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CHAPTER 1 FUNCTIONS

1.1 FUNCTIONS AND THEIR GRAPHS

10.

11.

12.

13.

14.

domain = (—ee, o0); range = [1,0) 2. domain =[0, e0); range = (—oo, 1]
domain =[-2,%); y in range and y = +/5x+10 > 0 = y can be any positive real number = range =[0, ).

domain = (—ee, 0]U[3, o0); y in range and y = Jx? =3x20=> y can be any positive real number =
range = [0, o).

ﬁ,nOWift<3:>3—t>0:>ﬁ

3-t<0=> ﬁ < 0= y can be any nonzero real number = range = (—oo, 0) U (0, o).

domain = (—eo, 3) U (3, ); y in range and y = >0,orift>3=

2
?-16

2

,now ifr <—4 =12 ~16>0= ”
t_

domain = (—eo, —4) U (-4, 4) U (4,00); y in range and y = >0, or if

—4<t<4:>—16£t2—16<0:>—%2 2216,orift>4:>t2—16>0:> 2216>0:>ycanbeanynonzero
- -

real number = range = (—co, —%] U (0, o).

(a) Not the graph of a function of x since it fails the vertical line test.
(b) Is the graph of a function of x since any vertical line intersects the graph at most once.

(a) Not the graph of a function of x since it fails the vertical line test.
(b) Not the graph of a function of x since it fails the vertical line test.

2
base = x; (height)® + (£)” = 2% = height = 2 x: area is a(x) = 1 (base)(height) =1 (x) (gx) _ 332,

perimeter is p(x) = x+x+x =3x.

2 d 1

+s2=d23s=—;andareaisa=s23a=5d2

NG

s = side length = s

Let D = diagonal length of a face of the cube and / = the length of an edge. Then 0> +D? =d? and
32
) _d

=L

D? =20% = 3¢% =d? = ¢ =4 The surface area is 6/% = % =2d? and the volume is /> = (ﬁ

NG 3
Jx

The coordinates of P are (x, Jx ) so the slope of the line joining P to the origin is m = .

Thus,(x,\/;) =(#,#)

=f(x >0).

- = lr430=(x-0)7 _2_\/2_L 22_\/2L2_22
4y =5=y=-gx+3L=y(x-0)"+(y=0)" =\[x" +(-5x+)" = X" +7x" —gx+
_|s52_ s +2_\/20x2—20x+25_\/20x2—20x+25
TNt T e T 16 = 7

yedr 3=y 4 3=l = (=42 +(7=0) =2 +3-42 + % =02 -DF + 57
B S E 0 L

Copyright © 2018 Pearson Education, Inc.
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2 Chapter 1 Functions

15. The domain is (—ee, o). 16. The domain is (—ee, o).

y y

3k
L ) =1-2¢-x
f(‘)/‘*\z_

N\ f@=5-2x

17. The domain is (—oe, o). 18. The domain is (—ee, 0].

g0 =\"x ok

19. The domain is (—eo, 0) U (0, ). 20. The domain is (—ee, 0) U (0, o).

y G(t)

_t
2 FO=g
1P
1 1 1 1 1 1 1 1 t 1
4320 | 1 2 3 4 (=L
2 I
2

21. The domain is (=0, =5) U (=5, =3]U[3,5)U(5, =) 22. The range is [5, «) .

23. Neither graph passes the vertical line test
@ (b)

Iyl ==

Copyright © 2018 Pearson Education, Inc.



Section 1.1 Functions and Their Graphs

24. Neither graph passes the vertical line test

(a)

(b)

x|+ [yl =1

4
N \

x+y y=1-x
|x+y|—1(:) o or
x+y=-1 y=-1-x
25. [x]o1]2 26. [x]0|1]2 A
y 2k
X, 0<x<1
0]1]0 f(X)z{Z—x,l<x52 Y 0]0 B
]\\
1 7; 1 o 1 " 1 > 1 X
x § ._{]—x,oixil
-y Tl2-x 1<x<2
-x%, x<1 l x<0
27. F(x)= 28. G(x)=
X +2x, x>1 x, 0<x
4\/_\'=x2+2r 3
- -2
B -1
B 7? 7% 7! I ! !
1 1 1 1 1 1 1 2 3 !

29. (a) Line through (0, 0) and (1, 1): y = x; Line through (1, 1) and (2, 0): y =—x+2

f(x)=

(b) f(x)=

x, 0<x<1
—x+2, 1<x<2
2, 0<x<l
0, 1<x<2
2, 2<x<3
0, 3<x<4

30. (a) Line through (0,2)and (2,0): y=—x+2

Line through (2, 1) and (5, 0): m ==L ==l =_1

fx) = {

5-2 3
-x+2,0<x<2

1,.5 <
3)c+3, 2<x<5

Copyright © 2018 Pearson Education, Inc.



