X — —00 X — —00 X
_ —1 /42 dy _ 2x — = — -1 (1) — -1 dy _ 1
y=cos ! (x*) = & T Viow 22.y=cos ! (1) =sec!x = ¢ e
el dy _ V2 __ _wnelor dy _ -1 _
y=sin"t /2t = & = \/1 (ﬁ)z T Vicae H.y=sin" (-9 = G =75 = >
— (2t
— can—l dy _ 2 2 _ 1
y =sec Qs+ D = ds 7 254 1] /(s + 1)2—1 \2s+1\\/452+4s [2s+ 1] /s2+s
_ -1 dy _ _ 1
y=seeSs = g Y x/(Ss)Zfl T sl V2582 - 1
_ 1 (2 dy _ 2x _ —2x
csc(x*4+1) = 2 =— = — -
y ( ) X X2+ 1] \/(x2+1)271 (x2+1) /x'+2x2
1
1(x dy _ (5) _ _ -2
=csc 1 (2) = D = =— =22
y (2) X (%)271 Ix] x24—4 x| Vx2—4
1(1) _ -1 dy _ -1
y=sec! (})=coslt = F = —~
2t
_ 1(3) _ -1t dy (?) -2t _ _ —6
y =sm (17) =csc (?) = dt T e 2\? 2 Jt=9 T t\/tt—9
NOER
3
1\ 172
_ -1 _ —141/2 dy _ (2>‘
y=cot'yi=cor 't = @ = T = AT
-1,/ 1 -1 /2 dy (1)(t e -1
y = cot t—l=cot™ (t= D" = § = - I+ —D2P — 2vi1 (1+[71) T /il

y =In(tan"'x) =
y=tan"'(Inx) =

y=csc!(e) =

y=cos!(e™) =

dy _
dt

dy _
dt

_ () _

Copyrig

1
tan~Ix —  (tan1x) (1+x2)
1
X — 1
T 14+(nx)? T x[1+(Inx)?}
e -1
el -1 Ver-l
o —e~ _ e
\/1, -2 Vi-e
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112 Chapter 2 Differentiation

37. y=s 1—52—1—005’15:s(1—52)1/2—|—cos’1s:>g—Z:(l— %)

— 2 s 2 q+1 B B e R
V1—s s =vI1-s e oo -

3 1/2 _ —-1/2 s
38. y=/s2— 1 —secls = (s2— 1)"/? —secls = Y =(L)s2-1) /(25)—‘S| /—tz_] = Vo1 12—1
_ _sls[-1
sl Vs =1
1/2 (3) -1 ex
39. y=tan ! /x2— 1 +cscix=tan ! (x> = 1) " +cscix = P2 ;
X 1+[< _1)12] \|\/x—l

_ 1 . 1 _
= 1 W 0, forx > 1

40. y=cot! (i) —tan'x =7 —tan"! (x ') —tan"'x = 9:07%7#:%7¥:0

4l y =xsin"!x + 17X2:XSinilx+(1*X2)1/2:>jy:sln x+x( : )+(%)(1* )1/2( 2X)

X _ X -1

— ain—1 o
= sin x—i—m m—sm X

1
42. y=In(x*+4) —xtan"! (3) = dy — 2 gan! (3) —x [ () ] =2 —tan ! (3) - 25 =—tan! (3)

43. The angle « is the large angle between the wall and the right end of the blackboard minus the small angle between the left
end of the blackboard and the wall = a = cot™" (%) —cot™* (%).

44. (a) From the symmetry of the diagram, we see that ™ — sec ™! x is the vertical distance from the graph of
y = sec” ! x to the line y = m and this distance is the same as the height of y = sec™! x above the x-axis at

—x;ie., m—sec ! x =sec™! (—x).

(b) cos™ (—x) =m —cos™'x, where -1 < x <1 = cos™ (— 1) =7 —cos™! (1), wherex lorx<—1

= sec ! (—x) =7 —sec™!x

45. Ifx = l:sin (1) +cos7'(1) =5 +0 =
If x = 0:sin"'(0) + cos™'(0) =0+ F =
Ifx =—1:sin”!(=1) +cos'(-1) =-F + 7= 1.
The identity sin™'(x) + cos™' (x) = § has been established for x in (0, 1) , by Figure 1.6.7. So now if x is in (—1, 0), note
that —x is in (0, 1), and we have that
sin~!(x) + cos™!(x) = —sin™! (—x) + cos7!(x) since sin~! is odd

—sin™!(=x) + 7 — cos™! (—x) by Eq. 3, Section 1.6

—(sin™'(=x) + cos}(—x)) + 7

=—3+m

SRS

T

2
This establishes the identity for all x in [—1, 1].

46. x = tana=xandtanf=1% = I=a+f=tan'x+tan!i.
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47.

48.

49.

50.

51.

52.

53.

54.

Section 2.11 Inverse Trigonometric Functions

(a) Defined; there is an angle whose tangent is 2.
(b) Not defined; there is no angle whose cosine is 2.

(c) Not defined; there is no angle whose sine is \/5

(a) Not defined; there is no angle whose secant is 0.

1
5 .
(c) Not defined; there is no angle whose cosecant is %

(b) Defined; there is an angle whose cotangent is —

du
csctu=7—seclu = L(esctu) =L (5 —seclu) =0 —h— =

du
dx
— u 1
2 |u\\/u271 \u\\/u271’| |>

y:tan’lx = tany =X = (%(tany): (%(x)

= (secly) L =1= =t = L

dx sec?y ( \/1""—X2)2
as indicated by the triangle

— _1
T o1+x20

f(x) = secx = f'(X) =secxtanx = %Zl

1 _ 1 _ 1
~ sec(sec7Ib)tan(sec=1b) b(:t b2 — 1) :

T odr
x=b 37

x=f"1(b)

Since the slope of sec™! x is always positive, we the right sign by writing %sec‘1 X = Wﬁ——l
1 1 d 1 d 1 & &
— T — — — ™ - — d: — d:
cottu=%—tan'u = L (cotlu) =4 (7 —tan u)—OfH"uz—fﬁ
(a) Domain: all real numbers except those having y y=tan""(tan x)

the form 5 + km where k is an integer.

. ™ ™
Range: — 5 <y <3

1L
(A
wa\
| \
(M
I
[ME]
NE
n[®

(b) Domain: —oo < x < co0; Range: —oco <y < 00 3 4
7T
The graph of y = tan~! (tan x) is periodic, the
graph of y = tan (tan~! x) = x for —oco < x < oo. i y = tan (tan~'x)
-3n -1 T 3n X
¥
-3n

(a) Domain: —oo < x < oo; Range: —

y= sin”! (sin x)

_x 13
. 2 2 §
_on 3T _ ’\ﬁ
2n > 3 T

e
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114 Chapter 2 Differentiation

(b) Domain: —1 < x < 1;Range: -1 <y <1 y
The graph of y = sin~! (sin x) is periodic; the ? y = sin(sin~'x)
graph of y = sin (sin"! x) = x for -1 < x < 1. 1
-2 -1 1 2
-1
-2

55. (a) Domain: —oo < x < oo;Range: 0 <y <7 y = cos }(cos x)

-2n -n I T 2n
(b) Domain: —1 < x < 1;Range: -1 <y <1 y ,
The graph of y = cos™! (cos x) is periodic; the 2| y = cos(eos™)
graph of y = cos (cos ' x) = x for -1 < x < 1. 1
X
2 -1 1 2
-1
-2
56. Since the domain of sec™! x is (—oo0, —1]1 U [1, 00), we y
have sec (sec™' x) = x for |x| 1. The graph of - soolsec™s)
y = sec (sec™! x) is the line y = x with the open y=
line segment from (—1, —1) to (1, 1) removed. !
-1 1 X
/ —1
57. The graphs are identical for y = 2 sin (2 tan~! x) P e
— Al -1 14\ — 1
= 4 [sin (tan~" x)] [cos (tan~* x)] = 4 (ﬁ) ( x2+1) y =2sin(2tan""x) A
v x2 +1
= x24—4x-1 from the triangle X > ax 10
y="2
X" +1
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58. The values of f increase over the interval [—1, 1] because

