CHAPTER 2 DIFFERENTIATION

2.1 TANGENTS AND DERIVATIVES AT A POINT
1. Pll m; = 1,P2: my = 5

. _ 5 . _ 1
3. Pl. ml—i,PQ. mg——§

B-(1+0)’-(B-(=1
h

5. m= lim

h—0
p— — 27 . p—
— 1im L}W — lim @:2;
h—0 h—0

at(—1,2): y=2+2(x—(-1) = y=2x+4,
tangent line

6. m= lim [(1+h71)2+1117[(171)2+1] — lim hFZ 5y
h—0 h—0
:hliinohzo;at(l,l): y=140x—-1) = y=1, \ y =241

tangent line

(1,1) y=1

. 2/T+h-2y/1 . 2/T1h-2 2y/T+h+2
7. m= lim +7‘/_:llm + . tht
h—0 h h—0 h 2/T+h+2

= lim M-t C— g 2 —
h—0 20 (vi+h+1) —0 V1+h+1

at(1,2): y=2+1x—-1) = y =x+ 1, tangent line
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56 Chapter 2 Differentiation

1 1
T Clen? — 12 _ s 1—(=1+h)
8. m—hllno b _hlino h(—1+h)?
— 1 —(=2h+0?) _ 2-h _ _ 5.
= imy Serenr = iy e =%

at(—1,1): y=142x—-(-1) = y=2x+3,

tangent line

(=2+h) + 1—((=2)3+1)

= lim

—8+412h —6h? + h® +8

9. m= lim o
h—0 h h—0 h WL y=x+1
= lim (12— 6h+h?) =12; y=12c+17 ] 3F
h—0 oL
at(72577)y:77+12(X7(72)):>y:12'x+17, I 1/'- T R B | x
. -4 -3 =2 1 2 3 4
tangent line -r
ok
-3
4
5L
-6
2-n¢ -7+
T 8—(=2+h)? Y
— s (=2 +h) (=2) _ s —06—(—
10. m*hlgn b *hlgno —8h(—2+hy?
T —(12h=6h%+h3) _ . 12— 6h +h? L
—hlgno —8h(=2+h)° —hlgno 8(=2+hy’ (-2~ 18) : s
_ 12 _ _ 3.
~ 8(=8) — 16’
at(=2,—3): y=—-1-32(x—-(-2)
= y=— 3 x— 1, tangent line
2 2
11. m = lim [(@+h)*+1]-5 lim (5+4h+h%) -5 lim h¢+h — 4:
h—0 h h—0 h h—0 h
at(2,5): y —5 = 4(x — 2), tangent line
— 2] _ (— . -2 — — 2 . -3 -
12 m= lim Qw2040 -D _ o (I4h=2-4h—2b)+1 _ . h(-3—2h) _3.
h—0 h h=0 h h=0 h
at(1,—1): y+ 1 = —3(x — 1), tangent line
13 m= lim E90273 _ iy GED=30+D _ o ok s
) T ho0 h T hoo h(h+1) Thoo ha+D T T2
at (3,3): y —3 = —2(x — 3), tangent line
14. m = lim (th>2‘ — lim 8—22+h? __ lim 8—2(4+4h+h?) _ lim —2h(4+h) — =8 _ _».
e h Thoo BM2ThZ T D h(Z + h)? Tho et T F T o
at(2,2): y—2=-2(x—-2)
15. m= lim @+’ -C+m)-6 _ 0 (6+1lh+6h’+h)—6 _ . h(ll+6h+h) _ .
' h—0 h h—0 h h— h ’

at(2,6): y— 6 = 11(t — 2), tangent line
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Section 2.1 Tangents and Derivatives at a Point

. 3 _ . 2 3 _ . 2
m= lim [d+h) +i(l+h)] 4 _ lim (14+3h+3k +}f1 +3+3h) -4 lim h(6+ih+h) -6
h—0 h—0 h—0

at(1,4): y —4 = 6(t — 1), tangent line

. 4rh-2 . VAth—2 \J4fh+2 . _
m= lim +h :hmo +h VAR R TN )k S

. h _ 1
n P VA+h+2  h—o h(x/4+h+2) 7hh—l>n0 h(\/4+h+2) T V42
= %; at(4,2): y—2= %(x — 4), tangent line

m= lim Y@®fW+1-3 o VO9+h=3 VO+h+3 o OFW-9 5y b

=0 h h—0 h VO+hE3 T h—0 n(VO+h+3)  h—0 h(VO+h+3)

=4 =13t(8,3): y—3=1(x—28), tangent line

Vo436 y 6 g

Atx=—1,y=5 = m= lim “1EW'=5 _ |y S=2h+h)=5 _ i =240 — 10, slope
’ h—0 h h— h h—0 h ’
Atx=2,y=-3 = m= lim [=@+h]-(=3) _ |y (=4=h-b)+3 “heé4h) — 4 slope
’ h—0 h h—0 h h—o b ’
1 1

_ _ 1 1 Gih-1_2 __ 713 2—-2+h) _ g —h _ 1

Atx=3,y=3 = m_hlgn(] S _hhin0 S TYeREN) _hhino o = 7» slope
. = - (=D . (h—D+(h+1) . 2h

— —_ J— +1 — j— —_

Atx=0,y=—-1 = m—hlgnO bl — —hh_r)n0 CES)) _hh_r)n0 CEE)) =2, slope
2 — 11 = (x2 _
At a horizontal tangent the slopem =0 = 0 =m = hlim0 [x+h) +4(X+h)h = 4dx = 1)
—

. 2 2 1) — (x2 _ . 2 .

_ iy (%t2hen +4x+}411h D=4 =1 _ i M = lim 2x+h+4)=2x+4:
h—0 h—0 h—0

2x+4=0 = x=—-2. Thenf(-2) =4—-8—-1= -5 = (-2, -5) is the point on the graph where there is a
horizontal tangent.

_ T h? —3x+h)]-(x*-3x) _ (x* 4+ 3x%h + 3xh? + h® — 3x — 3h) — (x* — 3x)
0=m= lim &F = lim
h—0 h h—0 h

:ﬂmoﬁiﬂgéﬁ;@:Jm%@ﬁ+3m+hlf$:3ﬂf3ﬁﬂf3:0:>x:;&mx:l/Mm

f(—1) =2and f(1) = -2 = (—1,2) and (1, —2) are the points on the graph where a horizontal tangent exists.

1 1
1 — N GFrh—T _ x—1 __ 13 x=D—-x+h-=-1D _ 1. —h _ 1
1*m*h1£n0 h *hlgno hx—Dx+h—-1) *hlgno x—Dx1h-1 — =172

= x—12=1=x>-2x=0 = x(x—-2)=0 = x=0o0orx=2. Ifx=0,theny = —l andm = —1
> y=—1-x—-0=—-x+1). fx=2,theny=1landm=-1 = y=1—-(x—-2)=—(x—3).

1 . x+h—/x . Vx+h—/x  /x+h+/x . (x+h)—x
z=m= lim ~———= = lim . = lim ————=
4 h—0 h h—0 h Vb Vx T =0 b (Ve V&)
= lim ——t =1 Thus,! =-1- = /x=2 = x=4 = y=2. The tangent line is
h—0 h( x+h+ﬁ) 2v/x 42V y g
y=2+ix-4H=3+1
2 2 2
li e —f2) _ (100-4.92 +hy) — (100-4927) _ y; —4.9 (4 +4h + 1) +4.9(4)
h o h h oo h h o h

= hlimO (—=19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of

19.6 m/sec.

. _ . 2 _ 2 . 2

lim f(10+h}: 10 — im 3(10+h)h 300 _ i 3(201111+h) — 60 fi/sec.
h—0 h—0 h—0
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58 Chapter 2 Differentiation

29 lim B+h-6 _ 4

. 73+ h)? — 1(3)? . 7[9+6h+h% —9] .

im —————> — |lim —+“~——— = lim ®(6+h) =67
h—0 h h—0 h h—0 h h—0 6 +h

. £ . 4T (24 h)® — 42 (2)° . 47 [12h 4 6h% +h?
30. lim, K2+ -2 = lim R % 120+ 6h? + 1]

1 47 2] —
Jim . —hlgn0 T [12 4+ 6h +h*] = 167
31, lim mGoth)+b) -

mxg +b) = lim mxo+mh+b—mxo—b lim mh __ lim m=m
h—0 h h—=0 h h—>0 b
y — (mxo +

h—0
b)=m(x—xp) > y—mxp—b=mx—mxp - y=mx+Db

2—/4+h
2. fim B g S g 2ovATE o VIR RevE)
"h—0 h h—0 h h— 0 2hy4+h h
1 —h

- 4—(4+h)
= 11mm
=0 2h\/4+h(2+\/4+h) h—0 2h\/4+h(2+\/4+h)
= lim ——— 1 =
h—0 2h\/4+h(2+\/4+h)

- -1 -1 -1
= lim ==
h—0 2\/4+h(2+\/4+h> 2/4+02+/4+0) 16

—)m:%ﬁl

.. . { —fi . h? sin (& . .
3. Slope at origin = lim WO+h-10 - Jim = G — Jim i sin (1) =0 = yes, f(x) does have a tangent at
the origin with slope 0.
. - . hsin (& . . . . . .
34. h11rn0 M = hh . SH}‘](“) = h11m0 sin % Since h11mO sin % does not exist, f(x) has no tangent at
— — — —
the origin.
35. lim OER=IO o gim =120 = oo and lim RO = jim 120 = o, Therefore,
h— 0~ h— 0" h— 0" h— 0"
lim  fO+h —f©)
h=0 h

=00 = yes, the graph of f has a vertical tangent at the origin.

. UO0+h-U©0) _
36.  lim ZOER-PO -

lim %! =oc,and lim Y¢HN=UO0 — jim 1=l =0 = no, the graph of f
h— 0~ h— 0~ h— 0" h— 0"
does not have a vertical tangent at (0, 1) because the limit does not exist.
37. (a) The graph appears to have a cusp at x = 0. Y
g =2/
(0,0)

b) lim fO+EW-f0 _ i b¥°-0
( ) h— 0" h h— 0" h

= lim - =—ooand lim -
h— 0" h +

pm e = oo = limit does not exist
=
= the graph of y = x2/5 does not have a vertical tangent at x = 0.

38. (a) The graph appears to have a cusp at x = 0.

lim  fOEWZIO gy 0RO
®) h— 0~ h h— 0~ h

= lim h%s:—ooand lim
h—0" ! h— 0"

=% =00 = limit does not exist
= y = x*° does not have a vertical tangent at x = 0.
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Section 2.1 Tangents and Derivatives at a Point

39. (a) The graph appears to have a vertical tangent at x = 0.

_J1/5
(0, 0) y=X

]

(b) lim w = lim X 5h_0 = lim - =00 = y =x%has a vertical tangent at x = 0.
h—0 h—0 h—o0 b
40. (a) The graph appears to have a vertical tangent at x = 0. e
3/5
(0,0 y=x!

(b) lim w = lim 511_0 = lim L = oo = the graph of y = x*° has a vertical tangent
h—0 h—0 —

h—o0 b
atx = 0.
41. (a) The graph appears to have a cusp at x = 0. 4
5
y=ax/5 o
3
X
-1 0 1 2
lim V-0 _ gy P2 gy 42— _ooand lim | A —2=
®) h— 0" h h— 0" h h— 0 h° coa dh—>OJr hi/? &

2/5

= limit does not exist = the graph of y = 4x“/° — 2x does not have a vertical tangent at x = 0.

42. (a) The graph appears to have a cusp at x = 0.
L 53 5,203

y
(0,0)

(2.0,-4.76)

b) lim (WO _ jjpy DS iy p2/8 — 5. =0 — lim -3 does notexist = the graph of
(b) h—o0 h h—0 h he0 hi/3 ny niE grap
y = x%/3 — 5x2/3 does not have a vertical tangent at x = 0.
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60 Chapter 2 Differentiation

43. (a) The graph appears to have a vertical tangent at x = 1 y
andacuspatx =0.

y=x2/3-(x-1)]/3

-1 0 1 2

2/3 1/3 2/3 _ /3 _
(b) x=1: lim QW0 DTo1 gy (W] o

h—0 h
= y=x*% — (x — 1)/3 has a vertical tangent at x = 1;

_ . 2/3 _ W3 1)1/3 . —_ 1\1/3
(O+0) —f0) _ 5y M- 1})1 DY [}1117/’37(11 h1) Jrﬂ

3

x=0: lim o
h—0 h—0

does not exist = y = x*/3 — (x — 1)/ does not have a vertical tangent at x = 0.

h—

44. (a) The graph appears to have vertical tangents at x = 0 and y
x= 1. 2

-1 /.5 1.5

y=x"34(x-1)1/3

. —f . 1/3 _1\/3 _(_1\1/3
(b) x=0: lim w:hhm0 h™+k li/ EDE — o = y=x4+x—-1DYhasa

vertical tangent at x = 0O;

x=1: lim M= _ 4y
h—0 h h—0

vertical tangent at x = 1.

1/3 DYV
(1+h) +(1h+h DP-1l o = y=x3+(x— )3 hasa

45. (a) The graph appears to have a vertical tangent at x = 0. y

b) lim [OEW=O gy VA0 gy L o

() h— 0t h x — 0F h h—0 ﬁ
lim  MOEN=O iy VBIZ0 iy oV iy L= oo
h— 0 h— 0 h—0" ~I h— 0 VI

=y has a vertical tangent at x = 0.
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Section 2.2 The Derivative as a Function

46. (a) The graph appears to have a cusp at x = 4.