4

31.

32.

33.

34.

35.

36.

Chapter 1 Functions

(b) Line through (=1, 0) and (0, =3): m = O‘f—(‘_‘f)
Line through (0, 3) and (2, -1): m = -3 _74 =-2,50 y=-2x+3

2-0
-3x-3, -1<x<0
f(x)=

=-3,s0y=-3x-3

—2x+3, 0<x<2

(a) Line through (-1,1) and (0, 0): y = —x
Line through (0, 1) and (1, 1): y =1

Line through (1, 1) and (3, 0): m=3 =3 =—L soy=-L(x-1)+1=-Lx+3
-X -1<x<0
f(x)= 1 0<x<1
~lyed 1<x<3 1x  2<x<0
(b) Line through (-2, ~1) and (0, 0): y = T x f(x)={-2x+2 0<x<l
Line through (0, 2) and (1, 0): y =—-2x+2 -1 l<x<3
Line through (1, -1) and (3, -1): y =—1
(a) Linethrough(l O)and(T D:m= -0 __2 soyzl(x—1)+0=lx—l
2° > e T-—(T/12) T’ T 2
0,0<x<T
J)=y, r_ -
Fx—l, E<X_T
4, 0<x<L
—A, %Sx<T
(®) f(x)= -
A, TSX<T
—A, 37T5xszT

(@) |x]|=0forxe [0,1)

| x |=[ x| only when x is an integer.

(b) [x]=0for xe (-1,0]

For any real number x, n < x <n+1, where n is an integer. Now: n<x<n+1=>-(n+1)<—x<-n.
By definition: [ —x |=—nand | x |=n= —| x | = —n. So[ —x | =—| x | for all real x.

To find f(x) you delete the decimal or 2/
fractional portion of x, leaving only
the integer part. . —o
2 o—-o0
1 *——o0
-3 -2 -? ? 3
o—e -1
x], x>0
o—e -2+ f(x)=
[x], x<0
o0—=e -3

Copyright © 2018 Pearson Education, Inc.




37. Symmetric about the origin
Dec: —o < x <00
Inc: nowhere

39. Symmetric about the origin
Dec: nowhere
Inc: —0 < x <0
O<x<oo

41. Symmetric about the y-axis
Dec: —0o<x <0
Inc: 0Sx<oo

Section 1.1 Functions and Their Graphs

38. Symmetric about the y-axis

Dec: —eo<x <0
Inc:0<x <o

40. Symmetric about the y-axis

Dec:0<x<oo
Inc: —eo< x <0

)

42. No symmetry
Dec: —e0o < x <0
Inc: nowhere

y=V=

-8 -6 -4

Copyright © 2018 Pearson Education, Inc.
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6

43.

45.

47.

48.

49.

50.

51.

52.

53.

54.

55.

Chapter 1 Functions

Symmetric about the origin 44. No symmetry
Dec: nowhere Dec:0<x<oo
Inc: —eo < x <0 Inc: nowhere
y y
L L 178 L

x
/11/8{ 1 2 .2
-1
-4

y= -4/x
-6
-8
No symmetry 46. Symmetric about the y-axis
Dec:0<x<oo Dec: —0 < x <0
Inc: nowhere Inc: 0<x<oo
y y
4 -
5L
2 -
y=e0
3 F L
-4 r L1 L1 ayy
5+ -8 6 4 2 2 4 6 8

Since a horizontal line not through the origin is symmetric with respect to the y-axis, but not with respect to the
origin, the function is even.

f@=2 = Land (=)= (07 = L= -(%) = — f(x). Thus the function is odd.
X —X X

Since f(x)= X tl= (—x)2 + 1= f(—x). The function is even.

Since[ f(x) = X2+ x]#[f(=x) = (—x)2 —x]and[f(x) = X2 x]#[-f(x)= —(x)2 — x] the function is neither
even nor odd.

3

Since g(x) = x> + x, g(=x) = —x> — x = (x> + x) = —g(x). So the function is odd.

g(x)=x*+3x% = 1=(=x)* + 3(-x)* = 1 = g(~x), thus the function is even.

L —_ L1 — o(—x). Thus the function is even.

8= 1 (-x)*-1

x2

g(x)=——; g(-x)=- xzx_ 0= —g(x). So the function is odd.

2
¥-1

h(t) = =3 h(=t) = —1—=; = h(t) = 1= Since h(r) # ~h(r) and h(r) # h(~1), the function is neither even nor odd.