Section 2.12 Related Rates

y
f’ > 0, and the graph of f steepens as the values of f’
increase towards the ends of the interval. The graph of f )
is concave down to the left of the origin where f” < 0, Ao 4 = sin~'x
and concave up to the right of the origin where f” > 0.
There is an inflection point at x = 0 where f” = 0 and X
f’ has a local minimum value.
Y="""'x_3
// (Vi -+?)
2.12 RELATED RATES
. A=nr? = L =2mr & 2. S=4m? = © =g &
3. (@ V=mr’h = L =m* (b) V=nr’h = & =27rh &
(© V=mnrh = § =m? P+ 2mrh &
4. (@ V=1m’h = ¥ =1 ¢ (b) V=4mr’h = 4 =3mh &
() W =1m?d 4 Znrh &
5. (a) & =1 volt/sec (b) &= —1amp/sec
v _ p (dl dR dR _ 1 (dV dI R _ 1(dV _ vV dl
© @ =R(@+1(F) = T=1(FR®) = GT=1(F T
@ R=1[1-2(-1)]=(%) @3 =2 ohms/sec, R is increasing
6. (a P=RI = £ =P R 4or1d
_pI2 _dP _ 12 4R dI R _ _ 2RI dl _ _2(8) a1 _ 20 dl
(b) P=RIF = O_E_I E"‘ZRI& = R Izl & - T &

1/2 S X X
7. @ S:Vx2—|—y2:(x2+y2)/ = %:1/x2+y2((11_t

1/2 s X X d
(b) s= \/x2—|—y2:(x2—|—y2)/ = %: VX2t y2 (:l_t+\/x2y+y2 d_}t,
© s=y/x2+y2 = 2=x>+y? = 2S$:2x‘é—§+2y‘é—¥ = 2s-0:2x%+2y% N %:_zi_{

8. (@) s=/x2+y2+22 = ?=x2+y?+722 = 25$:2xi—’t‘+2yi—{+2z%

dz

ds _ X dx y dy z dz
= a T VxTHyr4z2 dt + Vx2yr4z2 dt + VX Hy2 422 dt
sy dx ds _ y dy z dz
(b) From part (a) with it =0 = § = Ty + ST TR &t

(c) Frompart (@ with ¥ =0 = 0=2x & 42y ¥ 427 & = &y & 4z d

dt

dt

dt

9. (a A=1labsing = % =labcosg & (b) A=1absing = & =

(c) A=1labsinh = @:%abcos@%+%bsin9%+lasin0%

— 2 dt 2

10. Given A = 712, & = 0.01 cm/sec, and r = 50 cm. Since %—’? =27 &' then %

’ dt

dt ?

11. Given ¥ = —2 cm/sec, ‘ij—‘:’ =2cm/sec, { = 12cmand w = 5 cm.

dt

=50

=0

1 d) | 11 o g da
zabcosf & + 5bsinf G

= 2m(50) (155) = m cm?/min.

100

(@ A=(w = % = wd - 9 _122)+5(-2) = 14 cm?/sec, increasing

dt dt
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116  Chapter 2 Differentiation

12.

13.

14.

15.

16.

17.

18.

19.

20.

(b) P=20+2w = ® =29 +2 % =2(-2)+2(2) = 0 cm/sec, constant
(© D= /WAt &= (w2 o 4012y )72 (g du g gpdly D Wiy

dt dt NCEEY
= 7(5)(2%2 2‘(4_2) = — 13 cm/sec, decreasing
@ V=xyz = ¥ =yz & 4 xz ¥ pxy & = & wan = B+ H2)(=2) + @G =2 m®/sec
(b) S=2xy+2xz+2yz = S =Qy+22) &+ 2x+22) & + 2x+2y) &
= Gluss = 101 +(12)(=2) + (14)(1) = 0 m?/sec

A/ 1/2 X X d z z
© L=V¥+y +2=(+y +2) " = %ZW%JF\/XH);HZ? T{+¢x2+y2+z2 %
ac — (4 3 _ 2 o
= a sy — ( 79) (1 + < 79)( 2)+ (—79) (1) = 0 m/sec

Given: % = 5 ft/sec, the ladder is 13 ft long, and x = 12, y = 5 at the instant of time

(@) Sincex? +y* =169 = ¢ = - & — — (12)(5) = —12 ft/sec, the ladder s sliding down the wall

(b) The area of the triangle formed by the ladder and walls is A = % Xy = % = (%) (x i—’t’ +y %) . The area
is changing at 1 [12(—12) 4+ 5(5)] = — 12 = —59.5 ft*/sec.

(¢) cosf =5 = fsinﬂ‘é—f = %-%’: = ‘é—f =— 13;.“6 ~% :7(%)(5):flrad/sec

L=y 4xE = 2L =x S oyl o & %(x%—i—y%) = %:\/%@[5(—442)—1—12(—481)]:—614knots

Let s represent the distance between the girl and the kite and x represents the horizontal distance between the girl and kite
= s = (3000 +x2 = & =12 & _ D) _ 20 fi/sec.

d s dt 300

When the diameter is 3.8 in., the radius is 1.9 in. and §f = 5= in/min. Also V = 671 = & = 1271 §
= ¥ =121(1.9) (35055) = 0.0076m. The volume is changing at about 0.0239 in®/min.

1 3 _3 _ 4n 1. (4n\2 _ 167h° AV _ 167k dn
V—i’ﬂ'r?h,h—g(zr)—f:>I'—?:>V—§7T(?)h— 27 :>I— 9 &t
(a) ‘é}:‘hﬂl = (1e2z) (10) = 522 ~ 0.1119 m/sec = 11.19 cm/sec
() r="2 = =24 _2(X) =10 ~0.1492 m/sec = 14.92 cm/sec

_ 12 __ 15h _ 1 15h\2y, __ 75xh? dv __ 2257h? dh dh _ 4500 . -8
(@ V=j3arhandr= 5t = V=37 () h="20 = =200 = Q| =70 =5
~ —0.0113 m/min = —1.13 cm/min

() r=10 = F=00 = g = (2)(5) = = ~ —0.0849 m/sec = —8.49 cm/sec

m s s -1
@ V=3y’B3R-y) = & =52yGR—y)+y*(-1)] % = ‘jj—{ =[5 (6Ry—3y?*)] 4 = atR=13and
_ dy _ _1 _ -1 .
y = 8 we have § = 175-(—6) = 7~ m/min
(b) The hemisphere is on the circle > + (13 — y)> = 169 = r= /26y —y?m

1/2 —1/2 — _ _
© r=(6y—y)"" = E =16y -y) P62y G > F= B W o a4~ Db (o
= =2 m/min

2887

IfV=3n S =4nr and § = kS = 4knr?, then & = 47r® § = dknr® =47m® & = & =k, a constant.

Therefore, the radius is increasing at a constant rate.
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IfvV= 3 7%, r =5, and & = 1007 ft*/min, then & = 471 & = ¢ =1 ft/min. Then S = 47r* = &

= 8nr 4 a =8n(5)(1) = 4O7r ft?/min, the rate at which the surface area is increasing.

Let s represent the length of the rope and x the horizontal distance of the boat from the dock.

(a) Wehaves? =x>436 = ‘é—’t‘ =1 % = st_ m %. Therefore, the boat is approaching the dock at
d_x _ - _
0 m (=2) = —2.5 ft/sec.
_6 g _ _ 6 d 9 _ _6 d _ _ cp_ 8
(b) cosf =7 = —sind G = —r—2 % = &= =5 a- Thus,r=10,x =8, and sin = 5

= CclT(Z = 10»(%) -(-2) = rad/sec

Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal
distance between the balloon and the bicycle The relationship between the variables is s> = h? 4 x>

= 45 _ L(h % +x %) = © = [68(1)+51(17)] = 11 ft/sec.

dt dt

(a) Let h be the height of the coffee in the pot. Since the radius of the pot is 3, the volume of the coffee is

=97h = & =97 & = the rate the coffee is rising is & = & ¥ = 1% jn/min.
(b) Leth be the height of the coffee in the pot. From the figure, the radius of the filter r = g = V= % 7r’h
= ® | the volume of the filter. The rate the coffee is falling is & = =5 &= (-10)=— 2 in/min.

Let P(x, y) represent a point on the curve y = x2 and @ the angle of inclination of a line containing P and the
origin. Consequently,tan =¥ = tanf =% =x = sec?§ ¥ =& = B _ 429 & gince & = 10 m/sec

dt dt
2 2
and cos? 0| _, = 25 = 52 = 1, we have ‘éf

V2Ax2 92132 10 ° = 1 rad/sec.