(b) lim TN iy VEZGERIZ0 g, VIR

lim - = oc;
h h—ot vh

h— 0" h— 0" h— 0"
lim MR iy VRGN g VL gy Lo
h— 0 h— 0 h—0- —h " h=o- ViRl

= y = /4 — x does not have a vertical tangent at x = 4.

47-50. Example CAS commands:

Maple:
f:=x->x"3+2%x;x0:=0;
plot( f(x), x=x0-1/2..x0+3, color=black, # part (a)
title="Section 2.1, #47(a)" );
q := unapply( (f(xO+h)-f(x0))/h, h ); # part (b)
L :=limit( g(h), h=0); # part (c)
sec_lines := seq( f(x0)+q(h)*(x-x0), h=1..3); # part (d)

tan_line := f(x0) + L*(x-x0);

plot( [f(x),tan_line,sec_lines], x=x0-1/2..x0+3, color=black,
linestyle=[1,2,5,6,7], title="Section 2.1, #47(d)",
legend=["y=f(x)","Tangent line at x=0","Secant line (h=1)",

"Secant line (h=2)","Secant line (h=3)"] );
Mathematica: (function and value for x0 may change)

Clear[f, m, x, h]

x0 = p;

flx_]: = Cos[x] + 4Sin[2x]

Plot[f[x], {x,x0 — 1,x0 + 3}]

dq[h_]: = (f[x0+h] — f[x0])/h

m = Limit[dq[h],h — 0]

ytan: = f[x0] + m(x — x0)

yl: = f[x0] + dq[1](x — x0)

y2: = f[x0] + dq[2](x — x0)

y3: = f[x0] + dq[3](x — x0)

Plot[{f[x], ytan, y1,y2,y3}, {x,x0 — 1,x0 + 3}]

2.2 THE DERIVATIVE AS A FUNCTION

1. Stepl: f(x) =4 —x%andf(x +h) =4 — (x + h)?
fx+h) —fx) _ [4—Gx+h?—(4—-x*) _ 4—x*-2xh—h?)—4+x> _ _2xh—h> _ h(-2x—h)
h = h = =

Step 2: 5 = o o

=-2x—h
Step 3: f'(x) = hlim0 (—2x —h) = =2x;f'(—=3) =6, f'(0) =0, f'(1) = -2

2. F() =(x—D?+landFx+h) = (x+h— 1) +1 = F(x) = lim (b= 1 1 =[x = 1Y 4 1]

. 2 2 _ 9y _(x2_ . 2_ .
— lim (x*+2xh+h® —2x 2h+hl+1) (=2x+141) lim th+}k: 2h _ hhmo (2x +h—2)
—

h—0
= 2(x— 1) F(=1)= -4, F(0) = —2,F(2) =2
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Chapter 2 Differentiation

Step 1: g(t) = % and g(t + h) = ﬁ
(t+h) —g(®) e <lf1(li>th2’2> 2 — ( +2th+h?)
. t+h)—g® _ arn? 2 _ \ @& ) 22— (¢ 42th+h*)  _2th—h?
Step 2: £ h 2= - h - (t+h?t-h 7 (t+h?¢ch
_ h(=2t—-h) _  —2t—h
T~ (t+h32eh T (t+h)?2e
Step3: g0 = lim 2ok = 2 = Pi(-D=2¢@) =L (V3) =%
1 1—(z+h) . (%?z(i*hi” - 1‘77)
k(Z) = Q;ZZ and k(Z =+ h) W = k,(Z) = hlin() %
— 1; d-z—-hz-QA-2)z+h _ z—z—zh—z—h+z +7zh __ q; —h _ 1 -1
= im 2(z + hyzh = Jim, 2(z+hyzh = Jim o tha = 0 sGime
=KD =LK = - LK (V2) = -1
Step 1: p(#) = /30 and p(6 +h) = /3(0 + h)
Step 2: p@-+h) —p@) _ \/3(9+h V30 _ (\/39+3 —\/ﬁ) . (v39+3h+\/§) _ _ (39+3h)—
) h h (\/39+3h+ ﬁ) h(\/39+3h+ \/3—9)
3h _ 3
h(\/39+3h+\/§) T \/30+3h+/30
_ 3 _ 3 _ 3 . _ 3 / _ 1 /(2
Step 3: p'(0) = hlgn() \/39+3h+m—\/3—“\/3—9——2\/@&(1)—2\/5,[)(3)—2,13(3)

1(s) = /2s+ land r(s + h) =

2s+h)+1 = r’(s):hliglo e

= lim

(\/25+h+l—\/2s+l) ‘

(\/2s+2h+l+\/25+1)

(2s+2h+1)— (2s+ 1)

h—0 h

( s+ 2h+ 1+ 2s+1) h h( s+ 2h+ 1+ 25+)

‘w

N

—2x3

_ 2 )
—hlino h( 2stohtl+ 25+1> h1—>0 V25 t2ht L+ /251 \/25+1+\/25+1 T 2y/2s+1
1 1
:m,r(O)_lr’(l)_\T rl(i):ﬁ
. 3 _ 3 . 3 2 2 3
y = f(x) = 2x% and f(x + h) = 2(x + h)* = ¥ = lim 2EW=2C iy ZOCEIChE SN 4R
h—0 h—0
. 2 2 3 . 2
:hlgn() Sx'h +6xb’ + 2 :hhino w :hhin (6x2 + 6xh 4 2h?) = 6x2
G+h? [3 ]
+1 1
s dr _ [ ] 2 _1 [(s+h)®+2] —[s°+2]
=g+l = = lim 7 =y Jim, ;
. 3 2 2 13 _ 3 . 2
= § Jim SRR — 4 lim h[35"+ 3sh+ 1) =g lim (3s* +3sh %) =
— —
t+h d (2(14[:12)}]4r 1) B (ﬁ)
— — S __ 3
S = r(t) 2[+1 and r(t+h) 2t+h)+1 = a = hlgno g
(t+h)Q2t+1)—t2t+2h+1)
— lim ( @t+2h+Dt+ D) )_ hm E+h)@t+ D —t@2t+2h+ 1) _ lim 2t + t+2ht+h—2t2 — 2ht — t
I h I Qt+Zh+ DR+ Dh (2t+2h+ DRt+ Dh
hm h = lim L = L = 1

My @+t D@+ Dh —

py @rF2ht DD T @FD@ED @12

ht+h)t t+(t+h)
dv [("H‘) l+h} (t-1) . h—gg+d . ( BT )
T = 1 o = lim —g— = lim —s
h—0 h—0 h—0
_ 1 h +h*+h _ 1 Carht+l 241 1
- hlgno h(t+ht hlgno (t+ht =1+ 2
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Section 2.2 The Derivative as a Function

1 _ 1
Il p=fq) = A= andfiq+h) = =t = £ = lim <Wq+h>+‘2 (an)
NCEREN e e
i (ﬁ)_l oRa SN 2 N Ve SN2 2 W ea Y e
*}Ho By haThTvarT o n

hy/grh+i/a+1  (Vati+/a+h+1)

—h

hino hy/q+h+1/q+1(\/q+1+/q+h+1)
_ _ -1
—hlino \/q+h+1x/q+l(\/q+1+\/q+h+l) T Va+1ya+1(q+1+

@@+D—-(@+h+1

hﬁo hy/q+h+1,/q+1 (\/q+ +vq+h+1) =

— -1
+1) 7 2q+D/q+1

1 1
dz _ 1: (\/3(W+h)*27\/3w—2> _ V3w —2—+/3w+43h—
12. = lim lim
dw — 1’5 h T h—0 h\/3w+3h 2/3w—2
(\/3w727\/3w+3h72) ( 3w—2++/3w+3h— )

= lim lim Bw—=—2)—(3w+3h-2)

h—0 hy/3w+3h-23w-2 (\/3w 243w+ 3h— ) h—0 h\/3w+3h 2/3w— 2(\/3w 243w+ 3h— 2)
= lim =3 - -3

h—0 \/3W+3h—2\/3w—2(\/3w—2+\/3w+3h—2)

\/3w—2\/3w—2(\/3w—2+ \/3w—2) T 26w-2)/3w—2

b ) XD+ | xS
13. 60 = x + 2 and f(x +h) = (x + h) + 2 = O o _ [0 *<+hh)] 4]

_ x(x +h)? +9x —x*(x + h) = 9(x + h)

_ X34 2x%h+xh? 4+ 9x—x°* —x*h—9x—9h __ x*h+xh?’—9%h

x(x + b)h = X(x + h = T Xx+hh
_ hx®+xh—9) _ x24xh—9. ¢/ T X24+xh—-9 _ x>-9 _ 1 _ 9 .. i A\ _
~  x(x+hh T x(x+h) f(x)fhlgno x(x+h T x2 =1 2 ’mif( 3)70

1 1
14. k() = 515 and k(x + h) = 77— = K(0) = Jim Ktk = jim (et )]

h—0 h
= lim &0-Q@+x+h) —h

_ — / _ 1
Ty o txrh My h@ o2 Fxrh) hlgno (2+X)(2+x+h) (2+x)wk(2)— 1
ds _ 1: [(t+h? =+ - (E—2) _ . (t® +3h + 3th> + h®) — (2 + 2th + h?) — * 4- 2
5w = hlgno h - hh—r>n0 h
2 2 _ _
:hhmo 3t2h+3th2+hh3—2th—h2 :hhmo h (3¢ +3th41:h 2t—h) _ hm (3t2 + 3th 4+ h? — 2t — h)
— —
_ 1¢2 __ds _
=3t"-2tm=g|_ =5
dy _ 1: x+h+ 1P —x+1)3 _ . (x+ 13 +3(x+1)*h +3(x + Dh? + h? —(x + 1)?
16. & _hhin() _— —hlgn0 o
= lim Bx+ D?+3(x + Dh+h? =3(x+ 1)) m= ¢ =3
8 8
_ _ 8 _ 8 fx+h)—fx) _ Vexh-—2 x_2
17. f(x)—mandf(x—l—h)— V(e = m = o
_ 8 (Vx—2-vx+h-2) ' (Vx=2+vx+h-2) _ 8(x—2)— (x+h—2)]
hy/x+h—2/x-2 ( X2+ x+h—2) h\/x+h—2\/x—2( x—2+ x+h—2)
—8h
= = f'(x) = hm
hy/x+h—2+/x-2 ( x—2+/x+h— ) (0 = Vxth—2x-2 (\/x— +v/x+h- )
_ — _ —4 ! _ 1 :
= \/E\/E( x72+ 72) = (kz)m m = f'(6) = 4\/— = — 5 = the equation of the tangent
lineat(6,4)isy—4_——(x—6)éy—77X+3+4;»y_7—x+7

, . (1+\/4—<Th))—(1+\/4:) ) (\/ﬁ—\/E) (M+\/E)
18. g(z):hh_{nO A = lim

h—0 h ) (\/4—Z—h+\/4—Z
— G-z=h-G-2 _ | N T
o h(¢T+¢TZ) ho0 h(Va-zhea-z) pim, (Va—i-h+va—z)  2/a-z’
m=g@3)= 2\/— —% = theequationofthetangentlineat(3,2)isw—2———(Z—3)
:>W:—§Z+§+2:>W:—%Z+%.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Chapter 2 Differentiation

dt

cs=f)=1-3Cand f(t+h) = 1 = 3(t+h)?* =130 —6th —3h* = § = lim 510

= lim
h—0 h

y—f(x)—l— and f(x + h) =

(1-32—6th—3h*) — (1-3¢%) _ hlimo (—6t — 3h) = —6t = ds = 6

dt

1 :>dy—hm

Al =10 = fim %

dx =0 h e
1 1
— Ti X x+h _ i _h 1 1 dy 1
o hh—r>n0 h - hh_I,nO x(x+hh hh—I>nO Xx+h) — X2 = i w3 =3
2 2
r = an — = & — |jm X = |im Y/ V-7
f(6) = \/7 df(@ +h) = \/4*20Th) dr hl ) f(t9+h}: () hl ) SRRV
- —
— lim 2V4-0-2V4-0-h _ 1 2V4-0-2V4-6-h (2v1=6+2v/2=0-1)

h—0 h/4—0/4—6-h

Ch—0 hA-0V4-0-h  (2/4-g+2//4-0-h)

4(4—6)—4(4—6—h)

li 2
= i, zh\/_W(\/_+W) = i, Va—0/b—0—n (va—0+/i-0-1)

1

- <4—9>(z\/m) - W@ﬂ = lo—o = 5

w=fz)=z+/zandfz+h) =(z+h +z+h = &= 11310%

(z+h+¢?) CrvD) h+\/; hty/arh- 7 _

=l li 1 .
h o T h—0 “aly [T (Va+b+ya2)
@th -z _ _ ; L {4l odw| s
_1+h1£no h(Vzth+vz) l—i-hlgno VZtht/z 1"’_2\/2 = dlea T

’ o f2) (X)) 742 TX42 . 1s (x+2)—(z+2) _ X—z —1 _1
f (X) - Zlgnx z—x Zlgnx +z—x+ - Zlgnx (z—x)(z+2)(x+2) Zlgnx(z x)(z+2)(x+2) — Zlgnx Z+2)(x+2) (x+2)*
1 L

— Iim (@ -f®) o -2 6D g (x=1°-(=1)°  _ g (k=) - (z=D]x=1)+(z-1)]
fi(x) = Jim =5~ = Jim == — = M e o1 — A o oe- a1
_ (x—2z)(x+z-2) __ im —1(x+z-2) _ -1(2x-2) _ =-2(x-1) _ -2
T 2oxz-x)z-1)'x-1)? T z—=xz-1)*x-1)°7 " x-1)' = -1 T x-1)°
() — g —g() _ i I fipg 2x=D-x(z=1) + — -1
g (X) - Zlgnx zZ—X - Zlgnx é— X b= Zlgnx(z—x)(z—l) x—1) le_) X (z— x)(zZ— 1))(()(—1) Zlgnx(z—l)(x_l) - (x—1)2
I(x) = lim £2 =86 _ iy 0EVA=0+VY) NRVER i - L 1
g(x) Zlgnx 7 —x *Zlgnx Z—x 1gnx z—X f—&-\f zlﬂx z—xz(\f+\f) zlgnxﬁﬁ-\/;*?\/;

Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x = 0), then positive

= the slope is always increasing which matches (b).