—t -t

Copyright © 2018 Pearson Education, Inc.



56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

Section 1.1 Functions and Their Graphs

Since |t3| = |(—t)3 |, 2(¢) = h(—t) and the function is even.

h(t)=2t+ 1, h(=t) =2t + 1. So h(t) # h(=t). —h(t) = =2t -1, so h(t) # —h(¢). The function is neither even

nor odd.

h(t) =2|t|+ 1and h(—t) = 2|—t|+ 1 =2|¢| + 1. So h(¢) = h(—t) and the function is even.
g(x) =sin2x; g(—x) = —sin2x = —g(x). So the function is odd.

g(x)=sin xz; g(—x)=sin X2 = 2(x). So the function is even.

2(x) =cos3x; g(—x) =cos3x = g(x). So the function is even.

g(x)=1+cosx; g(—x) =1+cosx = g(x). So the function is even.
s=kt=25=k(75)=>k=1=5=11,60=11=1=180

K =cv? =12960 = ¢(18)> = ¢ =40 = K = 40v?; K = 40(10)* = 4000 joules

k

N

12

r=fo6=kok=24=,r=210=28=,=-12
s s 5

—k —_k — — 14700 . — 14700 — 24500 03
P—7:>14.7—m:k—147003P—T,23.4—T:>V—T~628.21n

V= f(x)=x(14-2x)(22-2x) = 4x> - 72x> + 308x; 0 < x < 7.

2 2 N
(a) Let & = height of the triangle. Since the triangle is isosceles, (AB) + (AB) =22 = 4B =4/2. So,

2.2 2 : . .
h™+1 =(x/§) = h=1= Bisat(0,1) = slope of AB = -1 = The equation of 4B is
y=f(x)=—x+1;x€[0,1].

(b) A(x)=2xy=2x(—x+1)= 2% + 2x; x€ [0, 1].

(a) Graph & because it is an even function and rises less rapidly than does Graph g.
(b) Graph f because it is an odd function.
(c) Graph g because it is an even function and rises more rapidly than does Graph 4.

(a) Graph f because it is linear.

(b) Graph g because it contains (0, 1).
(c) Graph & because it is a nonlinear odd function.

Copyright © 2018 Pearson Education, Inc.
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Chapter 1 Functions

:>3x+3>2x 2:>x> —5 which

. (a) From the graph Xs1+4 :xe(—Z 0)U (4,) ’
X —_——
(b) 2>1+x:>2 1 x>(z
Lx_q1_4 x°=2x-8 (x=4)(x+2)
x>0:5-1-2>0=—7—>0="—F——>0 sy = 14 4
= x > 4 since x is positive;
x<0:Eo1-45 0z X208 g D) g LI
"2 X 2x 2x (4.2)
= x < -2 since x is negative; ’ «
sign of (x —4)(x+2) 4
\
(-2,40)
+ — +
-2 4
Solution interval: (=2, 0) U (4, ) o) = 1+4
X
|
72. (a) From the graph, —< xil = x€ (—oo,-5)U(-11) y
_1- 2 3x+D :
(b) Casex< l.x_1<x+1:> o >2
=3x+3<2x-2=>x<-5. :
Thus x € (—oo, =5) solves the inequality. 9(x) = X+ i
Case-l<x<li—=5<—2 2 :>3(x+1)<2
1 x+1 X = :
i

73.

74.

75.

76.

is true if x > —1. Thus, x€ (-1, 1)
solves the inequality.
3 2

Casel<x:—2—<—=-=3x+3<2x-2=>x<-5
e x—-1 x+1

which is never true if 1 < x,
so no solution here.
In conclusion, x € (—eo, —=5) U (-1, 1).

£x) = 3/(x-1)

A curve symmetric about the x-axis will not pass the vertical line test because the points (x, y) and (x, —y) lie
on the same vertical line. The graph of the function y = f(x) = 0 is the x-axis, a horizontal line for which there
is a single y-value, 0, for any x.

price = 40 + 5x, quantity = 300 — 25x = R(x) = (40+ 5x)(300 — 25x)

x* +x?2 = h?

—x=1 fh : cost = 5(2x)+10h:>C(h)-lO(*/—h)HOh 5h(f+2)

ﬁ

(a) Note that 2 mi =10,560 ft, so there are /8002 + x? feet of river cable at $180 per foot and (10,560 — x)
feet of land cable at $100 per foot. The cost is C(x) =180 800% +x7 + 100(10,560 — x).
(b) C(0)=$1,200,000
C(500) = $1,175,812
C(1000) = $1,186,512
C(1500) = $1,212,000
C(2000) = $1,243,732
C(2500) = $1,278,479
C(3000) = $1,314,870

Values beyond this are all larger. It would appear that the least expensive location is less than 2000 feet
from the point P.