1/2 1) (120 _(—x\1/2
y = (—x)1/? andtanf = ¥ = tanf = —(7’;) = sec’f ‘é—f = (B0 (Xlz)x 0D i—f

= = <2\/_Xx2\/_x> (cos?6) (&) .Now,tanf = 2 = -1 = cosﬁzfﬁ = cos?0 = 2. Then

4 - (52) ()9 = & radisee

The distance from the origin is s = y/x2 + y? and we wish to flnd

= by (x gy )

(5,12)

_ Oehanes _
Gy V/2Br 5 m/sec

When s represents the length of the shadow and x the distance of the man from the streetlight, then s = % X.
If I represents the distance of the tip of the shadow from the streetlight, then I =s+x = % = % + %

(which is velocity not speed) = |% = % %’f + %’f = |§| |% = % |—5| = 8 ft/sec, the speed the tip of the shadow is

moving along the ground. % = % ‘(’1—’[‘ = % (—=5) = —3 ft/sec, so the length of the shadow is decreasing at a rate of 3 ft/sec.

Lets = 16t2 represent the distance the ball has fallen,
. Ballattime t=0
h the distance between the ball and the ground, and I
the distance between the shadow and the point directly
beneath the ball. Accordingly, s +h = 50 and since

the triangle LOQ and triangle PRQ are similar we have

1/2 sec later
50 P

_ 30m _ 2 30(5071&) Q
[=57 = h=50—-16t"and I = 5~ 50=1619) 0] R

_ 1500 dl _ _ 1500 da|  _

=20 -30=>2=-2 =4 o = —1500 ft/sec.
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30. Lets = distance of car from foot of perpendicular in the textbook diagram = tan 6§ = 35 = sec? % = 1;—2 %
= i—f = C‘I)fze % ; % = —-264and 0 =0 = ‘(jj—f — —2rad/sec. A half second later the car has traveled 132 ft
right of the perpendicular = |0| = 7 Cos 20 = %, and % = 264 (since s increases) = % = 53; (264) = 1 rad/sec.
31. The volume of the iceis V = § 7 — $ 743 = & =4mr® § = | = 5 in/min when & = —10 in*/min, the
thickness of the ice is decreasing at 73~ in/min. The surface areais S = 4mr? = © =8mr & = ©| =487 (52)

= - 7 9 in?/min, the outer surface area of the ice is decreasing at 13—0 in?/min.

32. Let s represent the horizontal distance between the car and plane while r is the line-of-sight distance between

the car and plane = 9+s?=r> = & = \/;T & & = \/%(—160) = —200 mph

= speed of plane + speed of car = 200 mph =- the speed of the car is 80 mph.
33. When x represents the length of the shadow, then tan 6 = 8)(—0 = sec
We are given that % =0.27° =

dx |
del —

2pdf _ _ 80 dx dx _ —x%sec’d df
05 = = =

X d at 80 dt *

rad/min. Atx =60,cosf =32 =

_ %r ft/min = 0.589 ft/min ~ 7.1 in./min.

2000

—x%sec’d df
80 at

(I m and sec 0 = j)
34. Let a represent the distance between point O and ship A, b the distance between point O and ship B, and
D the distance between the ships. By the Law of Cosines, D? = a? + b? — 2ab cos 120°
= P L2a®4+2b6P4+a®b%] Whena=5 % =14,b=3,and L =21, then P = 43
where D = 7. The ships are moving % = 29.5 knots apart.

2.13 LINEARIZATION AND DIFFERENTIALS

. f(x)=x*-2x+3 = f®=3x>-2 = L) =f/Qx-2)+f2Q)=10x—-2)+7 = Lx)=10x — 13atx =2

2. 0=V +9=(x+9" = = (1) x+9) 20 = 25 = L0 = (-4 +4) +f(—4)
—tx+H+5 > LR =—2x+zatx=—4

3.0 =x+1 = F)=1-x2 = L) = (1) +f'()x—1)=2+00x— 1) =2
4. ) =x1 = 100 = gl = L0 =F(-8)(x = (-8)) +f(-8) = H(x+8) ~2 = L) = f5x — %
5. f(x) =tanx = f'(x) =sec’x = L(x) = f(7) + f'(m)(x — ) =0+ 1(x —7) =x — 7
6. (a) f(x) =sinx = f'(x) =cosx = L(x) =f(0) +f'(0)(x —0) = x = L(x) =x
(b) f(x) =cosx = f'(x) = —sinx = L(x) =f(0) +f'(0)(x —0) =1 = L(x) =
(¢) f(x)=tanx = f’(x) = sec’x = L(x) = f(0) +’(0)(x — 0) = x = L(x )—x

) = f(0)
(d) fx) =e*=f'(x) =e* :>L() f(0) +f'(0)(x —0) =x+ 1 =L(x) =x+ 1
(e) f(x)=In(1+x)=f'(x)= = L(x) =f(0) + f'(0)(x — 0) = x = L(x) = x

7. f(x)=x>4+2x = X)) =2x+2 = L) =0 -0 +f0)=2x—-0+0 = Lx) =2xatx =0
8. f(x)=x! = f(x)=—x? = L) =D —-D+f()=(-DHx—-1)+1 = Lx)=—x+2atx =1

9. fX)=2x>+4x-3 = /X)) =4x4+4 = L) =f(-DE+D+f(-1)=0x+1)+(=5) = Lx) = -Satx = —1
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) =14x = ffx)=1 = LK) =1'Q)(x —8) +f(8) = 1(x —8)+9 = L(x) =x+ latx =8

fx) = /x=x? = /)= (1) x?? = L) =/@®)x—8) +f8) =L (x—8+2 = Lx) = 5x+ $atx =8

f() = 25 = fi(x) = LS00 — o = Lx) = f'(Dx— D+f1) = (x— D+ 3

= Lx)=1ix+latx=1

f(x) =e™ = 1'(x) = —e™* = L(x) = (0) + £'(0)(x - 0) = —x + 1

f(x) = sin"'x = f'(x) = = = L(x) = f(0) + f'(0)(x — 0) = x

@ f(x)

(b) f(x)

© f(x)

(d) f(x)=\/2+—x2=\/§(1+§)1/2~\/§(1+%x2_2> =\/§(1+§)
( ) %3
(x)

() f(x) = (4+3x)"% = 41/3(1 4 )/~ 4153(3
(

® flx

(@) (1.0002)% = (1 + 0.0002)° ~ 1 + 50(0.0002) = 1 + .01 = 1.01
(b) v/1.009 = (1 4 0.009)"/3 ~ 1+ (1) (0.009) = 1 +0.003 = 1.003

fx) = /x+ 1+sinx =x+ DY2+sinx = ') = (3) x+ D2 +cosx = Li(x) = '(0)(x — 0) + f(0)

= %(X —0)+1 = Lix) = %X + 1, the linearization of f(x); g(x) = v/x+ 1 = (x + D2 = ¢'(x)

= E+D? = Lx) =g0)x-0)+g0) =1(x—-0+1 = L(x) = $x+ 1, the linearization of g(x);
h(x) =sinx = h'(x) =cosx = L,(x) =h(0)x —0)+h0) = (1)x—0)+0 = L,(x) = x, the linearization of
h(x). L{(x) = L,(x) + L,(x) implies that the linearization of a sum is equal to the sum of the linearizations.

y=x}-3/x=x"-3x12 = dy= (32— Ix1?) dx = dy = (3x2—%ﬁ) dx

2 _ (@ +x%) —(2x)(2x) _ 2-2x2
y= e = dy= (UG &= ol

2932+ xy —x=0 = 3y"2dy+ydx+xdy —dx=0 = (3y"?+x)dy=(1—y)dx = dy= 3ifyfrx dx

xy? —4x%% —y = 0 = y?dx + 2xydy — 6x'/?dx —dy = 0 = (2xy — 1) dy = (6)(1/2 —y2) dx = dy = 62{5:?2 dx

y = sin (5y/x) = sin (5x1/2) = dy = (cos (5x'/2)) (3x71/%) dx = dy = % dx

3

y =4 tan ("3—3> = dy=4 <5602 (";)) (x?) dx = dy = 4x? sec? (%) dx
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Chapter 2 Differentiation

X eV
y:e\/_édy—;ﬁdx

y=xe *=dy= (—xe*+e ¥)dx = (I —x)e *dx

y =In(14x%) = dy = 2% dx

1 (—e X dx = —1
ey -1 (me™) dx V()

y =sec”!(e™) = dy = dx = \/iezx dx

R

fX)=x2+2x,x0=1,dx=0.1 = f'x) =2x+2

(a) Af = f(xo + dx) — f(xo) = f(1.1) — f(1) = 3.41 — 3 = 0.41
(b) df = f'(x)dx = [2(1) 4 2](0.1) = 0.4