Note that the slope of the tangent line is never negative. For x negative, f5(x) is positive but decreasing as x increases.

When x = 0, the slope of the tangent line to x is 0. For x > 0, f5(x) is positive and increasing. This graph matches (a).

f3(x) is an oscillating function like the cosine. Everywhere that the graph of f3 has a horizontal tangent we expect f} to be

zero, and (d) matches this condition.

The graph matches with (c).
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Section 2.2 The Derivative as a Function

31. (a) f’isnotdefined at x = 0, 1, 4. At these points, the left-hand and right-hand derivatives do not agree.

For example, lim t(x) f(o) = slope of line joining (—4,0) and (0, 2) = % but lirr(l)+ w = slope of
X—= X —
line joining (0,2) and (1, —2) = —4. Since these values are not equal, f'(0) = limO % does not exist.
X —

(b)

33. Left-hand derivative: For h < 0, f(0 +h) = f(h) = h? (using y = x2 curve) =  Jim USRS L
= lim "=0— Jim h=0;
h—0 h—0

Right-hand derivative: For h > 0, f(0 4+ h) = f(h) = h (using y = x curve) = N liH(l) . w

= lim hh;o = lim 1=1;
h— 0t — 0
Then . lirr(1) w £ ) hr%+ w = the derivative f’(0) does not exist.
— —

34. Left-hand derivative: Whenh < 0,1+h<1=f(1+h) =2= lim_ MAR-1D - im 222 = lim 0=0;

Right-hand derivative: Whenh >0, 1+h>1 = f(1+h)=2(1+h=2+2h = un%+ flhl—fh

= lim @52 = lim T= lim 2=2
h— 0" h— 0" h— 0"
Then lim M # lim w = the derivative f'(1) does not exist.
h— 0" h— 0t

35. Left-hand derivative: Whenh < 0,1+h<1 = f(1+h) =+/1+h =  Jim M-

e 0 O CA ) U ) R (P R A S
h—0" h h= 0" h (Vi+h+1) ~ h—0" h(\/1+h+1) h—0 VIi+th+1 27
Right-hand derivative: Whenh >0,14+h>1 = f(1+h)=2(1+h)—1=2h+1 = hm%+ M -KD
-
= lim %: lim 2=2;
h— 0" h— 0"
Thenhlir% M #hhn%)+ M = the derivative f'(1) does not exist.
— —
36. Left-hand derivative: lim D= — . GED=1 g3y 1 =
h— 0" h h— 0" h h— 0"
(1 +h) — f(1 (ﬁ*l) (71 1(]?))
Right-hand derivative: lim =0 = iy = i LR
h— 0" h— 0* h— 0"

— 5 “h o pm =l — 1.
= im farm = imo5R =k

Then lim w # lim W = the derivative f'(1) does not exist.
h— 0" h— 0"
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37.

38.

39.

40.

41.

42.

43.

44.

45.

Chapter 2 Differentiation

(a) The function is differentiable on its domain —3 < x < 2 (it is smooth)
(b) none
(c) none

(a) The function is differentiable on its domain —2 < x < 3 (it is smooth)
(b) none
(c) none

(a) The function is differentiable on —3 < x < 0and 0 < x < 3

(b) none
(c) The function is neither continuous nor differentiable at x = 0 since lirr(l) f(x) # liII(l) . f(x)
X — X —

(a) fisdifferentiableon —2 <x < —1,-1<x<0,0<x<2,and2<x<3

(b) fis continuous but not differentiable at x = —1: lim . f(x) = 0 exists but there is a corner at X = —1 since
X — —
lim CHEN=ED = 3and lim SHER=FED =3 /(1) does not exist
h -0~ h— 0"

(c) fis neither continuous nor differentiable at x = 0 and x = 2:
atx =0, lim f(x)=3but lim f(x) =0 = lim_ f(x) does not exist;
x—0 X — 0F x—0

at x =2, lim_f(x) exists but lim_f(x) # f(2)
X — 2 X — 2

(a) fis differentiableon —1 < x <Q0and0 < x <2
(b) fis continuous but not differentiable at x = 0: lim0 f(x) = 0 exists but there is a cusp at x = 0, so
X —

£/(0) = lim D=1 g4eq not exist
h—0 h

(c) none

(a) fisdifferentiableon —3 <x < —2,-2<x<2,and2<x<3
(b) fis continuous but not differentiable at x = —2 and x = 2: there are corners at those points
(c) none

. . 2 2 _ _ 92 _
y/: lim — lim 2x+4xh +2h” — 13x — 13h +5 —2x* 4+ 13x =5

h—0 h—0 h

= hlimO w = hlim0 (4x + 2h — 13) = 4x — 13, slope at x. The slope is —1 when4x — 13 = —1

= 4x=12 = x=3 = y=2-32—-13-3+5= —16. Thus the tangent line is y + 16 = (—1)(x — 3)
=y = —x — 13 and the point of tangency is (3, —16).

(2(x + )2 — 13(x + h) + 5) — (2x> — 13x + 5)
h

(S5 ) (T84 0A)

For the curve y = /X, we have y/ = lim (xth)-x
y f y h—o0 h

= lim —————

) (\/x+h+\/§) h—0 (\/x+h+ﬁ)h
= hlimO m = ﬁ . Suppose (a, \/5) is the point of tangency of such a line and (—1, 0) is the point on the line

Va-0

where it crosses the x-axis. Then the slope of the line is e = H—dl which must also equal 2%/5; using the derivative

Vi _ 1

formulaatx =a = M5 = NG = 2a=a+1 = a= 1. Thus such a line does exist: its point of tangency is (1, 1),

its slope is 2%/5 = 1; and an equation of the lineisy — 1 = 1 (x — 1) = y = $x + 1.

(a) Suppose [f(x)| < x? for —1 < x < 1. Then [f(0)| < 0> = f(0) = 0. Then f'(0) = Jim WOrh-10
= lim ®=0_ ji;m ™ Forh|<1,-h?<f(h)<h? = —h<®W <h = f0)= lim W =9
h—0 h h—0 h h h—0 h
by the Sandwich Theorem for limits.
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Section 2.2 The Derivative as a Function 67

(b) Note that for x # 0, [f(x)] = |x* sin 1| = [x?| [sin x| < [x?| - 1 = x? (since —1 < sinx < 1). By part (a),
f is differentiable at x = 0 and f'(0) = 0.

46. Weierstrass's nowhere differentiable continuous function.

2\ 2\? 2\?
8(x) = cos(wx) + (3) cos(Orx) + (3) cos(9*rx) + (3) cos(9’rx)

2 7
+- 4 (3) cos(9nx)

47-52. Example CAS commands:
Maple:
fi=x->x"3 +x"2-x;
x0:=1;
plot( f(x), x=x0-5..x0+2, color=black,
title="Section 2.2, #47(a)" );
q := unapply( (Foe+h)-f())/h, (xh) ); #(b)
L :=limit( g(x,h), h=0); #(c)
m := eval( L, x=x0 );
tan_line := f(x0) + m*(x-x0);
plot( [f(x),tan_line], x=x0-2..x0+3, color=black,
linestyle=[1,7], title="Section 2.2 #47(d)",
legend=["y=f(x)","Tangent line at x=1"] );
Xvals := sort( [ x0+27(-k) $ k=0..5, x0-2”(-k) $ k=0..51): #(e)
Yvals := map( f, Xvals ):
evalf[4](< convert(Xvals,Matrix) , convert(Yvals,Matrix) >);
plot( L, x=x0-5..x0+3, color=black, title="Section 2.2 #47(f)" );
Mathematica: (functions and x0 may vary):
<<Miscellaneous'RealOnly"
Clear[f, m, x, y, h]
x0= 7 /4,
f[x_]:=x* Cos[x]
Plot[f[x], {x,x0 — 3,x0 + 3}]
q[x_, h_]:=(f[x + h] — f[x])/h
m[x_J:=Limit[q[x,h],h — 0]
ytan:=f[x0] + m[x0] (x — x0)
Plot[{f[x], ytan},{x, X0 — 3, x0 + 3}]
m[x0 — 1]//N
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m[x0 + 11/N
Plot[{f[x], m[x]},{x, x0 — 3, x0 4 3}]

2.3 DIFFERENTIATION RULES
. y=—x*43 = g_iz L(x)+4@)=-2x+0=-2z = LI =-2

dgy

2. y=x’+x+8 = F=22%x+14+0=2x+1 = {I=2

el
* =

3. s=50-30 = & =d(53) - 430) =152 — 15¢ = &5 = 4 (15¢) — 4 (15t1) = 30t — 60¢°

4. w=3z"-723 + 212> = %—‘;’ =215 - 212> + 42z = %27‘? = 1262° — 42z + 42
3. y:4x3—x:>d—y:4x2—1:>327y:8x

6. y:%3+%2+§:>g—i:x2+x+%§—§:2x+l+0 2x + 1

18

7o w=3z2 -z = W= 63472 =20+ L = Sy 181278 =1

R

8 s=-2t144t2 > S 2 g3 =2 8 5 S g3 goqt A U

9. y:6x2—10x—5x’2:>d—y— 12x — 10+ 10x % = 12x — 10+ 19 = —{ 2-0-30x*=12—

10, y=4-2x—x3 = ¥ = 243x* =2+3 = &0 12x7 ==L

lor=1s2-3sl 5 &= 243135622245 o &r_pet _563=2_3

120 1=12071 4073 4074 = & = 12072 11207 — 400 = R+ 24— Lo 9493 48975 12007
g___’_zo
= ® 05

13.@ y=06-x)—x+1) = y=0@-x)- L —x+1)+x-x+1)- L (3-%%
=3B-x)Bx2—-1)+ (x> —x+1)(—2x) = —5x* + 12x> — 2x — 3
b)) y=—x>+4x> = x> -3x+3 = y = -5x* +12x> - 2x - 3

14, (@) y=(x—D(24x+1) = y == Dx+ D+ (x2+x+1)(1) = 3x2
(b) y:(X—l)(X2—|—x+l):X3_l :>y/:3X2

15. (@ y=x4+1D)(x+5+1) = y=x>+1)-L x+5+3) + (x+5+1)- L (x> +1)
=x+D)1-x2)+x+5+xH)2x) = (2—1+1—x*2) + (2x2 +10x+2)—3x +10x+2— %
b)) y=x}+5+2x+5+1 = y =3+ 10x+2 - %

16. y:(x—i—%) (x—%—!—l)

@ y=x+xH-(1+x2)+(x-x"! )(l—x N=2x+1-%+3
b y=x*+x+1-4 = y=x+1-5+3
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18.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Section 2.3 Differentiation Rules

y = 2+£3 ; use the quotient rule: u=2x+5andv=3x—2 = v =2andVv =3 = y = w
_ Bx=2@Q)-(2x+503) _ 6x—4—6x—15 _ _—19
(3x —2)? - (Bx —2)2 T (3x—2)
= 2l odz _ (C-@-@x+ D0 _ 2 -2-dxioox _ —2xPo2x—2 _ 22(4x+])
x2—1 dx (x2—1)* (x2—1)* (x2—1)° (x2—1)°

. g(x) = HOS,usethequotientrule: u=x>—4andv=x+05 = v =2xandVvV =1 = ¢x) = u

_ G400 - (=D _ 2 +x—x"+4 _ x2tx+4

(x+05)7 T T x+052 T (x+057
— -1 _ (=D+]) 4l ey — DW=+ D) _ t42-t-1 _ 1

f)=p75= (t+2)(t—-1) — t+2’t5'é 1= )= (t+2)° T @+2? T (t+2)?