Copyright © 2018 Pearson Education, Inc.



Section 1.2 Combining Functions; Shifting and Scaling Graphs 9

1.2 COMBINING FUNCTIONS; SHIFTING AND SCALING GRAPHS

1.

2.

10.

11.

12.

13.

Dyt —eo<x<oo,Dy: x21= Dy g =Dpix21. Ryt —o< y<oo, Ryt y20,Rp 00y 2L, Rt y20
Dy:x+120=x2-1,D,: x—120= x2>1.Therefore D, , = Dp: x21.
Ry =Ry y20,Rp1q: yZ\/E,ng: y=0

Df: —co < x <oo, D -—oo<x<oo,Df/g: —co < x < oo, D I —oo<x<oo,Rf: y=2,Rg: yZl,Rf/g: 0<y<2,

) g g
Rg/f: ES)/<°°

Df: —co < x<oo, D 'xZO,Df/g: xZO,Dg/f:xZO;Rf: yzl,Rg: yZl,Rf/g: 0<yS1,Rg/f: ISy<ee

> Hg
(a) 2 (b) 22 () x*+2

(d) (x+57%-3=x2+10x+22 () 5 ) -2

(g) x+10 (h) (x> =3)>-3=x*-6x>+6

@ -3 (b) 2 © 1=
@ L () 0 (f) 3

(&) x-2 h) —L—=L =22

(fegoh)(x) = f(g(h(x))) = f(g(4-x)) = f(B3(4-x))=f(12-3x)=(12-3x)+1=13-3x

(fogeh)(x) = f(g(h(x)) = f(g(x) = f(2(x*)=1) = f(2x* =) =3(2x" ~1)+ 4= 6x° +

(fogoh) ) = f(g(hom = £ (g(1)) = f{ﬁ} L R e e

(V2—=) ]:f(i:x): 2 o3

(fogom(x) = f(g(h(x)) = /(g (v2=x)) = f{

(,/2—x)2+1 =

(@) (fog)(x) () (Jog)(x) (©) (gog)(x)
(d) (Joj)x) (e) (gohof)(x) (£) (hojo f)(x)
(@ (fo/)x) (b) (goh)(x) (©) (hoh)(x)
(d) (fof)x) (e) (jogof)(x) (f) (gofoh)(x)

g(x) f(x) (feog)x)
(&) x-7 Jx x—7
(b) x+2 3x 3(x+2)=3x+6
(©) x? x=5 ¥ -5
(d = - o .

x -1 x -1 X{] 1=x—(x—1)=x
(€) — 1+d x

Copyright © 2018 Pearson Education, Inc.
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14.

15.

16.

17.

18.

19.

20.

21.

Chapter 1 Functions

1 1
®) < T x

(@) (fog)(x)=lg(x) =] |

|x
_ 1 1 1

-1
_g -1 1 _ _ _ _
®) (feg)) == ==l = = I o= 2 = rr 1= ey 08 =x+1L

() Since (fog)(x) =1/g(x) = |x|, g(x) =x".
(d) Since (fog)(x)= f(\/_) =|x|, f(x)= x2. (Note that the domain of the composition is [0, ).)

The completed table is shown. Note that the absolute value sign in part (d) is optional.

g(x) Jx) (fog))
x 1— 1 |x| ‘x 1— l‘
x+1 =l 1
x2 «/; | x|
\/; X2 | x|
(@ flgE=D)=rM=1 (b) g(f(0))=g(-2)=2 () f(f(=D))=71(0)=-2
(d) g(g(2))=¢g(0)=0 (e) g(f(-2))=g)=-1 ® feM)=/=D=0

(@ f(g0)=/(-1)=2-(-1)=3, where g(0)=0-1=-1

(®) g(f@)=g-D=-(-1)=1where f(3)=2-3=-1

(c) g(g(-1))=g1)=1-1=0, where g(-1) =—(-1) =1

d f(f2)=f(0)=2-0=2,where f(2)=2-2=0

(e) g(f(0)=g(2)=2-1=1, where f(0)=2-0=2

© (st r{-2)=2- =3 w13

(@) (fog)x) = f(g(x) = L+1= /HT"
(gof)x)=g(f(x)) = \/ﬁ

(b) Domain (fog): (—ee, —=1]U(0, o), domain (go f): (-1, o)

(c) Range (fog): (1, %), range (go f): (0, o)