(©) |Af— df| =[0.41 — 0.4 = 0.01

fx)=x>—x,x=1,dx=01 = fx)=3x>—-1
(a) Af = f(xq + dx) — f(xg) = f(1.1) — f(1) = .231
(b) df = f'(xp)dx = [3(1)2 — 1](.1) = 2

(© |Af—df| =]231 — 2| = .031

fx) =x"1,% =05dx=01 = f'(x) = —x2
(@) Af = f(xp +dx) — f(xg) = £(.6) — f(.5) = —
(b) df =f'(x)dx = (—4) (5) = — 2

(©) |Af—df|=|-L+2[ =L

1
3

fx)=x>—2x+3,x=2,dx=0.1 = f'x) =3x> -2
(a) Af = f(xo + dx) — f(xo) = £(2.1) — £(2) = 1.061

(b) df = f'(x)dx = (10)(0.10) = 1

() |Af—df| =]1.061 — 1] = .061

V=3 = dV =4dnard dr 34. S =6x2 = dS = 12x, dx

V = 7r?h, height constant = dV = 27rph dr
S = mrv/r2 + h2 = 7r (12 + h?)"/%, h constant = B =7+ 02)2 4 71 (2 4+ h2) "2

2 2 2 2 2
= 4 _ mHh) 4t g M dr, h constant

dr V12 +h? \/12 +h?

Givenr =2m,dr = .02 m
(@ A=mr? = dA =27rdr = 27(2)(.02) = .087 m’
(b) (88) (100%) = 2%

C=2mranddC =2in. = dC=2ndr = dr = % = the diameter grew about % in; A=mr> = dA =27rdr

=27(5) (1) = 10in?

The volume of a cylinderis V = 7r2h. When h is held fixed, we have %—Y = 2mrh, and so dV = 2#«rh dr. For h = 30 in.,
r = 6 in., and dr = 0.5 in., the volume of the material in the shell is approximately dV = 27rh dr = 270(6)(30)(0.5)

= 1807 ~ 565.51in°.
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Let § = angle of elevation and h = height of building. Then h = 30tan 6, so dh = 30sec?¢ df. We want |dh| < 0.04h,
which gives: [30sec?d df| < 0.04|30tan 0| = |dg| < 228 — 146| < 0.04sin @ cos 6 = |d6| < 0.04sin 22 cos 22

“cosf
= (.01 radian. The angle should be measured with an error of less than 0.01 radian (or approximatley 0.57 degrees),

1
cos26

which is a percentage error of approximately 0.76%.

V =7h® = dV = 3rh? dh; recall that AV ~ dV. Then |[AV| < (1%)(V) = L (;}Jh = [av] < & ”h>

= |37Th2 dn| < @ 73’ = |dh| < 55 h = (3 %) h. Therefore the greatest tolerated error in the measurement
of his 1 %.
3

(a) Let D, represent the inside diameter. Then V = 7r*h = 7 (2% ) h= SWD =
dV = 57D, dD,. Recall that AV & dV. We want |AV] < (1%)(V) = |dV| < () () = 7;‘3-2

d]]; i < 200. The inside diameter must be measured to within 0.5%.
(b) Let D, represent the exterior diameter, h the height and S the area of the painted surface. S = 7D.h = dS = 7hdD,
= % = %. Thus for small changes in exterior diameter, the approximate percentage change in the exterior diameter

is equal to the approximate percentage change in the area painted, and to estimate the amount of paint required to
within 5%, the tanks's exterior diameter must be measured to within 5%.

V = |dV| < &b

V = 7r’h, h is constant = dV = 27rh dr; recall that AV ~ dV. We want |AV| < 1006

= [2rthdr] < T = Jdr| <

1000
= (.05%)r = a .05% variation in the radius can be tolerated.

2000

(a) T=2m (§>l/2 = dT = 27r\/_( 73/2) dg——wfg 3/2 dg

(b) If gincreases, then dg > 0 = dT < 0. The period T decreases and the clock ticks more frequently. Both
the pendulum speed and clock speed increase.

(c) 0.001 = —7+/100 (98073/2) dg = dg = —0.977 cm/sec’ = the new g ~ 979 cm/sec’

The error in measurement dx = (1%)(10) = 0.1 cm; V = x? = dV = 3x*dx = 3(10)(0.1) = 30 cm® = the
percentage error in the volume calculation is (1000) (100%) = 3%

2

A=s = dA—2s ds; recall that AA ~ dA. Then |AA| < 2%)A = 25 = & = |dA| < & = [2sds| < &

= |ds| < 5 = (1%)s = the error must be no more than 1% of the true value.

(25)(50) = W

Given D = 100 cm, dD = 1 em, V = ¢ 7 (2)* = 2" = dV = TD2dD = 2 (100)2(1) = 4= . Then & (100%)

107 1067
= |:106 :| (102%) = |:106 :| %o = 3%

6 6

3

V=%7rr3:%7r(9)3:@ = dV =

2 xD?
2 % dD; recall that AV ~ dV. Then |AV] < (3%)V = (100) (%)

D3 D3
=% = 1AV < 55 =

”TDZ dD‘ < ggg = [dD| < 155 = (1%) D = the allowable percentage error in

measuring the diameter is 1%.

Ex) =1(x) —g(x) = EX) =f(x) —m(x —a) —c. ThenE(a) =0 = f(a) —m(a—a) —c=0 = c =f(a). Next

E0 — 0 = jm Womk—a-c_ g Xligla {—f(x}z:f(a) — m} = 0 (since ¢ = f(a))

Xx—a X —a X—a a

we calculate m: lim
X—a

= f'(a) —m =0 = m = f'(a). Therefore, g(x) = m(x — a) + ¢ = f’(a)(x — a) + f(a) is the linear approximation,
as claimed.
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50. (a)

(b)

(©)

(d)

Chapter 2 Differentiation

—

Q(a) = f(a) implies that by = f(a).

ii. Since Q'(x) = by + 2by(x — a), Q'(a) = f'(a) implies that b; = f'(a).

iii. Since Q”(x) = 2by, Q"(a) = ”(a) implies that by = &),
In summary, by = f(a), by = f'(a), and b, =

f(x) = (1 —x)"
F(x) = -1(1 -x) (1) = (1 —x)"

(x) = —2(1 —x)*(=1) =2(1 —x)*

2

"

f (a)
5.

Since f(0) = 1, f(0) = 1, and f”(0) = 2, the coefficients are by = 1, b; = 1, by = 2 = 1. The quadratic

approximation is Q(x) = 1 + x + x>,

g(x) =x7"
gx) =—1x"?
g’ (x) = 2x73

Since g(1) = 1, ¢'(1) = —1, and g"(1) = 2, the coefficients are by = 1, b; = —1, by = 2 = 1. The quadratic

approximation is Q(x) = 1 — (x — 1) 4 (x — 1)

-1 1 2
™~ -1
[-1.35, 3.35] by [-1.25, 3.25]
h(x) = (1+x)"
(x) = 3(1+x)7'?
h(x) = —1(1 4+ %) 72

As one zooms in, the two graphs quickly become
indistinguishable. They appear to be identical.

_1
f% , the coefficients are by = 1, b; = %, by =5t = f%. The quadratic

As one zooms in, the two graphs quickly become
indistinguishable. They appear to be identical.