_ (1 _ 11—t dv _ (1+) (= 1)—(1—t)(2t) —1-t2—2t42t2 _ 2-2t—1
v=>A-001+8) " =% a = (1+e) 2’ (+e7

_ Xx+5 _ xX=-DH-Ex+512) _ 2x-7-2x—-10 _ _—17
W=t = W " Ox= 7;(2 Gx= 7 — o
P o BN (e L €v) Rk Vet | € S VB ) R
(S) = = f (S) = 3 = 3 = ]

Vi (or) 2AGAHT T VAGAED

NOTE: % (\/g) = 2%/; from Example 2 in Section 2.1

_ osx+1 du _ (2\/’7‘)(5)_(5”1)(ﬁ) _ 5x—1

— ax32

y= m;usethe quotientrule: u=landv = (x>—-1)(x>+x+1) = v =0and

V=x=-1D2x+ D+ x+x+1)2x) =2x3 + x> = 2x — 1 +2x* + 2x* + 2x = 4x3 + 3x%> - 1

= dy _ w'—w’' _ 0—1(4x3+3x*—1) _ _4x3 —3x2 4 |
dx v? (=17 (2 +x+1)? (=17 (2 +x+1)°
_ x+DE+2) _ x®243x42 = (x2=3x+2)(2x+3) - (x> +3x+2)(2x—-3) _  _—ex24+12 _  —6(x2-2)
Y= G=Dx=2 = ¥—3x+2 y = = DZ(x —2) = oG- — GoDIGo2F
y=ix'-3x-x=y=2¢-3x-1=y =6-3 > y'=12x > y¥ =12 = y® =0foralln
y=mX =Y =gx =y =i 2y =5 5 yW=x = yP =1 =y =0foralln 6

y:"sT”:x?—l—%(_1 = g—i:2x—7x_2 :2x—x—72:> —% 2—1—14)(_3—2—1—14

s=CE=l 43 Lo ysl o2 5 S =05t 24203 = 5242 = 2y 2

2

- -4 _ 10 6
= St -6t =108

= (0—1)(9;3+0+1) _ 630§1 —1—L=1-6% = & _0439-1=30"1 = 04 N :11;2 — 1207 = =12
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34, u— (x2+x)())((f—x+l) _ x(x-&-l)(;f—x-&-l) _ x(x;—&—l) _ xij[x T % -1 —|—X_3
= B 3xt=3xt =0 Suo i1
35. w=(H2)3-9=(3z'+1)B-2=z"' 343 -z=z2"'45-z2=> ¥=—2240-1=-27-1

36.

37.

38.

39.

40.

41.

42.

_ -1 dPw -3 _ -3 _ 2

w=@cz+Dz-D(Z+1)=Z-1)Z+1)=2'-1= L =472-0=42° = ‘3:7‘3’:1222

2 4 6 2 4
_ (49+3 -1y _¢=-q¢+3 -3 _ 1 ,2_ 1 ,-2,1_1.,-4 dp _ 1 1.,-3 -5 _ 1 1, 1
p_(IZq)( = gt =5d 139 t1 39 = =697 69 " tTA9 =cdteg T

g’ +3 ¢>+3 ¢>+3 > +3 1

_ _ — — 1 1
P= @D 1@ 1 ~ @3¢ +3q- )+ (@3¢ 39+ 1) — 2¢°+63 — 2q(@+3) 29 — 24
_ L dp 3 _ 1
2 = iz = q "= 7

-1

dp _ _1,-2_
:>dq_ 24~ =

u(0) = 5,uv'(0) = =3, v(0) = —1,V/(0) =2
@ £@=uw'+w' = L@ =0V (©O)+vONu'(0)=5-24(-1)-3)=13
(b) % (%) — VU/VEUV/ - (;i_x (%) __ v(OU'(0) —u(O)V'(0) __ (*1)(*3)1*2 52 = _7

© F@) =2 o> LY, = w0)? B

x=0 (v(0))? - (=1
dx \u u dx \u 25

_ u(OV'(0) = v(Ou'(0) __ (5?2 —( 5();1)(—3) 7
@ £Wv-20)=7-20' = L£Ov-2w)| _, =7(0)-20(0)=7-2-2(-3)=20

u(l) =2,v'(1) =0,v(l) =5,v(1) = -1

@ @ =uVD)+vDu'()=2- (=) +5-0= -2
u v(DHu'(D)—u()v/(1 5-0—2-(—1

© % (ﬁ) x=1 (u(1))? %

_u()V(D)—=v(DHu'(1) _ 2-(—=1)=5-0
) LTv—2w|_ =W -2()=T-(=1)=2-0=—7

x=1

B 27

y = x3 — 4x + 1. Note that (2,1) is on the curve: 1 = 25 —402)+1

(a) Slope of the tangent at (x,y) is y = 3x?> —4 = slope of the tangent at (2, 1) is y'(2) = 3(2)> — 4 = 8. Thus the
slope of the line perpendicular to the tangent at (2, 1) is — % = the equation of the line perpendicular to the tangent
lineat (2,1)isy — 1= —%(X—Z)ory:—g—i—%.

(b) The slope of the curve at x is m = 3x? — 4 and the smallest value for mis —4 whenx =0 and y = 1.

(c) We want the slope of the curvetobe 8 = y/ =8 = 3x> -4=8 = 3x2=12 = x>=4 = x= +2. When
x = 2,y = 1 and the tangent line has equationy — 1 = 8(x —2) ory = 8x — 15; when x = —2,
y = (—=2)3 —4(—2) + 1 = 1, and the tangent line has equationy — 1 = 8(x +2) ory = 8x + 17.

(@) y=x*>—-3x—2 = y = 3x%— 3. For the tangent to be horizontal, we need m =y’ =0 = 0= 3x> -3
= 3x2=3 = x= +1. Whenx = —1,y =0 = the tangent line has equation y = 0. The line
perpendicular to this line at (—1,0)is x = —1. Whenx = 1,y = —4 =- the tangent line has equation
y = —4. The line perpendicular to this line at (1, —4) is x = 1.

(b) The smallest value of y’ is —3, and this occurs when x = 0 and y = —2. The tangent to the curve at (0, —2)

has slope —3 = the line perpendicular to the tangent at (0, —2) has slope % = y+2= % (x—0)or

y = % X — 2 is an equation of the perpendicular line.
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_ _4x dy _ (D@00 _ ax244-8x2 _ 4(=x*+1) — — 1 40+
43. Y= 7 &« — (x2+1)° T+ T &2+ - Whenx =0,y =0andy = 1

= 4, so the tangent to the curve at (0, 0) is the line y = 4x. Whenx = 1,y =2 = y’ = 0, so the tangent to the
curve at (1,2) is the line y = 2.

4. y=L =y = (? *(ig(i);)f(z") = (X;f:)z . Whenx=2,y=1andy = (;li(j))z = — 1, so the tangent
line to the curve at (2, 1) has the equationy — 1 = — % (x—=2),0ory=—35+2.

45. y = ax? 4 bx + ¢ passes through (0,0) = 0 = a(0) +b(0) +¢ = c = 0; y = ax? + bx passes through (1, 2)
= 2 =a+b;y = 2ax + b and since the curve is tangent to y = x at the origin, its slope is 1 at x = 0 = y’ = 1 when
x=0=1=2a0)+b=b=1. Thena+b=2=a=1. Insummarya=b = 1andc = 0so the curve is
2
y =X+ X

46. y = cx — x? passes through (1,0) = 0=c(1)—1 = c¢=1 = thecurveisy = x — x. For this curve,y’ = 1 — 2x
andx = 1=y = —1. Sincey = x — x? and y = x? + ax + b have common tangents at x = 0, y = x? + ax + b must
also have slope —latx = 1. Thusy =2x+a= —1=2-14+a=a= —3 = y = x> — 3x + b. Since this last curve
passes through (1,0), we have 0 =1 -3 +b = b = 2. Insummary,a = —3,b =2 and c = 1 so the curves are

y=x>-3x+2andy = x — x°.

47. @) y=x>—x = y'=3x>—-1. Whenx = —1,y=0andy =2 = the tangent line to the curve at (—1,0) is
y=2(x+1Dory=2x+2.
(b)

— X

} =X -x=2x4+2=>x-3x-2=x-2)x+1)>=0 = x=2o0rx = —1. Since

y = 2(2) 4+ 2 = 6; the other intersection point is (2, 6)

48. (@) y=x3—6x24+5x = y =3x>—12x+5. Whenx =0,y =0andy =5 = the tangent line to the curve at

(0,0)isy = 5x.
(b)
Y
A
30
20 y=5x
10 y=x"—6x"+5x
-8 -4 \7 8 m
3 Ay2
©) yy*_XSX ox +5X} = P62 +5x=5x = xX*—6x2=0 = x2(x—6)=0 = x=0orx = 6.

Since y = 5(6) = 30, the other intersection point is (6, 30).
49. P(x) = apx™ + a,_1x" L+ - +asx? + ajx +ag = P/(x) = na,x" ' + (n— 1)a,_1x"2 + -+ + 2asx + a;

50. R=M?(§ - ¥) = $M? — L M3, where C is a constant = % = CM — M?
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51.

52.

53.

54.

24

Chapter 2 Differentiation

Let c be a constant =- g—i =0= 4 (u c)=u- dc +c- d“ =u-0+c d“ =c d . Thus when one of the functions is a

constant, the Product Rule is just the Constant Multiple Rule = the Constant Multiple Rule is a special case of the Product
Rule.

d
1) vo-IH _ -l 1. dv
- 2

(a) We use the Quotient rule to derive the Reciprocal Rule (with u = 1): % (V v

(b) Now, using the Reciprocal Rule and the Product Rule, we'll derive the Quotient Rule: & (¥) = 4 (u- 1)

dv du du dv
1 d 1d : d g vy v -u g
=u-23 (1) + 1.9 (ProductRule) =u- () ¢ + 1 ¢ (Reciprocal Rule) = & (¥) = —d e = Zb_"ds

the Quotient Rule.

P= “Rgb — W . We are holding T constant, and a, b, n, R are also constant so their derivatives are zero
_ (V—nb)-0—@RT)(1)  VX0)—(an*)(2V) __  —nRT 2an?

= dV (V—nb)? (v2)? = -y TV

SO =8 = (L(m>z ) o mal el oy

THE DERIVATIVE AS A RATE OF CHANGE

s=t—3t+2,0<t<2
(a) displacement = As =s(2) — s(0) = 0m — 2m = —2 m, v,, = % = ‘72 = —1 m/sec
(b) v=5 =2t—3= |[v(0)| = |-3| = 3 m/sec and [v(2)| = 1 m/sec;
a= dt) =2 = a(0) = 2 m/sec? and a(2) = 2 m/sec?
) v=0=22t-3=0 =t= 5. v is negative in the interval 0 < t < % and v is positive when % < t < 2 = the body

changes direction at t = 3.

s=6t—t2,0<t<6

(a) displacement = As = s(6) — s(0) =0m, v,, = 2? = 2 = 0 m/sec
(b) v=5=6-2¢t = |v(0)| =|6| = 6 m/sec and |V(6)| = |—6] = 6 m/sec;
a= dt“ = —2= a(0) = —2 m/sec’ and a(6) = —2 m/sec?

(¢) v=0=6—-2t=0 = t=3.vis positive in the interval 0 < t < 3 and v is negative when 3 < t < 6 = the body
changes direction at t = 3.

=—t34+3t2-3,0<t<3
(a) displacement =As=83)—s(0)=-9m,v, = % = ’Tg = —3 m/sec
b)) v=2L=-32+6t—3 = |v(0)| = |-3] =3 m/sec and |v(3)| = |—12| = 12 m/sec;a = 45 = —6t+ 6
= a(O) = 6 m/sec? and a(3) = —12 m/sec?
) v=0= -3t24+6t—3=0 = t2—2t+1=0 = (t—1)>=0 = t= 1. For all other values of t in the interval
the velocity v is negative (the graph of v = —3t> + 6t — 3 is a parabola with vertex at t = 1 which opens downward
= the body never changes direction).

s=80 -8 4+2,0<t<3
(a) As=5s(3)—s(0) = —mvav—%zézgm/sec
(b) v="1>—3t% + 2t = |v(0)] = 0 m/sec and |v(3)| = 6 m/sec; a = 3t> — 6t + 2 = a(0) = 2 m/sec® and

a(3) = 11 m/sec?
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© v=0=t-324+2t=0=tt—2)(t—1)=0=t=0,1,2 = v = t(t — 2)(t — 1) is positive in the interval for
0 <t < 1andvisnegative for I <t < 2and v is positive for 2 < t < 3 = the body changes direction at t = 1 and at
t=2.

s=%-21<t<5

(a) As=s(5) —s(l)=—-20m, v, = ‘TZO = —5 m/sec
(b) v= *t—io + [% = |v(1)| = 45 m/sec and |v(5)| = % m/sec; a = 1t570 — % = a(1) = 140 m/sec? and
a(5) = 75 m/sec?

() v=0 = =X'=0 = —50+5t=0 = t=10 = the body does not change direction in the interval

s=2%,-4<t<0
(@ As=s(0)—s(—4)=—-20m,v,, = — & = —5m/sec

(b) v= % = |v(—4)| = 25 m/sec and |v(0)| = 1 m/sec; a = % = a(—4) = 50 m/sec? and a(0) = % m/sec’

() v=0 = =%, =0 = visnever0 = the body never changes direction

(t+5)?2

s = t3 — 6t2 + 9t and let the positive direction be to the right on the s-axis.

(a) v=3t2—12t+9sothatv=0 = 2 —4t4+3=(t—-3)t—1)=0 = t=1or3;a=6t— 12 = a(l)
= —6 m/sec? and a(3) = 6 m/sec?. Thus the body is motionless but being accelerated left when t = 1, and
motionless but being accelerated right when t = 3.