(@) (fog)x)=f(g(x))=1-2/x+x
(gof)(x)=g(f(x))=1-|x]|

(b) Domain (fog): [0, o), domain (go f): (—oo, o)

(c) Range(fog): (0,°), range (go f): (—oo, 1]

(fo@)(x) =x = f(g(x) =x = —E0s = x = g(x) = (g(x)-2)x =x-g(x)~2x

:>g(x)—x-g(x)=—2x:>g(x)=_A:A

1-x x-1

(feg)x)=x+2= f(g(x) =x+2= 2g) ~4=x+2= (g(1)* =52 = g() =32

V =V(s)=V(s(t) =V(2t-3)
=(2t-3)> +2(2t-3)+3
=42 -8t +6

Copyright © 2018 Pearson Education, Inc.



Section 1.2 Combining Functions; Shifting and Scaling Graphs 11
22. (a)
x —4 -3 =) -1 0 1 2 3 4
2(x) -2 -1 —0.5 -0.2 0 0.2 0.5 1 2
f(g(x) 1 1.3 1.6 1.8 2 1.8 1.5 1 0
y
4
//_ y = f(g(x))
oz it
72 —
i
(b)
x —4 -3 =) -1 0 1 2 3 4
g(x) 1.5 0.3 -0.7 -1.5 2.4 2.8 -3 -2.7 -2
f(gx) | -0.8 1.9 1.7 1.5 0.7 0.3 0.2 0.5 0.9
41
2 : y = f(g(x)
‘Jg 1 7% 1 o _\’—;4/:‘/ x
_2 -
i
23. (a) y=—(x+7)> (b) y=—(x—4)
24. (a) y=x>+3 (b) y=x*-5
25. (a) Position 4 (b) Position 1 (c) Position 2 (d) Position 3
26. (a) y=—(x-1)%>+4 (b) y=—(x+2)>+3 (©) y=—(x+4)*>-1 @) y=-(x-2)
27. 28.

x+2)%+(+3)%=49

Copyright © 2018 Pearson Education, Inc.
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29.

31.

33.

35.

37.

Chapter 1 Functions

Y 3
y+1l=(x+1)

3
y=x

x
-0.81 1 4
y y=2x
7
y=2x-17
x
72
-7,
y

—4 0

30.
y
. o
\\\\ 2_ - -
Dotk L
LN I/Ix
-3 2 -l 1 2 3
-1+ ¥,
y+l=-1"
32.
y
05
-0.5
-1
-1.5
-2
2.5
3k
34,
y
=L , =1
y= 2(X+I)+§/ or_\—zx
PRy
4‘,, 2_
- 1 1 1 1 1 1 X
=15 -5 -2 25 5 15
2F
4L
6L
36.
y
i
N
ks
i
1 ha
K
v
13
" 1
' |
ARt
/ER .
1 Lfq” (e N R
-6 -4 \| 2 4 o
~h—
1
y+1l=
(x+2)° -2
38.

Copyright © 2018 Pearson Education, Inc.
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Section 1.2 Combining Functions; Shifting and Scaling Graphs

39. 40.
) y y=]1-x|-1
A *
41. 42.
y y
3 l&
2 %ﬁ 1 Il 1 1 X
1 1,1 -1 1 2 3 4
I } -
43, 44. .
y= (,\‘ _ 8)2/3

45. 46.

1
2 ‘Al 2 T
1 1

47. 48.
¥
10+
1 X 8
-1 6
Y =+ 41
(—27,%_
1 1 1 1 X
2 -1 1 o2 3
49. 50.
y y
2F | |
! ) =
1 R of 1
1k ' 4L.\7—2
! 2
1 : 1 1 x L L L . X
9] 1 23 4 42 | N4
-1} : -
i ,%_
-2+ 1
1

Copyright © 2018 Pearson Education, Inc.
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14 Chapter 1 Functions
51.

y
e
SE S [

53.

y

4

3

2

1

0 *

55.

57. (a) domain: [0, 2]; range:

y

3_
N:f(x)+2
2

1+

52.

54.

56.

(2, 3]

(b) domain: [0, 2]; range: [-1, 0]

1
0 1 2 3 4

(c) domain: [0, 2]; range: [0, 2] (d) domain: [0, 2]; range: [-1, 0]
y y
1 -
2_
y=2f(x) y=—f(x)
1r 0 I 2
0 N 2 3 * kb

Copyright © 2018 Pearson Education, Inc.