51. (@) f(x) =2 = f'(x) =22In2;L(x) = (2°In2)x +2° =xIn2+ 1 ~ 0.69x + 1

(b)

y
y=2°

/
3. /

7/ y=(n2)z+1

Y

14 //
4
12
y=(n2)z+1

B T3 (4] — X
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52. (@) fx) =logsx = f'(x)= 5,andf@) =122 = Lx) =25 (x -3+ =2 L 4]

In3 3In3
~ 0.30x + 0.09

b
®,
y:m(x-3)+"l“_,--
2 e
1 . y=Tloggx
0 ) r) (3 g X

53-58. Example CAS commands:

Maple:
with(plots):
a=1l:fi=x >XxA3+xXxAN2—2%x;
plot(f(x), x=—1..2);
diff(f(x),x);
fp := unapply (”,x);
L:=x ->f(a) + fp(a)*(x — a);
plot({f(x), L(x)}, x=—1..2);
err:=x -> abs(f(x) — L(x));
plot(err(x), x=—1..2, title = #absolute error function#);
err(—1);

Mathematica: (function, x1, x2, and a may vary):
Clear[f, x]
{x1,x2} ={—1,2};a=1;
flx_]:=x> +x* — 2x
Plot[f[x], {x,x1,x2}]
lin[x_]=f[a] + f[a](x — a)
Plot[{f[x], lin[x]}, {x, x1,x2}]
err[x_]=Abs[f[x] — lin[x]]
Plot[err[x], {x,x1,x2}]
err//N

After reviewing the error function, plot the error function and epsilon for differing values of epsilon (eps) and delta (del)
eps =0.5; del =0.4
Plot[{err[x], eps},{x, a — del, a 4 del}]

CHAPTER 2 PRACTICE AND ADDITIONAL EXERCISES

1 y=x"—0.12522+025x = § =5x!—0.25x +0.25

2. y=3-07x"+03x" = £ =-2.1x>+2.1x°

3. y=x"-3(x>+7m?) = ¥ =3x>-32x+0)=3x> - 6x = 3x(x — 2)

4 y=x"+Tx— L = L=7x+7
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5. y=x+1D?(x2+2x) = g—i:(x—|—1)2(2x+2)—|—(x2+2x)(2(x—|—1)):2(x+1)[(x—|—1)2+x(x—|—2)]
=2(x+ 1) (2x> +4x + 1)

6. y=2x—-54-x" = 3—1 =2x=35DE—x)2(-D+@ -2 =@ —x"2[(2x — 5) + 2(4 — x)]
=3(4 — x)2

7. y=(02+sech+1)° = % =3(62+sect+1)°(260 + sec 0 tan 0)

2 2
S G e YT Y R ST S P

o oo i Lo WLV aevievi
BRERY de 1+’ T i) T i1+
A S (L) (Ol ) S
Vi-1 de (Vi-1) 2/t (Vi-1)
11. y =2tan’x —sec’x = g—i = (4 tan x) (sec? x) — (2 sec x)(sec X tan X) = 2 sec? X tan X
12. y = ﬁ—# =csc’x —2csc X = g—i = (2 csc x)(—csc x cot x) — 2(— csc x cot Xx) = (2 csc x cot x)(1 — csc x)

13. s =cos’ (1 —20) = § =4cos® (1 —20)(—sin (1 — 20))(—2) = 8 cos® (1 — 20) sin (1 — 20)

1. s = cot (2) = & = 3eoi (2) (~ese? (2)) () = § eo (2) ese? (2)

15. s=(sect+tant)’® = % = 5(sec t + tan t)* (sec t tan t + sec® t) = 5(sec t)(sec t + tan t)°

16. s =csc® (1 —t+3t%) = £ =5csc! (1 —t+36%) (—cse (1 —t+3t%) cot (1 — t+ 3t%)) (—1 + 6t)

= —5(6t — 1) esc® (1 — t+ 3t?) cot (1 — t + 3t?)

17. r=1/20sin6 = (20sin 0)"? = § = 3 (20 sin )~"/%(20 cos ¢ + 2 sin 0) = 3 TEE
18. r=20+/cos § = 26 (cos )/ = & =26 (1) (cos 6)"1/2(—sin ) + 2(cos §)/? = % +2+/cos 0

_ 2cosf—0sind

v/ cos 6

19. 1 =sin /20 = sin(20)"* = § = cos (20)" (3 20)1/*(2)) = 47

20. r:sin<9+\/m> = %2005(94—\/94——1) (1+2\/+?):22\/\5_H1 cos(9+\/9+—1>

21, y=1x%csc 2 = ¥ =1x%(—csc2cot2) (22) + (csc 2) (L -2x) =csc 2 cot 2 + x csc 2

2. y=2/xsin X = % =2/ (cos Vx) (55) + (sin /%) (25) = cos /x+ A
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36.

37.

38.

Chapter 2 Practice and Additional Exercises

y =x"2sec(2x)? = g—i = x"1/% sec (2x)? tan (2x)*(2(2x) - 2) + sec (2x)* (— 1 x73/2)

= 8x1/2 sec (2x)? tan (2x)% — 1 x73/2 sec (2x)? = %xl/Q sec (2x)2 [16 tan (2x)? — x 2] or =Lsec(2x)* [16)(2tan(2x)2 —1]

2 2x3/

y = /xcsc(x+ 1)° = x/2 ese(x + 1)°

= ¥ =x2(—cse(x + 1)? cot (x + 1)?) (3(x + 1)?) +ese (x + 1)? (3 x71/2)

= —3\/§(x + D%esc(x+ 1) cot (x + 1) + % = % x csc(x + 1)° [% —6(x+ 1)? cot (x + 1)3]
or ﬁcsc(x + 1)3[1 — 6x(x + 1) cot (x + 1)?]

y=5cotx’ = $ =5(—csc?x?)(2x) = —10x csc? (x?)
y = x%cot 5x = % = x? (—csc? 5x) (5) + (cot 5x)(2x) = —5x2 csc? 5x + 2x cot 5x
y = xsin? (2x%) = £ =x?(2sin (2x)) (cos (2x)) (4x) + sin? (2x?) (2x) = 8x® sin (2x?) cos (2x?) + 2x sin® (2x?)

y =x"2sin? (x%) = ¥ =x2(2sin(x?)) (cos (x*)) (3x2) + sin? (x*) (—2x3) = 6 sin (x*) cos (x*) — 2x 73 sin? (x°)

dx
_ (472 ds _ 4t \ 73 (D@ -@D) ) _ 43 _4 D
s= (1) = a=2(%) ( Em ) =-2(7%) @y =W
— -1 — 1 -3 ds __ 1 —4 _ 3
S = B — sASt—=1)7° = §=—33)AS5t-1)7(15) = T

y:(ﬁ>2 = Y :2(ﬁ)'(Xﬂ)(ﬁ)*(ﬁ)“)f(x+1)*2x7 1—x

(x+1)? T x+DP T x+1)7

(25) = & =2 (2 )<<2ﬁ+‘>(k)—<2ﬁ>(k) ) U

Y= v = S \2yx BV CN D N ek
_ [ ®x 1\1/2 dy _ 1 1)y~1/2 1\ _ 1
=S =047 =2 =004 TR =

y =4xy/x + X:4X(X+X1/2)1/2 = % =4x(3) (X+x1/2)_1/2(1+%x’1/2)+(x+x1/2)1/2(4)

R [ (1 ) VR = G V) VR e ayR) = SR

r:( sin 0 )2 o dr

) ( sin 6 ) |:(cos 6 — 1)(cos ) — (sin 6)(—sin 0)}

cos —1 dg — cos —1 (cos 0 —1)2
_ 2( sin § ) cos’@ —cos @ +sin?0 )\ _ @2sinf)(1—cosf) __ _—2sind
- cosf—1 (cos 0 —1)2 - (cos 0 —1)3 T (cos6—1)2

= (sin0+l)2 - %

1—cosé

_ 2(sinf+1)
T (1 —cos )3

(cos § — cos? § — sin® § — sin §) =

2 ( sin 6+ 1 ) (1 — cos )(cos 0) — (sin 6 + 1)(sin 6)
1—cos 6 (1 —cos 6)2

2(sin @ + 1)(cos € —sin 6 — 1)
(1 —cos 0)®

y=0x+Dy2x+1=02x+ 1> = & =302x+D2Q2)=3y/2x+1

y =203x — HV13x — )71/ = 2003x — HYP = L =20 (&) Bx —H103) =

3
(3x — 419720
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39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

51.

52.

53.

54.

55.

56.

57.