(b) a=0 = 6t—12=0 = t=2withspeed |v(2)| = |12 — 24 + 9| = 3 m/sec

(c) The body moves to the right or forward on 0 < t < 1, and to the left or backward on 1 < t < 2. The positions are
s(0) = 0, s(1) = 4 and s(2) = 2 = total distance = |s(1) — s(0)| + [s(2) — s(1)| = |4] + |—-2| = 6 m.

v=t?—4t+3 = a=2t—4

@ v=0=t2—4t+3=0 = t=1or3 = a(l) = —2 m/sec? and a(3) = 2 m/sec?

®) v>0= (t—3)(t—1)>0 = 0<t<1ort> 3and the body is moving forward; v <0 = (t—-3)(t—1) <0
= 1 < t < 3 and the body is moving backward

(c) velocity increasing = a >0 = 2t—4 >0 = t > 2;velocity decreasing = a<0 = 2t—4<0 = 0<t<?2

Sw = 1.86t> = v, = 3.72t and solving 3.72t = 27.8 = t~ 7.5 sec on Mars; s; = 11.44t> = v, = 22.88tand
solving 22.88t = 27.8 = t ~ 1.2 sec on Jupiter.

(@) v(t) = s'(t) = 24 — 1.6t m/sec, and a(t) = v/'(t) = s"(t) = —1.6 m/sec?
(b) Solvev(t) =0 = 24 —-1.6t=0 = t=15sec
(©) s(15) = 24(15) — .8(15)> = 180 m

(d) Solves(t) =90 = 24t — 82 =90 = t= %ﬁ = 4.39 sec going up and 25.6 sec going down

(e) Twice the time it took to reach its highest point or 30 sec

(@) s =179 —16t> = v = —32t = speed = |v| = 32t ft/sec and a = —32 ft/sec?

(b) s=0 = 179-1612=0 = t= /2 ~33sec

(¢) Whent= /12 v=-32,/12 = —-8,/179 ~ —107.0 fisec

Solving s,, = 832t — 262=0 = t(832—-2.6t)=0 = t=00r320 = 320 sec on the moon; solving

se =832t — 162 =0 = (832 —16t) =0 = t=00r52 = 52 sec on the earth. Also, v,, =832 —5.2t=0
= t= 160 and s,,(160) = 66,560 ft, the height it reaches above the moon's surface; v, = 832 — 32t =0

= t=26and s.(26) = 10,816 ft, the height it reaches above the earth's surface.
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13. (a) at2 and 7 seconds (b) between 3 and 6 seconds: 3 <t <6
(©) (d
|U|(m/sec) a
_dv
4t T
Speed 3 =0 O—0
3 2
1L
| P S I I N S . | t
I L1 L1 ¢ (sec) (1)_12345678910
0 2 4 6 8 -
2+ o mm—
3| o—o0
4+

14. (a) Pis moving to the left when2 < t <3 or5 < t < 6; P is moving to the right when 0 < t < 1; P is standing
stillwhen 1l <t<2or3<t<5

()
v (cm/sec) speed (cm/sec)
s 4 0—0
velocity
2 —o 2t—o [
A 0 OO0t (sec) Ovasan)— O o t (sec)
1 2 3 5 6 1 2 3 5 €
) O
-4 L °—0
15. (a) 190 ft/sec (b) 2sec
(c) at 8 sec, O ft/sec (d) 10.8 sec, 90 ft/sec

(e) Fromt = 8 until t = 10.8 sec, a total of 2.8 sec
(f) Greatest acceleration happens 2 sec after launch
_ _ . : : . _ v(10.8)—v(2)
(g) Fromt=2tot=10.8 sec; during this period, a = =77—~ ~ —32 ft/sec?
16. (a) Forward: 0 <t < land5 <t < 7;Backward: 1 <t < 5;Speedsup: 1 <t<2and5 <t <6;
Slowsdown: 0 <t< 1,3 <t<5,and6<t<7
(b) Positive: 3 <t < 6; negative: 0 <t<2and6 <t<7; zero: 2<t<3and7 <t<9
(c) t=0and2<t<3
d 7<t<9

17. s =490t = v =980t = a =980
(a) Solving 160 = 490t> = t = % sec. The average velocity was w = 280 cm/sec.
(b) At the 160 cm mark the balls are falling at v(4/7) = 560 cm/sec. The acceleration at the 160 cm mark
was 980 cm/sec?.
17

(c) The light was flashing at a rate of ;= = 29.75 flashes per second.

18. s =vot— 1622 = v=vy—325v=0 = t=%;1900 = vot — 1622 so thatt = 33 = 1900 = 3 — %

= Vo = /(64)(1900) = 80+/19 ft/sec and, finally, S0L19 . 60sec _ GOmin . _Lmi o 938 mph.

19. (a) ¢(100) = 11,000 = ¢, = L8 =¢110
(b) c(x) = 2000 + 100x — .1x?> = c/(x) = 100 — .2x. Marginal cost = ¢/(x) = the marginal cost of producing 100
machines is ¢/(100) = $80
(c) The cost of producing the 101" machine is ¢(101) — c(100) = 100 — % = $79.90
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(a) r(x) =20000 (l — %) = r'(x) = 299 which is marginal revenue.

x2 ’
(b) r'(100) = 22 = $2.
(C) lemoo IJ(X) = lemoc

will approach zero.

% = 0. The increase in revenue as the number of items increases without bound

b(t) = 100 + 10% — 1032 = b/(t) = 10* — (2) (10°t) = 103(10 — 2¢)
(a) b'(0) = 10* bacteria/hr (b) b'(5) = 0 bacteria/hr
(¢) b (10) = —10* bacteria/hr

@ V=3 = ¥ =dm? = | =4n(2)? = 167 ft*/ft

(b) Whenr =2, C(lj—\r’ = 167 so that when r changes by 1 unit, we expect V to change by approximately 167. Therefore
when r changes by 0.2 units V changes by approximately (167)(0.2) = 3.27 ~ 10.05 ft>. Note that
V(2.2) — V(2) ~ 11.09 ft3.

200 km/hr = 55 3m/sec = 2% m/sec, and D = Pt = V=32t Thus V=2 = Ft=33 = t=25sec. When
t=25D=@25°=%"m

Q(t) = 20030 — )2 = 200 (900 — 60t + t2) = Q'(t) = 200(—60 + 2t) = Q'(10) = —8,000 gallons/min is the rate the

(1) - Q) _
10

water is running at the end of 10 min. Then Q —10,000 gallons/min is the average rate the water flows during

the first 10 min. The negative signs indicate water is leaving the tank.

600 5=2007 - 167

400 -

200 & 20032

1 1 1 1 1 t

/ 12
2,
200 45_ 35 \

a?

(a) v=0whent=6.25sec

(b) v>0when0 <t < 6.25 = body moves up; v < 0 when 6.25 <t < 12.5 = body moves down

(c) body changes direction at t = 6.25 sec

(d) body speeds up on (6.25, 12.5] and slows down on [0, 6.25)

(e) The body is moving fastest at the endpoints t = 0 and t = 12.5 when it is traveling 200 ft/sec. It's moving slowest at
t = 6.25 when the speed is 0.

(f) When t = 6.25 the body is s = 625 m from the origin and farthest away.
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s=tZ-3t+2

(@) v=0whent= 3 sec

(b) v<Owhen0 <t< 1.5 = body moves down; v > 0when 1.5 <t <5 = body moves up

(c) body changes direction att = % sec

(d) body speeds up on (%, 5] and slows down on [O, %)

(e) body is moving fastest at t = 5 when the speed = |v(5)| = 7 units/sec; it is moving slowest at
t = 3 when the speed is 0

(f) Whent = 5 the body is s = 12 units from the origin and farthest away.

0F  d d
o6r-12 ds _3p2_
2 g & 3712t +7
5 /
1 1 1 t

-5

-10 s=P 6247t

6++/15

3

(b) V<Owhen673—ﬁ<t<@ = bodymovesleft;v>Owhen0§t<673 15 0r6+3‘/g<t§4

(a) v=0whent= sec

&|

= body moves right
(c) body changes direction at t = 6i_+m

(d) body speeds up on ﬂ,? U H—\EA and slows down on 0,6_—\m U 2,M .
( 3 ) ( 3 3 3

N&

(e) The body is moving fastest at t = 0 and t = 4 when it is moving 7 units/sec and slowest at t = %ﬁ sec
(f) Whent = ng the body is at position s = —6.303 units and farthest from the origin.
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28.
S
10 <
s=4-7t+6t2- 3
5
1
-5
-a-——-7+12t 3t2
-10 )
d%s
Sgriz-st

(a) v=0whent="2
(b) v<Owhen0 <t< (’_T\E or HT\E <t <4 = body is moving left; v > 0 when
G_T\m <t< 6+3—‘/E = body is moving right

(c) body changes direction att = % sec
(d) body speeds up on (%,2) U (“3\/1_ } and slows down on [O 6= ‘/_) (2 6+\/—)

(e) The body is moving fastest at 7 units/sec when t = 0 and t = 4; it is moving slowest and stationary at t = Gi;/B

(f) Whent = “T\E the position is s =~ 10.303 units and the body is farthest from the origin.
2.5 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

l.y:—10x+3cosx:>j—§:—10+3 (cosx) = —10 — 3 sinx

2. y:%—i—Ssinx = %:‘34—5 (sinx) = 23—1—5(:0sx

x2

— _ dy _ _ _ 4 S _ 2
3. y=cscx 4\/§+7§ o — —Cscxcotx 2\/;—{-07 csc X cot X e

4. y=xlcotx — 5 = gi—x L (cotx) +cot x - & (x?) + & = —x? cse? x + (cot X)(2x) + 5
2

= —Xx csc2x+2xcotx+;

5. y = (sec x + tan x)(sec X — tan X) = g—i = (sec x + tan x) i (sec x — tan x) + (sec X — tan x) d% (sec x + tan x)

= (sec X + tan x) (sec X tan x — sec” x) + (sec x — tan x) (sec X tan x + sec? x)

3

= (sec? x tan x + sec x tan? x — sec® x — sec? x tan x) + (sec? x tan x — sec x tan® x + sec® x — tan x sec?x) = 0.

(Note also thaty = sec’x — tan’x = (tan’x + 1) —tan’x = 1 = § = )

6. y = (sinX + cos X)sec X = g—i :(sinx—l—cosx)%(secx)—i—secx%(sinx—f—cosx)

(sin X + cos X) sin X + COs X — sin X
cos? x cos X

(sin X + cos x)(sec X tan x) + (sec x)(cos X — sin x) =

__ sin®x4cosxsinx+cos’x —cosxsinx __ 1

— 2
cos? x = cosZx T SeC™X

(Note alsothaty =sinxsecx+cosxsecx =tanx+ 1 = gi = S6C2X>

7. y= cotx dy _ (1+cotx) £ (cot x) — (cot x) & (1+ cot x) _ (1 + cot x) (—esc? x) — (cot x) (—csc? x)
. 1 +cot x dx (14 cot x)2 (1 + cot x)?
_ —csc?x—csc?xcotx +esc’xcotx . —esc’x
- (1 + cot x)2 (1 +cotx)?
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8 _ cosx dy _ (1+sinx)i(cosx)f(cosx)%(1+sinx) _ (1 +sinx) (—sin x) — (cos x) (cos x)
y= 1+ sin x dx — (1 + sin x)?2 - (1 + sin x)?2
_ —sinx—sin®x—cos’x __ —sinx—1 _ —(I+sinx) _ -1
- (1 + sin x)? T (I+sinx)? T (1+4sinx)?2 T 1+sinx

9. yzcotx+taix:4secx+cotx:> %:4secxtanx—csc2x
__ CcOsX X dy __ x(=sinx) —(cos x)(1) (cos x)(1) = x(=sin X) __ —x sin X — cos x €Os X 4 X sin X
10. Y= + cos X = dx x2 + cos? x - x2 + cos? x

11. y=x?>sinx+2xcosx —2sinx = % = (x% cos x + (sin X)(2x)) + ((2x)(—sin x) + (cos x)(2)) — 2 cos X

= x2 cos X + 2x sin X — 2x sin X 4+ 2 cos X — 2 c0S X = X cO0s X

12. y=x%>cosx —2xsinx —2cosx = dy — (x2(—sin x) + (cos X)(2x)) — (2x cos X + (sin x)(2)) — 2(—sin x)

dx
= —x%sin X + 2X cos X — 2X cos X — 2 sin x + 2 sin x = —x? sin X

13.s=tant—e™' = ¢ =sec’t+e’
14. s =t —sect+5e' = & =2t—secttant+ Se'
15. § = dLfesct ds _ (I—csct)(—csctcott)—(l4csct)cscteott) _ —cscteott+csc’teott—cscteott—csc’teott _ —2csctcott

' T l-—csct dt (1 —csct)? - (1 —csct)? T (I—csct)?
16. s = —sint_ _ ds _ (1 —cost)(cost) — (sint)(sint) __ cost—cos’t—sin®t __ _cost—1 __ _ _ 1 _ 1

: T 1-—cost de (1 —cost)? - (1 —cos t)2 T (I—cost)? l—cost ~ cost—1

17. r=4—6*sin0 = § = — (6% & (sin ) + (sin 6)(26)) = — (6 cos 6 + 26 sin 6) = —0(6 cos 6 + 2 sin 6)

18. r=0sinf +cosf = %:(900s9+(sin9)(1))—sin9:9cos9

19. r=secfcsch = % = (sec B)(—csc 6§ cot 0) + (csc f)(sec 0 tan )