Section 1.2 Combining Functions; Shifting and Scaling Graphs

(e) domain: [-2, 0]; range: [0, 1] (f) domain: [1, 3]; range: [0,1]
y Yy
2_
2.—
y=fx+2)
ns y=fe-1)
VAN
o =} 0 x 0 1 2 3 *
(g) domain: [-2, 0]; range: [0, 1] (h) domain: [-1, 1]; range: [0, 1]
y y
2_
2_
y=f=x) . y=—fx+1)+1
L 1k
) _{ 0 x —; 0 i *
58. (a) domain: [0, 4]; range: [-3, 0] (b) domain: [4, 0]; range: [0, 3]
y=g(-1)
and 3t
3k t
-4 y=-g(1) 0
(¢) domain: [4, 0]; range: [0, 3] (d) domain: [4, 0]; range: [1, 4]
y y

y=gn+3

(¢) domain: [2,4]; range: [-3, 0] (f) domain: [-2,2]; range: [-3, 0]
y y
y=g1+2) y=8-2

| t \ t
2

=)
|
>

Copyright © 2018 Pearson Education, Inc.
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59.

61.

63.

65.

67.

69.

70.

Chapter 1 Functions

(g) domain: [1, 5]; range: [-3, 0]

y
L
y=9(1-t)
1 5 .
-3
y=3x"-3
_1 1\_1,.1
r=i(iek)desh
y=~4x+1
2
= Ja—(x)" =L{16=x2
y=q4 (2) =7 V16-x

y=1-3x)’ =1-27%°

Let y =—v2x+1 = f(x)and let g(x) = xl/z,

h(x) = (x+%)1/2 , i(x)= x/z(x+%)l/2 , and

j(x)= —[ﬁ (x +%)“2} = f(x). The graph of h(x)

is the graph of g(x) shifted left% unit; the graph
of'i(x) is the graph of 4(x) stretched vertically by
a factor of v/2 ; and the graph of j(x) = f(x) is the
graph of i(x) reflected across the x-axis.

Lety=,/1-% = f(x). Let g(x) = (-x)" "%,
h(x)=(-x+2)"?, and i(x) = %(—x +2)12=

—% = f(x). The graph of g(x) is the graph

of y= Jx reflected across the x-axis. The graph
of h(x) is the graph of g(x) shifted right two units.
And the graph of i(x) is the graph of A(x)
compressed vertically by a factor of V2.

(h)

60.

62.

64.

68.

domain: [0, 4]; range: [0, 3]
y

i

3
y=-g(t-4)

o
~N
H

y=(2x)? -1=4x> -1

=l+—_=1+2
Y (x/3)? x°
y=3Jx+1
_1.a_2
y=3 4—x

3 3
—1-(x) =12
y=1 (2) =1-7

-2-1\1234

Copyright © 2018 Pearson Education, Inc.



71.

72.

73.

74.

75.

Section 1.2 Combining Functions; Shifting and Scaling Graphs

yv=f(x)= x>. Shift f(x) one unit right followed by
a shift two units up to get g(x) = (x— 1)3 +2.

y=(-2 +2= =D +(-2)]= f(0).

Let g(x)=x, h(x)=(x=1)°, i(0)=(x~D’+(-2),
and j(x)=-{(x— 1)3 + (=2)]. The graph of A(x) is the
graph of g(x) shifted right one unit; the graph of i(x)
is the graph of /(x) shifted down two units; and the

graph of f(x) is the graph of i(x) reflected across
the x-axis.

Compress the graph of f(x) = % horizontally by a
factor of 2 to get g(x) = 21—x Then shift g(x)
vertically down 1 unit to get 4(x) = 2_lx -1

Letf(X)=xi2and g(x)=x%+1=ﬁ+l
2

+1. Since\/z =1.4, we see

1 __ 1
(n2) [W2R]
that the graph of f(x) stretched horizontally by
a factor of 1.4 and shifted up 1 unit is the graph
of g(x).

Reflect the graph of y = f(x) = Jx across the x-axis
to get g(x) = —Jx.

y=(-173+2

| I I N |
123 45

y
10}
L y=(-x)P+2
1 1 1 ™, 1 X
3 2 -1 1 2\3

4
3_
2+
1 1 1 1 1 1 1 1
4 K123 4 *
S
3L
4k

Copyright © 2018 Pearson Education, Inc.

17



18 Chapter 1 Functions

76, y=7(x) =20 =[(-D@uT’ = (-7 20
= (2x)2/ 3. So the graph of f(x) is the graph of
g(x)= x23 compressed horizontally by a factor of 2.

77. 78.