Chapter 2 Differentiation

. . —-3/2 dy 3 . 5/2 9(5x + 2X)
y = 3 (5x2 + sin 2x) = $ =3(—3) (5x* +sin 2x)""7[10x + (cos 2x)(2)] = 75;(2“1:;)

y=(B+cos*3x) " = & — 134 cos*3x) 7 (3 cos? 3x) (—sin 30)(3) = —335003;; sy

y =10 = £ =(10) (- 1)e™’ = —2e>s
y = \/Eeﬁ" = g—i = (\/E) (\/E) eV = eV
y=1xe" —Lev = ¥ =1x{e") +e"(1)] - & (de*) = xe¥ + Let — Leb = xe*

y=x%e =x% > = % =x2[(2x2) e +e ¥ (2x) = 2+ 2x)e > = 2e (1 +x)

o . 9 dy __ 2(sin )(cos 9) 2 cos 0
y=1In(sin*0) = 3 = "5y 5 = 2cotf

y = In(sec’ ) = % = 2sec isec § tan ) 91(;?6‘9 wnb) _ 2 tan g

In 2
y = log, (x;) = %;) = d—i = ﬁ <(X—E)> = (ln22)x
2
_ In (3x—7) dy 3 . 3
y=logs Bx=7) = 2052 = & = (33) (55) = @mson
y=8"= ¢ =8"(n8)(~1)=-8"(In8) 50. y=9* = ¢ =9%(In9)(2) = 9*(21n9)

dt

y=5¢¢ = ¢ =503.6x° = 18x**
y=v2x 7 = 8= (V2) (-v2) x0T = k)

y=x+2? = Ihy=InEx+2)"?=x+2)In(x+2) = Yy x+2) (75) + M) Inx+2)
= @ =x+2"[In(x+2)+1]

(%H (in (in x)) (1)

y=2(Inx)? = Iny=In[2(Inx)**] =In(2) + (3) In(nx) = y; =0+ (3) [
=y =[50 + (3) In(nx)] 2(In x)** = (In x)** [In (In x) + |

<

~[a-w)’ R R

— wn-l — an-1 2\1/2 d
y=sin"' /1 —u?=sin"' (1 -v’)"" = 3

L(1—u) " (—2u)
1

\é/

1 3/2
—oain—1 [ 1) _ n—-1y-1/2 dy _ _—3v " _ -1 _ —1 _ =
= sin —= ] =sin" v = = = = = =
y=sin" () i T e RN

S
-1
2vy/v—1
(=)

— -1 o 1-x2) __ -1
y=In(cos'x) = y = "X = T ix
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Chapter 2 Practice and Additional Exercises

y=zcoslz—\/1-22=zcostz—(1-22)"" = %:cos’lz—\/li—zz—(%) (1-22)*(~22)
-1 -1

— — —_z —_Zz -
=CO0S " Z m—Fm CoS " Z

y=tanlt— (It = §=tanti+t(rlz) - (3) (}) =tante+ 5 — 4
y=(1+)cot™ 2t = & =2tcot™ 2+ (1 +12) (22)
y:zsec’lz—\/ZZ—lzzsec’lz—(ZZ—l)l/2 = %:Z(‘Z‘ 12 1)—l—(sec ) () -3 (22 —1)" 1/2(22)

-1

— z z _ l—z
T AVEo1 Veoi TS 2= pmy hsec

-1

z,z > 1

y=2v/x—-1 sec™! f =2(x— 1)1/2 sec™! (X1/2)

$) a1 -1./x X
- & =2 (B = D! () + (x— 1) (&)— ﬁﬂ =2(5R5 %) =T

— csc ! dy _ _ —secftand __ _ tanf _ _ P
y=csc (secl) = g e bl o1 ] LO0<O <3
- - an’ lx — —
y:(1+X2)emn 'x = y/:2xe‘anlx+(l+x)(f+xz)zzxetfm 1X+e[an Ix

y+2

Xy +2x+3y=1= (xy+y)+2+3y =0 = xy+3y=-2-y = yx+3)=-2-y = y=-135

X2+ xy+y?—5x=2 = Zx—}—(xg—i—f—y)—l—Zy -5=0=>xg —|—2ydy—5—2x—y = g—i(x+2y)

dy _ 5-2x-y

=5-2X~-y = dx T x+2y

X3 dxy — 3y*3 =2x = 3x% + (4x dy+4y> — 4yl/3 3—122 = 4xg—i—4y1/3 3—122—3x2—4y

= W (4x—4yP) =232 —dy = Wb

& T dx— i
SXPH10y90 =15 = 4o 12yP @ =0 = 12910 P = —axT = @ = Ix Ay =
x)/2=1= %(xy)’l/2 (x % +y) =0 = x'/2y"1/2 % = —x12y12 o % =—xly = % =-1
Xy2 =1 = x2(2yg—i>+y(2x)—0 = 2xydy— —2xy? = d—iz—%
Po s oS L
o () yim i = e < g
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128  Chapter 2 Differentiation

X (U*de_ dy _

2

76. xsin"ly=1+x>=y=sin(x"' +x) = & =cos(x ' +x) L (x! +x) = (1 —x2)cos(x"' +x)
_ [ x=1 x2+1
()
— — —tan~1x
77. yelan x =2 = y = De—tan Ix = g_i — De—tan” x dd ( tan™ lx) —Detan” lx(1+1x2) — _261+x2
78. X = /2= In(x?) = In(2'?) = ylnx =22 = d(ylnx) = 0= y(}) +Inx § dy =0= dy ==

79. pP 4+ 4pq -3¢ =2 = 3p23—g+4(p+qj—g) —69=0 = 3p? £ +4q P =6q—4p = £ (3p?+4q) = 69— 4p

d 4
— d _ 6q—dp

dq 3p? +4q
80. q = (5p*+2p) /* > 1= =3 (5p*+2p) " (10p L +22) = — F (5p* +2p)"" = L (10p+2)
d _ (5p*+2p)"?
= £ §(5p+pl>)

81. rcos2s +sin’s =7 = r(— s1n25)(2)—|—(cosZs)( )+251nscoss—0 = dr(cos2s)—2rsm25 2 sin s cos 8

dr __ 2rsin2s—sin2s __ (r—1)(sin2s) __
= ds — cos 2s - cos 2s = (2r — I)(tan 2s)
8. 2rs—r—s+s2=-3 = 2(r+s$) - L 1425=0= LQ2s—D=1-2s—2r = L =12=x
d d 2 @y | V20— (=) (29 ¢
83.(a)x—|—y—1:>3x+3y2y:Ode——%édﬂ_ S ( d)
2 2 x’l
N &y _ —2xy? + (2yx? )(— 72) _ —2xy - —2xy® — 2x*
dx? vt yt y?
2 dy _ 2 dy _ 1 dy _ 2y~1 dy _ 2 2d
O y=1-1=u5f=F= == =0 = RF=-07" o+
= d?y _ —2xy - X (yl—’) _ —2xy? -1
ax2 yIxT yox1
84. (a) x*—y’=1 = 2x—2de—0 = -yF=-%x=> =1
d d? y(1)— X y—X\{y 2 _x2 _ .
(b) d—i:§ = = o= yz(y> :yysx Zy—31 (since y? — x2 = —1)

85. (a) Leth(x) = 6f(x) — g(x) = W(x)=6f'(x) — g'(x) = W(1)=6{'(1)—g(1)=6(1) — (-4) =7
(b) Leth(x) = f(x)g*(x) = h'(x) = f(x) (2g(x)) g'(x) + g2(X)f'(x) = W' (0) = 2£(0)g(0)g'(0) + g*(0)f'(0)
=2 (3) + D*(-3) = —

_ fx® I _ (g + DI'x) — fx)g'(x) / (g(D)+ DFF(D) = f()g' (l) G+ (l) -3(-4) 5
(©) Leth(x) = &g = h(x) = @)+ 17 = ()= @+ 12 G =12

(d) Leth(x) = f(g(x)) = N (x) =f(gx)g'(x) = W(©O) = (OO =M (3)=(3)(3) =1

(e) Leth(x) = g(f(x)) = h'(x) = g(FG)f'(x) = h'(0) = g'(FONf'(0) = g'(DF'(0) = (—4) (=3) = 12

() Lethx) = (x+f(x))*? = h(x) =2 x+ )2 (1 +f(x) = W) =31+ 1)Y?(1+f'(D)
=3a+32 (143 =3

(2) Leth(x) = f(x + g(x)) = W'(x) = f'(x + gx)) (1 + gx)) = M'(0) = f'(20) (1 + '(©) = ') (1+ 1) = () (3)
_ 3

4
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86. (a) Leth(x) = /xf(x) = h(x) = /xf'(x) + f(x) - # = (1) =/1f'(1)+£(1)- ;T =i+-3(3)=-8
(b) Leth(x) = (f(x)/? = hW(x) =} ({x)"? (f'x)) = W ()= 2(f(O)) V2£10) = $(9)V2(-2) = — 1

© Leth(o) = f(v/x) = W0 = (VX) - 3 = h’(l):f’( VI)-a=t-i=1

(d) Leth(x) =f(1 —5tanx) = h'(x) = f’(1 — 5 tan x) (=5 sec®’x) = h’(O) = f’(l —5tan 0) (=5 sec?0)
=f'()(=5) = 5(-5) = -