= (&) (@) (589) + () (o) (555) = 55 + g = s0¢? 0 — 05?0

20. r=(1 +secf)sinf = % = (1 + sec ) cos @ + (sin H)(sec 0 tan §) = (cos § + 1) + tan® § = cos 6 + sec> 4

2. p=5+ - =5+tanq = g—z:seCQq

cotq

22. p=(1+4cscq)cosq = g—g = (1 + csc q)(—sin q) + (cos q)(—csc q cot q) = (—sinq — 1) — cot?> q = —sin q — csc® q

. d N . s . - .
23. p= sin (i;ilosq = £ _ (cos g)(cos q smq‘):osz(zqurcos q)(—sin q) _ cos"q cosqsmctz):;fqm qtcosqgsing __ CO:Zq — SGCQq
24 _ _tang dp _ (I+tanq)(sec®q) —(tan q) (sec’q) _ sec’q+tangsec’q—tangsec’q _ _ sec’q
- P= 1+tanq dq — (1 + tan q)? - (1 + tan q)? (1 +tang)?
25. (@) y=cscx = y = —cscxcotx = y” = — ((csc x) (—csc? x) + (cot X)(—csc X cot X)) = csc? X + csc x cot® x

= (csc x) (esc? x + cot? x) = (esc x) (ese?x + csc? x — 1) = 2 cse? x — esc x
(b) y=secx = y =secxtanx = y” = (sec x) (sec? x) + (tan x)(sec x tan x) = sec® x + sec x tan® x
= (sec x) (sec? x + tan? x) = (sec x) (sec®x + sec? x — 1) = 2 sec® x — sec x
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(@) y=-2sinx = y = —2cosx = y’' = —2(—sinx) =2sinx = y” =2cosx = y¥ = —2sinx
(b) y=9cosx = y = —9sinx = y"=-9cosx = y” = —-9(—sinx) =9sinx = y® =9cosx
y =sinx = y =cosx = slope of tangent at
X = —mis y/(—m) = cos (—m) = —1; slope of
tangent at x = 0 is y’(0) = cos (0) = 1; and y=—x-m
slope of tangent at x = % isy (%”) = cos 32” .\. ! \ L sy

X =372 —NTl2, w2 w2/ 2

= 0. The tangent at (—7,0)isy — 0 = —1(x + 7), \4 T g
ory = —x — m; the tangent at (0, 0) is
y — 0 = 1(x — 0), or y = x; and the tangent at
(3, 1) isy = 1.
y=tanx = y =sec’x = slope of tangent at x = — 3 | {
is sec? (— §) = 4; slope of tangent at x = 0 is sec” (0) = 1; ly=axs vl / — I

=X
and slope of tangent at x = 7 is sec? (§) = 4. The tangent ‘ ) Y
J X
at (- 3,an(=7)) = (=3, -V3) isy + V3=4(x+1); 5 / b
the tangent at (0, 0) is y = x; and the tangent at (5, tan (5)) ! (Sl AP ETe
r . . y =tan x |
= (5,\/5) isy—v3=4(x—13%).
y =secXx = y =secxtanx = slope of tangent at X y=secx
x = —Tissec (— ) tan (— I) = —24/3; slope of tangent
atx = Tissec (%) tan (T) = /2. The tangent at the point
(- Fsee(=5) = (5.2 isy-2=-2V3 (x+5):
the tangent at the point (% sec (%)) = (Z? f) isy — f
= \/E (X - %) : ' 1 1 E
—7r/2 —m/3 0 /4 /2

y=1+4+cosx = y = —sinx = slope of tangent at it
X = — 3 is —sin (— g) = 4 ; slope of tangent at x = %” /
is —sin (3) = 1. The tangent at the point (—V Y‘xf"//

s m ™ 3 1 (3n2,1)
(-5 14cos(=5)) =(-53) NG x .
isy — 3 = \/T; (x + %) ; the tangent at the point / -1 /

3 3r\) _ (3= _ 3 ey 2=3m
(7a1+005(7))*(7 isy—1=x-73 Y-%(iﬂg)*-% ymx T
Yes,y = x +sinx = y =1+ cos x; horizontal tangent occurs where 1 + cosx =0=cosx=—-1=x=n
No,y = 2x 4+ sinx =y’ = 2 + cos x; horizontal tangent occurs where 2 4 cos x = 0 = cos x = —2. But there are no
x-values for which cos x = —2.

No,y = x —cot x = y' = 1+ csc? x; horizontal tangent occurs where 1 + csc?x = 0 = csc?x = —1. But there are no
x-values for which csc? x = —1.

Yes,y =x+2cosx = y = 1— 2 sin x; horizontal tangent occurs where 1 —2sinx =0=1=2sinx = % = sin x

T — 5z
:>x—60rx_ 3
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35. We want all points on the curve where the tangent 2
line has slope 2. Thus,y = tanx = y’ = sec’x so youn
thaty’:2:>5602x:2:>secx::|:\/5 (w4, 1)

= x = =+ 7. Then the tangent line at (%, 1) has y=2x- T4l
/.

equationy — 1 = 2 (x — ) ; the tangent line at P TR
(—Z2,—1) hasequationy + 1 =2 (x + ) . y= 2:x+

-1

Nl=l

i
!
!
1k !
i
!
!
!

(-m/4,-1)

36. y=4+cotx—2cscx = y = —csc?x+2csexcotx = — (L) (L=Eeex)

s X s X
(a) Whenx = 7, theny’ = —1; the tangent lineis y = —x + § + 2.
(b) To find the location of the horizontal tangent sety’ =0 = 1 —2cosx =0 = x = § radians. Whenx = %,
theny =4 — \/3 is the horizontal tangent.

37. lim2 sin(—1) =sin(§ —3)=sin0=0

X —

38. lim _ /14 cos(mcscx) = \/1+cos (mese (—1)) = /1 +cos(r- (—2)) = V2

X — —Z

39. Xli_r)n0 sec [e* 4+ mtan (75~ ) — 1] =sec [l +7tan (;Z5) — 1] = =sec[rtan (§)] =secm = —1
40. Xliino sin (mnﬂxt%) = sin (tanﬂotlgnsgco) = sin (7 %) =-1

41 lim tan (1~ ¥24) = an (1 - lim ST*“) —tan(l — 1) =0

: 0\ _ : 0\ _ 1 _ 1y
42. elinocos(m)—cos (Wﬁlgno m)—cos (7r T #> =cos(m-1) =-1

6—0

43. s=2-2sint = v= % = —-2cost = a= E =2sint = j= %:ZCOSL Therefore,velocityzv(%)

= —y/2 m/sec; speed = |v (Z)| = +/2 m/sec; acceleration = a () = /2 m/sec”; jerk = j () = /2 m/sec’.
V2 ) = V2 £) = VEmisec erk = (3) = V2l

44. s=sint+cost = v= % =cost—sint = a= % =-—sint—cost = j =1 da — _cost+ sint. Therefore

velocity = v ( ) = 0 m/sec; speed = |V ( )| = 0 m/sec; acceleration = a( ) f 2 m/sec?;
jerk =j (Z) = 0 m/sec?.

45. lim f(x) = lim 51“223" = lim 9 (Sm 3") (S“;J) = 9 so that f is continuous at x = 0 = lim f(x) = f(0) = 9 =c.
x — 0 x—0 X x — 0 X x—0

46. lim g(x)= lim (x+b)=Dband lim g(x)= lim cosx = 1 sothatgiscontinuousatx =0 = lim_ g(x)
x—0 x—0 x —0F x — 0F x—0

= 1il‘% . g(x) = b= 1. Now gis not differentiable at x = 0: At x = 0, the left-hand derivative is 4
X —

but the right-hand derivative is % (cos x)‘ o = —sin 0 = 0. The left- and right-hand derivatives can never agree at x = 0,

so g is not differentiable at x = 0 for any value of b (including b = 1).

4999

47.

cos x. Thus, dividing 999 by 4 gives 999 =249 -4 4+ 3 = # (cos x) = (% {;;;ZZ (cos x)} dx3 (cos x) = sin x.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley
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Section 2.5 Derivatives of Trigonometric Functions 81

_ _ 1 dy __ (cosx)(0)—(I)(=sinx) __ sinx __ 1 sinx) _ d _
48. (1) y=secx =~ = 5 = Tl T oty (COSX) (COSX) = sec X tan X = 4~ (sec X) = sec X tan X
_ _ 1 dy _ (inx0)—()osx) _ —cosx _ (1Y (cosx) _ _ d _
(b) Yy =C8CX = g% dx (sin x)? T osin?x T (sinx) (%inx) = —CscXcotx = dx (csc x) = —csc x cot X
_ _ dy __ (sin x)(=sin x) — (cos x)(cos X) __ —sin® x—cos? -1 _ 2 d _ 2
() y=cotx =% d—i = Sx ‘(;‘in 7 MRS X — T = o = —csc’ X = g (cot X) = —csc”x
49. (a)
The dashed curves of y = M—hm(w are closer to the black curve y = cos x than the corresponding dashed

curves in Exercise 51 illustrating that the centered difference quotient is a better approximation of the derivative of
this function.

®
2 s
-n
-0.5/ \\ /
-1 -
The dashed curves of y = ww are closer to the black curve y = —sin x than the corresponding dashed

curves in Exercise 52 illustrating that the centered difference quotient is a better approximation of the derivative of
this function.

50. lim W = lim w = lim 0 =0 = the limits of the centered difference quotient exists even
h—0 x—0 h—0

though the derivative of f(x) = |x| does not exist at x = 0.

51. y=tanx = y = sec?x, so the smallest value 4

!
y = secx {
|
l
1 !
) w2,
|
y =tan x :
!
|

y' = sec? x takes onis y’ = 1 when x = 0;
y' has no maximum value since sec? x has no

T T

largest value on (— 5 5) ; y' is never negative

since sec’x 1.

|
|
|
|
|
|
|
|
|
!
|
|
!

52. y=cotx = y = —csc?xsoy hasno smallest y .
value since —csc? x has no minimum value on :
(0, 7); the largest value of y' is —1, when x = % ; y = colx :

the slope is never positive since the largest w2 : y
value y’ = —csc? x takes on is —1. 1 =
y=—cscx i
I
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2.6 EXPONENTIAL FUNCTIONS

x > X
-4 -3 -2 -1 12 3 4
-1
-2 -2
3 4.
4 4
y=2" 5 5
4 bz 4
3 3
2
1 1
+ + + + + >t + + ¥ + > t
-2-3\21\ 12 3 4 -4 -m\ 12 3 4
=) -1
-2 -2
-3 -3 y=-3
-4 -4
L
-5 y=-2 -5
5 6.
y y
2
1
> x
4
-2
7. 8
Y
5
4
y=2"—1 3 y=2-1
2
1
x
-4 -3 - 2 3 4
—_—  — _* — — —_——
-2
-3
-4
-2
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11.

12.

17.

18.

19.

21.

22.

23.

24.

25.

26.

Section 2.6 Exponential Functions 83

10.
Y Y
3 2
2 1
— 34— — x
-4 -3 -2 -1 1 2 3 4 *
y=1-¢e* -2 y=1-¢

-3

-4

-5
162 . 167175 = 162T(-175) — 16025 = 161/4 =2
91/3 . 91/6 — 9%*'% _ 9]/2 =3

g 05 _ 412 =g 14, 3 =371 23123
V2/2
(251/8)* = 2548 = 2512 = 5 6. (13v2)" =132 =13
3. 7V3 — (2.7)\/52 14V3
1/2 1/2 1/2 1/2
(\/5) (\/12) - (\/5 \/12) - (\/36) 62
4 2 /2\2
2\ 2t 16 _ V6T _ (67 6 _ 2

(W) Sy o2 20. (T) ¥ 973

1

57+ As X increases, e* becomes infinitely large and y becomes a smaller and

Domain: (—oo, 00); y in range = y =
smaller positive real number. As x decreases, e* becomes a smaller and smaller positive real number, y < %, and y gets

arbitrarily close to % = Range: (O, %)
Domain: (—o0, 00); y in range = y = cos(e™"). Since the values of e™* are (0, co) and —1 < cos x < 1 = Range: [—1, 1].
Domain: (—o0, 00); y inrange = y = /1 + 374 Since the values of 37" are (0, c0) = Range: (1, ).

If > = 1, then x = 0 = Domain: (—o0, 0) U (0, 00); y in range = y = S_Ifx>0,then 1 < e* < 00

1—e

= —00<y<0.Ifx <0,then0 <e* < 1=3<y< co= Range: (—00,0) U (3, c0).
y=x% =y =x> e +3x>-ef = (x* + 3x%)e*

w=re'=>w=r-e’(-1)+(1)-e"=(1-1)e"

_ 9/4 _ 9.5/4
277.y = x%/ :>y’_zx/

28.