79. (@) (f@)(=x) = f(=x)g(=x) = f(x)(=g(x)) = —~(/g)(x), odd

® (£)0)=LE3 = L9 - (L)), odd

© (§)e0=5E5=F0 =)o oad
() 2 (=)= f(=0)f(-x) = f(x) f(x) = f*(x), even
(@ &°(-x)=(g(-x))* =(-g(x))* = g°(x), even
(F) (f°g)(=x) = f(g(~x) = f(=g(x)) = £(g(x)) = (f ©g)(x), even
(@) (go/)=x)=g(f(-x))=g(f(x))=(g° f)(x), even
() (f o /)=x)=f(f(=x)) = f(f(x) = ([ © f)(x), even
(D) (gog)(—x)=g(g(-x)) =g(-g(x)) =-g(g(x)) =—(g°g)(x), odd
80. Yes, f(x)=01is both even and odd since f(—x)=0= f(x) and f(—x) =0=—f(x).

81. (a) (b)

(fg)(x)

Copyright © 2018 Pearson Education, Inc.



Section 1.3 Trigonometric Functions 19

(©) (d)
Yy
\
€163)
f
(E)(X)
% 1 f(x) = vx
(g-)(x) YOI
(f-g)(x) 0 ] X
82. |
' o9
10
o) = x? 5
(g°f)x)
= o] 4 g "
$%7
1.3 TRIGONOMETRIC FUNCTIONS
I (@ s=r0=(10)(*Z)=8zm (b) 5=r0=(10)110°)(;Z;) =10z = 557

_s _10z _ 57 . S5z (180°) _ o
2. 60 e Sy radians and T(T) =225

3. 0=80°=0= 80°(1 g)) =42 = 5= (6)(47”) = 8.4 in. (since the diameter = 12 in. = radius = 6 in.)

4, d=1meter=>r=50cm=0=32=32=0.6rador 0.6 (M)z%"
r 50 V4

_3z _Z _Z z Sz
5. 1g a2 || o | 2| * 6. |o 2 3 6 4 6
3 L NG 1 L 1
sin @ 0 _T 0 1 \/5 sin® 1 — T — E \/5 5
_1 --L i
cos@ -1 ) 1 0 2 cosd 0 1 % NG _ g
tan @ 0 NE) 0 |und. | — —
1 tan @ und. | -3 NE) 1 B
cot@ und. NE) und. 0 -1 1
secd -1 -2 1 und. | —\/2 cotd 0 NN 1 -3
_2 2 2
csch und. J3 | und. 1 2 sech und. 2 5 NG N
_2
cscd 1 NG ) 2 2

Copyright © 2018 Pearson Education, Inc.



20 Chapter 1 Functions

=_4 =_3 inx=-2 - L
7. cosx= 5,tanx 2 8. sinx \/g,cosx NG
9. Sinx:—g,tanxz_\/g 10. sian%,tanxz—%
11. sinx=—-L cosx=—-2 12 __\B _ 1
4 . CoOsx=——,tanx =—=
NG NG 2 NE]

13. 14.

y
y=sinx
<

—1+

period = 7 period = 47
15. 16.
y y
1 Yy =CO0s Tx -
/N /) Ny
0 \77\ 3 *
/ 5 1 5> '} IV\%?\'
period =2 period = 4
17. 18.
y
y=—sin”—3x
1 /\
0 3 6 *
o N
period = 6
19. 20.

o
NIy -
<
D
3
=

-1+

period =27

period =27

Copyright © 2018 Pearson Education, Inc.



Section 1.3 Trigonometric Functions 21

21. 22.
y
y=cosx
1< -
0 L L X
T 2m
_1F -
! 1 x 2k
T 0| T 3 In
4 4 4 4 3k
y=cos (,\' +ZT7T] -2
period =27 period =27
23. period = %, symmetric about the origin 24. period =1, symmetric about the origin
s s
| (' | |
| |
2 s =cot 2t } | | }
\ A \
1 | | | |
| \ \ \
s =—tanms | | |
t 1
- T \o V.4 n | | | |
2 2 | | | |
L o\ \ \
2 i 1 i 5 i 1 ‘ 2 ¢
| | | |
At \ \ \ \
| [ | |
\ \ \ \
\ \ | \
| | _ | |
| | \ |
| | | |
[ N [
[ [ [
25. period = 4, symmetric about the s-axis 26. period = 47, symmetric about the origin
5 s
E 6
s= SEC%’ M 3 |
t
=27 0 2w
\ n
; . ! m H
-3 -2 - 2 3 -6
—1F § =CSC é

y = COS X y Y=specx
27. (a) Cosx and sec x are positive for x in the interval
(—%, %), and cos x and sec x are negative for x J k (Z}J &
in the intervals (—37”, —%) and (%, 37”) Sec x is <) T n ~
undefined when cos x is 0. The range of sec x is 2n < :; |
(—o0,—1]U[ 1,00); the range of cos x is [-1,1].