© Leth() = 8 = W) = SEglinziioi o y(g) = CERRO0 05—

(f) Leth(x) =10sin () f*(x) = h'(x) = 10 sin (%) 2f(Of'(x)) + f* (x)(lO cos(g—X)) (2)
= h'(1) =10sin (§) (2f(Df'(1) + 2 (1) (10cos (3)) (5) =20(=3) (3) +0 = —12

W

87. x=t?4+71 = ¥ =2ty=3sin2x = g—i = 3(cos 2x)(2) = 6 cos 2x = 6 cos (2t> + 27) = 6 cos (2t?) ; thus,

dt
by —dy b geos(22) -2t = D] =6cos(0)-0=0

dt T dx T de dt|

88. t=(u2+2u)* = & — 124 2u)Pu+2) = 2w +2u) Pu+ ;s =245t > & =245

=2 (u? +20)"”* + 5; thus d— s [2 (w2 +2u) + 5} (3) (W + 20) Pu+1)

ds

du
= ] =@ +22)" 45| 3) @ +20) e+ n=2(2-87+5) (8) =22-2+5) () =3

u=2

89, dw — dw . dr_ [cos(e\ﬁ> (e\/L)M%os(s—i—%)] atx =0,r=3sin I =3

ds 24/
= &= cos(e\/3/_2) (e\/_ \/7) (3cos(%)) = 3%0%(63\/%) = 3ﬁercos(e\/m>

90. g;—g;gf,g—;—g(92+7)‘2/3(2a) e +0=1= S(02% +0) = 4(1) = % +20 ¥e' + ¢ =

g 2 %! | —20 %! _ 20%¢!
= (1+20e)f = —0%' = F = —15a = § = [3(92+7)2/3 TTR20E | T T 3(120e0(0217)

1+/5
Att=0,0240—1=0=0="12V5 5 & _ 2(5%)

(e (v (5477) "

o ody | dy _ . d 2 -~ . dy _ —2si d
91. y* +y=2cosx = 3y’ T+ F = -2sinx = FBy*+1)=-2sinx = F= 3}'28—1:11)( = & o
_ =2sin(0) _ . dy _ <3y2+1)(—2cosx>—<—2sinx)(6y ﬂ—y) N d%y _ B3+1)(=2c0s0)— (=2sin0)60) _ _ 1
3+1 > dx2 (3y2+1)° dx? o 3+1)? 2
1/3 1/3 _ 1.-2/3 . 1,-2/3 dy _ dy _ _ ¥ dy _q.dy _ =y
92. x'/P+ylP=4 = 3x +3y =0= g=—"97 > & oy L= n
ey ) () - () G Sy (8% [~ 2875-1] + (8%7) (28719)
= o=z x /3> = ax2 . - Q73
_ ity 3 _1
&7 T 4 T 6
1 1
-~ flt+h)— () _ W " T _ 2+ 1—Qt+2h+1)
93. f() = 2t+l and f(t + h) = 2(t+h)+1 = h = b = Q420+ D2+ Dh
_ —2h _ ) I 1 f(t+h) fl _ ) )
= Grmineh — armrnarn = L0 = hlgn = hmO GirZhr D@+ D . @rie

94. g(x) =2x? + L and g(x + h) = 2(x + h)? + 1 = 2x? + 4xh + 2h* + | = ExFD-E®
— <2x2+4xh+2hl’h +D-@CHD) = B _ gy 4 2h = g'(x) = Jim 7%*“‘) g — Jim (4x + 2h) =
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130  Chapter 2 Differentiation

95. (a)

L x
_1F

xz,—l <x<0
%, 0<x<1

f(X)={

. _ . 2 . _ . 2 _ . _ . . _ _ .
(b) xlgr%)f fx) = . IH%* x* =0 and . 1;1‘1}J+ f(x) = ll)rrb+ X 0= Xlln0 f(x) = 0. Since xlin(] f(x) =0 =1f(0) it

X
follows that f is continuous at x = 0.

(¢) lim f'(xX)= lim (2x)=0and lim f'(x)= lim (—2x)=0 = lim f’(x) = 0. Since this limit exists, it
x —0 x—0 x — 0F x — 0F x—0

follows that f is differentiable at x = 0.

96. (a)

X, -1sx<0

’(x)={tanx. 0sxsrn/4

=1
/4

-1
(b) lim f(x)= lim x=0and lim f(x)= lim tanx =0 = lim f(x) =0. Since lim f(x) =0 = f(0), it
x—0 x—0 x — 0t x — 0F x—0 x—0

follows that f is continuous at x = 0.
() lim f'x)= lim l=1and lim f'x)= lim sec’x =1 = lim f’(x) = 1. Since this limit exists it
x—0 Xx—0 X — 0F + x—0

x — 0

follows that f is differentiable at x = 0.

97. y=3+507=3x+2x -4~ = 3—1:%—2(2x—4)’2;theslopeofthetangentisf% = -3

=322 = 2=22%-47 > l=glp = x-4’=1= 4 —16x+16=1
= 4> —16x+15=0 = 2x—52x—3)=0 = x=3Jorx=3 = (3,%)and (3, 1) are points on the
3

i .

curve where the slope is —

98. y=x—¢e7% Y —lte*=2=2er*=1=x=0=> y = 0 — e® = —1. Therefore, the curve has a tangent with a

dx T

slope of 2 at the point (0, —1).

99. y=2x>—3x2 — 12x +20 = £ =6x> —6x — 12
X

X when ¥ = — (1) =24;6x> —6x — 12 =24

a =~ \=(®
= x2—x-2=4=x2-x-6=0=> x-3)x+2)=0 = x=-20rx=3 = (—2,16)and (3, 11) are

points where the tangent is perpendiculartoy = 1 — 5; .

(b) The tangent is parallel to the line y = /2 — 12x when Y= 12=6x2-6x—12=-12 = x>~x=0
= x(x—1)=0 = x=0orx=1 = (0,20) and (1, 7) are points where the tangent is parallel toy = \/5 — 12x.

(a) The tangent is perpendicular to the liney = 1 —
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y=1+cosx:>%:—sinx:>j—i():—l 7
21
= the tangent at (§,1) istheliney — 1 = — (x — ) 2 y=1+cosx
= y:—x—|—%+1;then0rmalat(%,1) is . y.x..-’z‘-n
y—l:(l)(x—%) = y=x—35+1
[/ w2 N 2 2
y--x+§-+1
y=x>+C = £ =2xandy =x = $ = I;the parabola is tangenttoy = x when2x =1 = x =1 = y=1;

thus,%:(%)Q—i-C = C=4

y=x"= ¥ =3x>= £| =3a = the tangent line at (a,a’) is y — a> = 3a’(x — a). The tangent line intersects

X=a

y = x® when x* — a® = 3a%(x —a) = (x —a) (x> + xa+ a%) = 3a’(x —a) = (x —a) (x? + xa — 2a%) =0
= (x—a)’x+2a)=0=x=aorx = —2a. Now % = 3(—2a)% = 12a%> = 4 (3a?), so the slope at x = —2a is 4
2

times as large as the slope at (a, a%) where x = a.

_ d dy _ d _ 1 e — 1 _ 1 9
x2 + 2y? =9=2x+4y g =0=> 3 _ziy:>d—i (wf—z:>thetangentl1nelsy72—Z(x—1)——ZX+Z
and the normal lineisy =2 +4(x — 1) = 4x — 2.
4y =2=L@E+Y) =4 =+ 2y =0=>P =S amy =2 =-$=-L
(0,1)
m; = —— =2;tangentline:y — 1 = —1(x = 0) = y = 1 — ¥; normal line:y — 1 =2(x — 0) = y = 2x + 1
Xy +2x—5y=2 = (xg—i+y)+2 5dy—0 = dy(X*5) —y-2 = %:%;2 = % =2
G2

:>thetangentlineisy:2—|—2(x—3):2x—4andthenormallineisy:2+%(X—S):—%x—}—%.