29.

y=x3 4y = _%X—g/s 10y = _%x—g/s

s=202 432 =5 =3t/2 4+ 0= =3t1/2
Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Chapter 2 Differentiation
w = zl% + % =z My 2w = 142724 - %Z’3/2 =>w = —Z%t — 357
y = 7/X2 —x® = X2/7 —x® = y/ _ %X75/7 —ext !l = y/ _ 7)(25”7 —exe!

y= /%96 4 2el3 = x96/3 4 2el3 — x32 4 9el3 Y =32x22 4 0=y = 3.2x22

I':%:>I"Zse_e(>:>r—e(ssz_l>

S

r=e’(k+072) = (072 +072) = =€ (—207 — Z07>) + e (072 + 6772)
Sr=e (=207 -207 24072407 7 = (-F — 5 5m T 5 + 55)

_ af(0=2 26—
:>IJ—C ( 93 +20m2f1)

y=3xt-3x-x=>y=2-3x-1=y =6x-3 = y"=12x = y¥ =12 = y® =0foralln

Y= =Y =gx!=2y =13y =i = yW=x=y®9=1= y0)=0foralln 6

y= o2l o W 7k - Lo By o xS U

2

s=8E=l o3 Lo st o2 5 B 0-St 24t = S22t = P2
d%s _ -3 -4 _ 10 6
= S0P -at=10-8

p= OED@E0N) _F ot g L g o &0y 39 =30 = B S yp5 = =D2
0= (x2+x)(§—x+l) _ x(x+l)(xx42—x+l) _ x(xx4+1) s — 14X x = —14x3

= Wo0-xt=-3xt =P o= g

w =372 = w' =37 - e + 62-¢* = (32 + 6z)e’ and w” = (37> + 6z)e” + (62 + 6)e” = (32> + 12z + 6)e”

w=ez-1)(Z+1)=e*Z -22+z-1)=>w =¢* (P —-22+z—1)+e* 322 - 22+ 1) = &*(z> + 22> — 2)

andw” =e?- (22 +222 —z) +e*- (322 +4z— 1) = e*(2* + 52> + 32— 1)

1.4 6 _1_ 1 5
T Te 20 TS g T
_ ¢ +3 o @ +3 _ ¢4+3 . ¢+3 1 1 .-1
P= @ vra+rir = (q3—3q2+3q—1)+(q3+3q2+3q+l) = 2+6q  2q(q+3) 2q — 24
dp _ _1,-2 _ ¢p _ — 1
= 4 - 24 2q2:>dq- q ¢
dy _ o— 2 - e 2 A 2
o =e X (2x) + (x* =3)e™ (1) =e¥(2x — (x* = 3)) =e ¥ (3 +2x — x?)

=8 e (22 + B+ 2x —xY)e M (1) =eX(2—2x — 3 —2x +x%) = e ¥(x2 —4x — 1)

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley
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46, & — (x2+1)e™ — (1—e™)(2x) _ Xl 4et = 2x42xe _ e (x2+2x+1) —2x
T odx (x241)° (24 1)? (24 1)?
42 (x2+I)Z(S’X(2x+2)7e’x(x2+2x+1)72)7(e’x(x2+2x+1)72x)2(x2+1)(2x)
dx [(x2+1)2]2
(x2+1) (e (1 —x2) —2)— (e (4x> + 8x%+ 4x) — 8x?)
x2+1)°

<

=

9l

e (—x*—4x® —8x’—4x+1) +6x—2
B (x2+1)°

47. 48.

2 Jf

i

—y

IntgrFseckion

¥=E. 219280848

wzE

IntgrFseckion

¥=1.:BE294:611

¥=y

[-6, 6] by [-2, 6]

[-6, 6] by [-2, 6]

X ~ 2.3219 x ~ 1.3863

49. Let t be the number of years. Solving 500,000(1.0375)" = 1,000,000 graphically, we find that t ~ 18.828. The population
will reach 1 million in about 19 years.

50. (a) A(t) =6.6(1)""

(b) Solving A(t) = 1 graphically, we find that t &~ 38. There will be 1 gram remaining after about 38.1145 days.

51. Let A be the amount of the initial investment, and let t be the number of years. We wish to solve A(1.0625)t = 2A, which
is equivalent to 1.0625' = 2. Solving graphically, we find that t ~ 11.433. It will take about 11.433 years. (If the interest is
credited at the end of each year, it will take 12 years.)

52. After t hours, the population is P(t) = 2%, or equivalently, P(t) = 2. After 24 hours, the population is
P(24) = 2% ~ 2.815 x 10'* bacteria.

53, —L <sinx L lim _e™*sinx = 0 by the Sandwich Theorem.
54. lim
— oo

X 1 eX —

. CX_67X _ . € 87 _ . X _ .
35. XLHEOO eXfex 7)(2117100 e+ & 7XLHE00 ] 7xLHEoo e 41 0+1
e

. 34 3.0
Xce: [—-
x1l>moo sinié/x) 2 0-2

: 3x2 e X _
56. lim G =

57. From the graph at the right, can see that the exponential
function y = 2* grows more rapidly than y = x? if x > 4. 301

25 +
20 4+

-2 -1
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58.

2.7

11.

12.

13.

14.

. Withu= (2x),y = Ju=u'3 = ¥ - du_ 1,23 5 _ 27

Chapter 2 Differentiation

From zooming in on the graph at the right, we estimate
the third root to be x ~ —0.76666

X =~ 0.76666

THE CHAIN RULE
flu)=6u—9 = f'(u) =6=f'(g(x) = 6; g(x) = § x* = g'(x) = 2x*; therefore % = f'(gx)g'(x) = 6-2x> = 12x3

f(u) = 2u® = f'(u) = 6u® = f'(g(x)) = 6(8x — 1)%; g(x) = 8x — 1 = g'(x) = 8; therefore g—i = f'(g(x))g'(x)
— 6(8x — 1)? - 8 = 48(8x — 1)2

f(u) = sinu = f'(u) = cos u = f'(g(x)) = cos 3x + 1); g(x) =3x + 1 = g'(x) = 3; therefore g—i = f'(g(x))g'(x)
=(cos(Bx+1)(3) =3cos(3x+1)

f(u) = cosu = f'(u) = —sinu = f'(g(x)) = —sin (2);gx) = 3 = g'(x) = — 1; therefore £ = f'(g(x))g'(x)

= —sin () - (F) = §sin (F)

f(u) = cosu = f'(u) = —sinu = {’(g(x)) = —sin(sin x); g(x) = sin x = g'(x) = cos x; therefore
dy = f'(g(x))g'(x) = —(sin (sin X)) cos X

f(u) = sinu = f'(u) =cosu = f'(g(x)) = cos(x — cos x); g(x) = x —cos x = g'(x) = | + sin x; therefore
= f'(g(x))g'(x) = (cos (x — cos x))(1 + sin x)

f(u) =tanu = f'(u) =sec’u = f'(g(x)) = sec? (10x — 5); g(x) = 10x — 5 = g'(x) = 10; therefore
dy = f'(g(x))g'(x) = (sec? (10x — 5)) (10) = 10 sec? (10x — 5)

f(u) = —secu = f'(u) = —secutanu = f'(g(x)) = —sec (x> + 7x) tan (x> + 7x) ; g(x) = x> + 7x
= g'(x) = 2x + 7; therefore dy = f'(g(x))g'(x) = —(2x + 7) sec (x® + 7x) tan (x> + 7x)

: _ _ .dy _ dy du __ _ 4
Withu=Q2x+ 1),y =u" & =g ¢ =5u"-2=102x+1)

dx du dx 3x2/3

Withu = (1=5).y=uT: # =& % T (-5 = (1-3)

Withu = (5 — 1) ,y =u"10: g—z = g—z % = —10u~1t. (%) =-5 (% — 1)_11

Withu= (1 -6x),y=u?? = § =9 & = 2y713(—6) = —4(1 — 6x)7/*

Withu = (34 &)y =u's & = %8 —su- (- k) = (5+ 4)' (1= )

du dx

=
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Section 2.7 The Chain Rule

dy du

. Withu =tan x,y = sec u: g—i =5 & = (secutanu) (sec? x) = (sec (tan x) tan (tan x)) sec® x

i — g1y dy _dy du (o2 1y _ 1 2 (1
Withu=7m— 1 y=cotu: £ =3 ¢ =(—csc’u) (%) =—Fesc? (m—1)
. . Lod _d du __ _ .
Withu =sinx,y =u¥: § =5 & = 3u? cos x = 3 (sin? x) (cos x)

Withu =cosx,y = 5u% & = & & — (_20y=5) (—sin x) = 20 (cos 7 x) (sin x)

dx du dx
. _ _au. dy _dy du _ _ju/_ _ _&.—5x
Withu = —5x,y=e" § =3 & =¢e"(—5) = —5e

Ch Xy _gu. dy _dy du _ qu(2) _ 2 23
Wlthu_S’y_e'dx_dudx_e(S)_ €

Withu = 5-7x,y = e% % = % d—et(—7) = -7

Withu =4/x+x%y=¢" § =2 8 e (4. 1x71? 4 2x) = (% + 2x> e(4v/xtx?)

p=V3-t=3-t/? = d—lt’:%(3—0*1/2.%(3—0:—%(3—0*1/2:2——5

y=x(+ 1" =y =x- L+ )70+ (4 DY 1= (@ 4 1) 4+ 1) = Bt

s =5 sin3t+ 2= cos 5t = § =3t cos3t- 4 (30 + <= (—sin 50) - & (50 = 2 cos 3t — 2 sin 5t = 2 (cos 3t — sin 5t)

y =sin (2t+5723) = ¥ =cos (2t +5723) - (= 2) @t +35)793-2 = — 42t + 573 cos (2t + 5)72/?)

_ -1 dr -2 d __ cscfcotf+csc?d __ csch(cotf+cscd) csc 0
r= (CSC 0 + cot 9) = do — (CSC 0 + cot 6) dé (CSC 0 + cot 0) T (escO+cotf)2 T (cscO+cotf)2 T csch+cotd
_ -1 dr _ -2 d __ secftanf+sec?d __ sech(tanf+secd) sec 6
r= (SCC 0 + tan 0) = dg — (SCC 0 + tan 0) dé (SCC 0 + tan 0) T (secO+tanf)2 T (secO-+tanh)? ~ secH+tanf

— 2 qind -2 dy _ 2 d (qind 4 d (2 d -2 -2 d
y =x"sin*x +xcosT x = 3 =X 4 (sin*x) +sin* x - 4 (x*) +x 4 (c0sT7X) +cosT X - 4~ (X)

x? (4 sin® x & (sin x)) + 2x sin® x + x (=2 cos 3 x - & (cos x)) + cos 2 x
= x2 (4 sin®x cos x) + 2x sin* x + x( (=2 cos ™3 x) (—sin x)) + cos 2 x

3 2

= 4x2 sin® x cos X + 2x sin* x + 2x sin x cos ™3 x 4 cos 2 x

z=cos ((1 —60)*%) = % = —sin ((1 — 60*/3) - 2(1 — 6073 (—6) = 4(1 — 60)~/% sin ((1 — 61)*/3)
Y= A Bx =T+ (d— k) = Yo TGk -2 LB -4 (D (4— ) L (4— L)

B 2x2 2x2
— T Bx =20 34 (=D)(4—55) (L) =Bx—2)f — —

3 1)2
X (4—?)

L]

o

g0 =222+ 1) 5 g = =2 (224 1) = 2 (ax 12 1)

y=@x+3)x+D7? = E=Ux+)U-Dx+ DL x+ D+ E+D3AEx+37 - L @x+3)
= @x 4+ 3=+ D7D + x+ D @Ex + 3@ = =3@x + 3 (x + D7 4+ 16(4x 4 3)*(x + 1)7?

3 3
= WP [3(x + 3) + 16(x + 1)] = G
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~1/2

—-3/2
A=) R ) =

4. y=xx2+1)"" =y =x- (—3) x>+ D72 (2%) + (x4 1)
35. y=xe*+eX =y =x-eX(=1)+ (1) e ¥+ 3> = (1 — x)e ™ + 3e*

36. y=(1+2x)e X =y = (14+2x)-e 2(=2) + (2) - e = = —4xe >

37. y=(x* = 2x +2)e™? = y/ = (x> = 2x +2) - 72 (3) + (2x — 2) - e™/2 = (3x® — 3x 4 3)e™/?

38. y = (9x> — 6x +2)e*’ =y’ = (9x> — 6x +2) - ¥ (3x2) + (18x — 6) - ¥ = (27x* — 18x> + 6x? + 18x — 6)e*

39. h(x) =xtan (2,/x) +7 = W'(x) =x & (tan (2x/?)) + tan (2x'/2) - L () + 0
= x sec? (2x1/2) - & (2x1/2) + tan (2x'/2) = x sec? (21/%) - ﬁ +tan (2,/x) = y/x sec? (24/x) + tan (2,/%)

40. k(x) =x%sec (1) = Kx) =x> & (sec 1) +sec (L) - &4 (x?) =x%sec (L) tan (1) - &L (L) +2xsec ()

=x%sec (1) tan (1) - (= &) +2xsec (1) = 2xsec (1) — sec (1) tan (1)

41. f(e):( sin @ )2 = f/(9)22( sin\‘)v ) %( sin @ ): 2sinf | (1+Cos€)(0059)—(5il“9)(—51“‘9)

1+4cosé 1+4cos 6 1+4cosé 1+cos @ (1 +cos 6)2
(2 sin 6) (cos 6 + cos?  + sin® 0) 2sinf)(cos@+1) _  2siné
(1 +cos 6)3 (1 +cos 6)3 " (1+cos 0)?
_ (l14cost) 1 _ l4+cost\—2 d (1+cos _ sin? (sin t)(—=sin t) — (1 4 cos t)(cos t)
42. g(t) - ( tinl t) = g/(t) - ( _‘s—inl t) T dt ( :int t) - (1+CO;I)2 - (sin t)2 S
_ —(—sin®t—cost—cos’t) __ 1
(1 +cos t)? ~ 1+cost
43. h(f) = /1 +cos (20) = (1 4 cos 20)'/3 = W (0) = 1 (1 + cos 20)"%/3 - (—sin 26) - 2 = — 2 (sin 26)(1 + cos 26)~*/?
_ 1 dr __ 1 1
4. r = (sec \/5) tan (3) = & = (sec \/5) (sec? 1) (— #) +tan (3) (sec /6 tan \/5) (2—\/5)
i sec2 (L1
= — % sec /0 sec? (H) + \1/5 tan (1) sec 1/ tan Vo = <sec ) [tdn Otan (3) _ Secez(")
. t dq _ d B t ] Vit T(D)—t- 4 (/i+1)
45.qfsm( Tl) = 3 = cos ( ]> d( )fcos( Tl) ( —t+dl)2
_ ! a0+t _ (42 t
_COS<./[t+1) :+1 ( ) (2(t+1)32) = (2(t+1)3’2> COS(,/IH)
6. q = cor (1) o %= st (401) - & (581) = (cese? (411)) (1)

47. y = cos (6’92) = % = —sin (e’gz) 4 (e’oz) = (f sin (e’ez)) (6’62) &(=0%) = 20e=% sin (e’gz)

.y =0%¢"" cos = ~“7 cos + cos - (sin e
48 §3e=20 560 jz 362 2 560 3 50) e~ d( 20) — 5(sin 50) (#%e=%

= 0%2e29 (3 cos 50 — 20 cos 50 — 56 sin 56)

49. y =sin® (1t —2) = ¥ =2sin(nt—2)- < sin(rt — 2) = 2 sin (7t — 2) - cos (mt — 2) - & (7t - 2)

= 27 sin (7t — 2) cos (7t — 2)
50. y =sec?mt = ¥ = (2sec ) - 4 (sec 7t) = (2 sec mt)(sec 7t tan 7t) - & (mt) = 27 sec? t tan mt

dt
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55.

56.

57.

58.

59.

60.

61.

62.

63.

64.
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y=(14cos2t)™* = i—f = —4(1 +cos 20)7° - 4 (1 + cos 2t) = —4(1 + cos 20)~*(—sin 20) - & (20) = a iscigszZtt)s

y=(1+cot(}))” = ¥=-2(1+cot(4) - $(1+cot(})) =2 (1+cot (})) - (—ese (1)) - 4(%)
_esc?(3)

T (14cot (L))

y = e (-1 — i—{ = e (M=1) . 2cos(mt — 1) - (=sin(nt — 1)) - 7 = —2zsin(mt — 1)cos(rt — 1)ecos (7t=1

y = (esin(t/2))3 N % _ 3(esin(t/2))2 . esin(t/2) -cos(%) . % _ %COS(%)esin(tﬁ)eZsin(l/Z) _ %COS(%)CSSin(t/Z)

y = sin (cos (2t — 5)) = ¥ = cos(cos (2t — 5)) - & cos (2t — 5) = cos (cos (2t — 5)) - (—sin (2t — 5)) - & (2t - 5)

= —2 cos (cos (2t — 5))(sin (2t — 5))

y=cos (5sin (%)) = € = —sin(5sin({)) - (5sin({)) = —sin (5sin (£)) (Scos (%)) - & (

= - % sin (5 sin (%) (COS %))

y = & [1 + cos? (7t)]3 = ¥ 211 + cos? (7t)]2 -2 cos (7t)(—sin (7))(7) = —7 [1 + cos? (7t)]2(cos (7t) sin (7t))

dt
y = (1+4cos () = % = 1 (14cos ()% & (1 4 cos (2)) = L (1 4 cos (2))/*(=sin () - & (12))
1 o\\—1/2 /. /9 _ t sin ()
= — 35 (1 4cos(t%)) (sin (t%)) - 2t = — oo

y—4sin(\/r\/f> = %_4COS(W>'%<W>_4COS<\/T\/E)'2\/:?%'%(1—'—\/{)

2cos< 1+\ﬂ) cos(m)
- \/1+\/E-2\/I - \/tthl

= (4D Sy =30 ) (R =24 Sy = ()£ 04D -1+ R ()
—CHRAHDER) @ D =0+ DS+ =50+ D 414
— 504D 1+

y= (=R =y == (=R () = (- YR
=y =5 [(1= VR (- B A=) (1= /X) T (= x|
=[BT e (=R = B = VR T B (1= VR £ ]

y=gcotBx—1) = y' = —Fesc? Bx— DB)=—3es¢?Bx— 1) = y" = (—3) (eseBx — 1) - & csc(3x — 1))
=— % csc(3x — 1)(—esc(Bx — 1) cot(B3x — 1) - ;—X Bx—1)=2csc?Bx — 1) cot(3x — 1)

y=9tan (3) = y'=9(sec’ (3)) (5) =3sec’ (5) = y"=3-2sec(3) (sec (3) tan (3)) (3) = 2sec? (3) tan (3)
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66.

67.

68.

69.

70.

71.

72.

73.

74.

Chapter 2 Differentiation

y=e +5x =y =2xe* +5=y” =2x-e*(2x) 4 2e¥ = (4x2 +2)e"

y = sin(x?e*) =y’ = cos(x%e*) - (x?e* + 2xe*) = (x* + 2x)e*cos(x%e*)
= (Use triple product rule: D(fgh) = f’gh + fg’'h + fgh')

y/

"= (2x + 2)e*cos(x?e¥) + (x* + 2x)e*cos(x%e*) + (x* + 2x)e*(—sin(x?e*) - (x2e* + 2xe*))

= (x* +4x + 2)e*cos(x2e¥) — xeZ(x? + 4x? + 4x)sin(x%e*)

g(x) =

VX = g =

therefore, (fo g)'(1) = f'(g(1)) - (1) =5 - 5 =

2

#f = g)=1landg(1) = 1;fw=v’+1 = f'(0)=5u* = fgl)=f(1)=5;

5

g0 =01-0"=d®N=-0-02(-D=g%5 = g-D=jadg ()= fw=1-
= f'(u) =& = f'(g(—1) =1 (1) = 4; therefore, (fo g)(—1) = f'(g(-1)g(-1) =4-1 =1

u

2(x) :SJE = gx) =

= rese? (B) = f'(g) =1'(5)=— T esc? (5) = —

g =mx = gy =71 = g
=1+2sec’utanu = f'(g(%

g(x) =

_ —2®42
(u2 + 1)

gx) =

:2(

-1 = gdx) =

2\5[ = g(l)=5and g'(1) = %;f(u)zcot (”—u) = f'(u) = —CSCQ( )(17{))

10’ 2

) T ndg/(l) =mf(u) =u+sec’u = f'(u)=1+2secu-secutanu

102 +x+1 = £x) =20x+1 = g0)=1and g(0) = 1; f(u) = -2 = f/(y) = CHO-CuCW

uP+1 (w2 +1)°

= f'(g(0)) = f'(1) = 0; therefore, (f o g)(0) = f'(2(0)g'(0) =0-1 =0

—2 = g-D=0andg(-1) =2 fw) = (41" = Fw=2(!

o o ) @ (557)

uil) Cu+ D) —@u-—-DA) _ 2u—1)2) _ 4(u—1) = f/(g(fl)) — f/(O) — 74’ therefore,

u+1

(u+1)?

(u+1)3 u+1)3

(fog)(=1) =f'(g(=g'(-1) = (=42 = -

@ y=2x = L=2"(x) = ¢ =A@ =2(3) =3

(b)

y =1x) +gx) =

© vy

(d)
(e)
(H
(€9)
(h)

()
() y

(©)

y =

y =) = % =g = ¥

=fx)-gx) =

feo
g(x) =

dx

y = ()" = &
y =) = &

y = (F00)? + @e)?)* = & = L(())? + (200)?) 7 (26x) - £(x) + 22(x) - (%))

dy —
= i =
x=2

y

y:

= 5f(x) —

gx) =

= f(x)(g(x)* =
=3()(1)* (3) +(*G) =6

£(x)
g(x)+1

- dy (g + DFF(x) — f(x) g (%) =

dx

gi = f(x)g'(x) + g(x)f' (x) = gi

dy _ g0of'(x) —fx)g'(x) - o
dx

3

x =+ = §|

=@ +g@) =2m+5

L= f3)gd3)+gB3)f'B)=3-5+(—4HQ2nr)=15—8r

_ f@-fg@ _ @ () -®)=3) _ 37
EOK = P2 =%

(g

x=2

=f(g2)gQ2) =f'2)(-3) = ;(-3) = -

e G 1 1 2
o 2V/ED T 28 68 122 24

—2gB3)PgB) = -2-H*-5=3

()

_ 1 -1/2 _ dy
= ;) f) = s = 8

= -2gx) - gx) = ¢ -

L((f2)? + (g<2»2>‘” P 26QF(2) + 22 (2) = L (824227 (2-8-1 42.2-(=3)) = -

& =50 -gx = §

LESD D =5(-) - (3) =1

& =100 32 ®) + ' (x) = £ W 3f(0)(2(0))°¢'(0) + (2(0)*'(0)

— @I —fg) _ CHD ()-GO (=) _
@D +17 (4417 -

(g(x)+ 1)? dx
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x=1

therefore, (fo g)'(1) = f'(g(1)g (1) = — & -3 = —

ISE

1
3 a
)) =1 (5) =1+42sec’ T tan I = 5; therefore, (fo g) (1) =1'(g(3)) & (3) =57

3/17



75.

76.

7.

78.

79.

80.
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@ y=fet) = § =g = &

@ y=gfx) = £ =gt (x) = &

L e =M ) =(-1)G) =-3

L gEONE'(0) = g(MBG) = (—3) 5) =

O y=x"'+f00)7 = ¥ =2 +x)7° (1x0 4 f'(x) = g_y]I = —2(1 4 f(1)"3 (11 + £'(1))
=204 (1= 1) = (- 3) (%) = -

(@ y=fx+gx) = § =&+ex)(1+gw) = §|

[SNIES
~

=10+ gO) (1+g©) = () (1+3) = (=) (

—_4

9
ds ds _df. _ ds __ : ds T\ di_ds dg __ _
& da-a.s—coseéﬁ——smﬁéﬁez = —sin (3f) = 1 so that &-E=1-5=5
dy _dy dx.  _ (2 dy _ dy _ dy _ dy ~dx _ 1 _
@ o a- y=Xx +7X—5 = E—2X+7 = e X:1—9SOthata—a'a—9'§—3
With y = x, we should getﬂ = 1 for both (a) and (b):
@ y=48+7= L¥=Liu=5x-35 = & =5;therefore, = £ - % = 1.5=1, as expected

d - d d

O y=l+; = g=—pu=x-D" = §=-x-D21)= =p; therefore & = g - ¢

_ -1 -1 -1 -1 _ 2 T :

=Ty T Gy G x—1)°- o 1, again as expected

With y = x*/2, we should get & = 3 x!/2 for both (a) and (b):

— 3 dy _ 324 — du _ _1_. dy _dy du _ g2, _1_ _ 201 _3
(@ y=uw = du73u,u7\/§:> dxf2\/;,therefore,dxfdu dx73u 2\/;73(\/@ 72\/;,

as expected.

_ dy _ 1 .. _ 3 du _ A2, dy _dy du _ 1 2.2 _ 1 2.2 __ 3.1/2
(b) y—\/ﬁ:> du—Q\/ﬁ,u—x = dx—i‘ix,therefore,dx—du & = 3/ 3x° = 3x = 35X

again as expected.

y=2tan () = & = (2sec’ &) () = I sec> *

@ ¥ 2 sec? (¥) =m = slope of tangent is 2; thus, y(1) = 2 tan (§) =2 and y'(1) = 7 = tangent line is
givenbyy—-2=n(x—1) = y=mx+2 -7

(b)) yy=12 5602 ( 1 ) and the smallest value the secant function can have in —2 < x < 2is 1 = the minimum
value ofy is 7 and that occurs when 5 = 7 sec? (Z*) = 1 =sec’ () = +1=sec(%) = x=0.

(@) y=sin2x = y =2cos2x = y'(0) =2cos (0) =2 = tangent to y = sin 2x at the origin is y = 2x;

y=-sin(}) = y=—-1cos(}) = y(0)=—4cos0=—3 = tangenttoy = —sin (}) at the origin is
y=— % x. The tangents are perpendicular to each other at the origin since the product of their slopes is —1.
(b) y=sin(mx) = y =mcos(mx) = y(0)=mcos0=m;y=—sin(%) = y' =—Lcos()
= y'(0)=—1cos(0)=—21. Sincem- (— 1) = —1, the tangent lines are perpendicular at the origin.
(¢) y=sin(mx) = y = mcos(mx). The largest value cos (mx) can attain is 1 at x = 0 = the largest value
y’ can attain is |m| because |y’| = |m cos (mx)| = |m| |cos mx| < |m\ -1=|m|. Also,y = —sin ()
=y =—21cos(2) = |y|=]Zcos(2)] <|L]|cos(Z)] < \ml = the largest value y’ can attain is |1|.

(d) y=sin(mx) = y =mcos(mx) = y'(0) =m = slope of curve at the origin is m. Also, sin (mx) completes m
periods on [0, 27]. Therefore the slope of the curve y = sin (mx) at the origin is the same as the number of periods it
completes on [0, 27r]. In particular, for large m, we can think of “compressing” the graph of y = sin x horizontally
which gives more periods completed on [0, 27], but also increases the slope of the graph at the origin.
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