_ 1 dy _ _ dy _ Zﬁ—y dy _ =5
X+ /X f6§1+2\/@(xdx+y> 0:>x —|—y 2./xy = & :>dx(4’1)—4

éthetangentlineisy:lff—t(x74) f—x+6andthenormalhnelsy—1+ x—4) = —xf—.

lim 53325 = lim [(Siix) (2x71)i| M () =-1

x—0

: 3x—tan7x __ 13 3x sin 7x _ 3 . 1 sin 7x 1 _ 3 7\
xlgno 2x - Xhl,no (ﬂ o 2xcos7x) — 2 _XIE,HO (cos7x TTx m) -2 (1 1 f) =2
: sint __ 13 sin r 2r 1y _ (1 : cos2r __ (1 1y _ 1
lim g = lim - (59 55 - 3) = (3) (D Jim - 8855 = (3) (D (F) = 3

r—0 or

lim w = lim (&“;9)) (322) = lim sinGinf) [ etx =sinf. Thenx — Oasf — 0
=0 9 sin =0 sin 6

. 0) : sin x
= lim Sn6n0 _ jjy,  osinx
g0 sinf x—0 X

lim  4un’ftuno+l _ (4+ wo + ra) _ _ (44040 g
PR (g)f tan2 6+ 5 PR (g)* (1+ﬁ> (1+0)
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132 Chapter 2 Differentiation

: Xsinx = __ xsinx X sin X — 1i 53 . sinx
112. xlgno 2 —2cos x _Xh_ILnO 2(1 —cos x) XIE)HO 2 (2sin2 ( lim [2( :|

= gim [ B - gy = 1

x—0 Lsin (3)

[P
~
|
>

1
o

x2 X2 /
113. y:MT\/%IX) = lnyzln(uT\/%lx)) :ln(2)+ln(x2+1)—%ln(0052x) = y;:

(3) =5

=y = (xf—jﬁl —|—tan2x)y: %(yﬂ —|—tan2x)

14, y =25 = Iy = /3 = S InGx+4H)-l@x—-4)] = L =§ (25— 559)

= y’ = % (ﬁ - xiz)y =y ;:J—ri (%) (3)(%&-4 - XiZ)

5
15,y = [ED] = iy =5+ D+n-D-Int-2) ~In+3)] = (1) (%)

5
_s(1 1 1 1 dy _ s [aerna=n]" (1
=S(itr o) = a—ﬂm] (Gt~ 22— o)

116. y= 72— = Iny=In2+hu+uln2—{lm@+1) = (%) (j—ly]) =l+m2-4 ()

Vi1 u
dy _  2u2¢ 1 u
= &= = (22— gty)

117. y=(sin0)V? = Iny = /0 In(sin ) = (%) (%) = V/0(229) + L0712 In(sin )
dy = (sin 9)\[ (\/5 cot § + l"(“\;‘—e))

8.y =)' = Iny= () Indnx) = ¥ = (%) (i) (1) +ntnxo [55] (4)

= y' = (Inx)!/x {w}

x(In x)?

119. (a) S=27r®+ 2nthand hconstant = % = d7r & 4 27h & = (471 + 27h) &

(b) S = 2nr? + 27rh and r constant = % =27nr < dh

(©) S=2nr*+2rth = B =dnr & + 27 (r & +h$) (47t + 27h) § + 271 ¢

(d) Sconstant = £ =0 = 0= (4ar+27h) § +27r § = (2r+h)a:—r‘l't‘ => $=5s59¢

dr dh
120. S=7ry/r2 +h? = %—f—wr-%—i—m/rhl—h? gi;
(a) hconstant = P =0 = & = 7r/;j'hf,-|-7T\/r2-|-h2%:[ 2 +h2+ fﬂlz} &

dr s _ h  dh
(b) rconstant = 5 =0 = @ = \/% @
12 d h  dh
(c¢) In general, £ = { 2 +h? + 7 +h2] T \/;r+h2 Gt
dR; _ dR, 1_ 1 1 -1 dR _ -1 dR 1 dR
121. dll = —1 ohm/sec, = = 0.5 ohm/sec; and R + R TR AT ® T RZ T Also,
= 75 ohms and Ry, = 50 ohms = % = ﬁ + % = R = 30 ohms. Therefore, from the derivative equation,
-1 dR - 1 1 dR _ 5000-5625) _ 9(625) _ 1 __
Gor a — e D — (50)2 0.5) = (ﬁ - %) = ‘a = (=900) ( 5625~5000) 506625 — 30 — 0-02 ohm/sec.
122. ® — 3 ohms/sec and X = —2 ohms/sec; Z = /R? + X2 = % — RUXE oo that R = 10 ohms and
. g — O ohms/sec and 5 = —2 ohms/sec; £ = + ﬁafﬁsotat = ohms an
X =20 ohms = 9 — UOBHTEOCD) _ -1 ~ _ (45 ohm/sec.

dt V1202 5T
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Chapter 2 Practice and Additional Exercises 133

123. Given ¢ @ = 10 m/sec and = 5 m/sec, let D be the distance from the origin = D? = x?> +y? = 2D %

=2 § +2yd{:>D‘g—‘?= x & 4y When (x,y) = (3,-4),D = /32 + (-4)* = 5 and

5 % =510+ 12)(5) = % = M = 22. Therefore, the particle is moving away from the origin at 22 m/sec

(because the distance D is increasing).

124. Let D be the distance from the origin. We are given that 9 = 11 units/sec. Then D? = x? + y*
— x4 () =24 x = DR B 32 03B x 3 5 D= /243 =6

and substitution in the derivative equation gives (2)(6)(11) = (3)(2 + 9) dx @ E = 4 units/sec.
125. (a) From the diagram we have ho = % = r= % h.
47h? dV __ 47h? dh dh __ 125 :
(b)V 37Tr2h—371'(5h) h—?ﬁa—fa,sodl——sandh—6$d—t— 1447Tfﬂm1n.
126. From the sketch in the text, s = rf = % = d—9 + 0 @ Alsor = 1.2 is constant = % =0
= j: r ¥ — (1. 2) . Therefore, % = 6ft/sec andr =121t = % = S5rad/sec
127. (a) From the sketch in the text, dt = —0.6 rad/sec and x = tan . Alsox = tan § = & =sec? ¥,

dt ad
pointA,x =0 = =0 = % = (sec?0) (—0.6) = —0.6. Therefore the speed of the light is 0.6 = % km/sec

when it reaches point A.

(3/5)rad | 1rev _ 60sec __ 18 .
b)) = " 3nd e = 5 revs/min

128. From the figure, ¢ % = {= \/% We are given /
>
that r is constant. Differentiation gives, J
o ()@ -0 () () 2
=8 = . Then,
rodt b2 —r2 b
b = 2rand db = —0.3r r
V@20? — 22 (—=0.31) — (2r)< 203 ) b
N o _ [on? -2 0 a A
dt (2r)2 —r2

2
/312 (=0.3r) + #2030 >
_ V32 (3r ) (=0.30)+ (4r) (0.31) __ 0.3r
= m/sec. Since 1s ositive,
3r 3/312 Y 10\/_ p

the distance OA is increasing when OB = 2r, and B is moving toward O at the rate of 0.3r m/sec.

129. (a) Iff(x) =tanxand x = — 7, then f'(x) = sec? x, J
f(— %) = —1andf’ (— %) = 2. The linearization of L y=tanx
o) is L) =2 (x + §) + (=) = 2x + 732, S
—77‘/4 7TI/4 4

(~mt4, -1) -1F
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134 Chapter 2 Differentiation

(b) Iff(x) = sec xand x = — T, then f'(x) = sec X tan X,

It
f(—2) =+2andf' (- I) = —/2. The
linearization of f(x)is L(x) = \[ ( Z) + \/5

= —/2x 4 L2, il
N
T "

y== 2x+\/§(4-w)/4

130. f(x)=+/x+1+sinx—05=x+ DY +sinx—05 = '(x) = (1) x+ D72+ cosx
= LX) =1'(0)x —0) +f(0) = 1.5(x — 0) + 0.5 = L(x) = 1.5x + 0.5, the linearization of f(x).

13l. C=2mr = r=L<,S=4m? =< ,and V = ¢ mr® = £, . Italso follows that dr = - dC, dS = % dC and
dv = 2C—7:2 dC. Recall that C = 10 cmand dC = 0.4 cm.
(@ dr=5=%2cm = (4)(100%) = (%2) (37) (100%) = (.04)(100%) = 4%
(b) dS = E (04) Sem = (£) (100%) = (&) () (100%) = 8%
(©) dV = 102 04) = Bem = (§) 100%) = (3) (5 ) (100%) = 12%

22

132. Similar triangles yield % = % = h = 14 ft. The same triangles imply that M = % = h=120a"!'+6
= dh=—-120ada=—-"Rda=(—2) (£ 5)=(-8)(£5) = £ 5~ +.0444ft = +0.53 inches.
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