Copyright © 2018 Pearson Education, Inc.



22 Chapter 1 Functions

(b) Sin x and csc x are positive for x in the intervals y=cscx y y=sinx
(—37”, —7[) and (0, r); and sin x and csc x are
negative for x in the intervals (-7, 0) and \ 12 U
(7[, 37”) Csc x is undefined when sin x is 0. The 2;: = — : - _i"x

range of csc x is (—eo, —1]U[1, 0); the range of 2
sin x is [—1, 1].

28. Since cotx = ﬁ, cot x is undefined when tan x =0

and is zero when tan x is undefined. As tan x
approaches zero through positive values, cot x
approaches infinity. Also, cot x approaches negative
infinity as tan x approaches zero through negative

values.
y=cotx
29. D: —co<x<oo; R: y=-1,0,1 30. D: —co<x<oo; R: y=-1,0,1
y y
,\':[sin x| y=sinx
y=|sinx] y=sinx
X
27 ,.e T 1-,4. T 2r

G Ui SR N

o—--t_-1<> [ y=[sinx]
31. cos x—%) = COS X COS (—%) —sinxsin(—%) = (cos x)(0)— (sinx)(-1) =sinx

32. cos(x+ %) = COS x oS (%) —sin xsin (%) = (cos x)(0) — (sinx)(1) = —sinx

33. sin{x+Z)=sinxcos (%) +cos xsin (E) = (sin x)(0) + (cos x)(1) = cos x

2

(x+3)
34. sin(x—%) sinxcos(—%)+cosxsin(—%) = (sin x)(0) + (cos x)(—1) = —cos x

35. cos(A4—B)=cos(4+(—B))=cos Acos(—B) —sin Asin(—B) = cos A cos B —sin A(—sin B)
= cos Acos B +sin Asin B

36. sin(A— B) =sin(A4+ (—B)) =sin Acos(—B) + cos Asin(—B) = sin Acos B + cos A(—sin B)
=sin Acos B—cos 4sin B

37. IfB=A4, A—B=0= cos(A—B)=cos0=1. Also cos(4—B)=cos(4— A)=cos Acos A+ sin 4 sin A
= cos’ A +sin’ 4. Therefore, cos’A+sinA=1.

38. If B=2m, then cos(A+27) =cos Acos 2 — sin Asin 27z = (cos A)(1) — (sin 4)(0) = cos 4 and
sin(A+27) =sin Acos 27+ cos Asin 27z = (sin A)(1) + (cos 4)(0) = sin A4 . The result agrees with the fact that the

cosine and sine functions have period 27.

39. cos(zr+x) =cosmcosx—sinzsinx = (—1)(cosx)—(0)(sin x) = —cos x

Copyright © 2018 Pearson Education, Inc.



40.

41.

42.

43.

44,

45.

46.

47.

49.

51.

52.

53.

54.

55.

56.

57.

Section 1.3 Trigonometric Functions
sin(27 — x) = sin 27z cos(—x) + cos(27) sin(—x) = (0)(cos(—x)) + (1)(sin(—x)) = —sin x

sin (37” - x) =sin (37”) cos(—x) +cos (7”) sin(—x) = (=1)(cos x) + (0)(sin(—x)) = —cos x

cos(%” + x) =cos (37”) COSs X —sin (%’)sinx = (0)(cosx)—(=1)(sinx) =sin x

iz T2\ —ginZ cosZ + cosZsinZ = (Y2 )(1) 4 (2 6+*/_
s1n12—sm(4+3)—sm4cos3+cos4sm3—(2)2 ( )( )

lz z 27\ _ 2_ﬂ_-£~2_ﬂ_ﬁ(_L)_ﬁ M3\ 2+
cos 3 —cos(4+3)—cos400s3 s1n4sm3—(2) 3 55 )= 1

o f o5 ) oo (s ) =) ) -() -] - 5

s1n5—”—sm(2”—%) :Sin(zﬂ)cos(_%)+cos(2”)Sin(—%) :(

N
~———
—_—

ol
~—~———

+

12 3 3 3
A3
0052£:1+cos(2?”):1+72:2+\/§ 48 COSZS—”—1+COS(1?J)—1+( 2)_2_\/5
8 2 2 4 12~ 2 2 -4

sin® @ = :>smt9 +[:>9 Z 2z Am 3%

sin’ @ = cos 0:>5m9 °°S‘9:>tan O=1=tanf=%1=6= 3—,5—”,7—”
cos’6  cos’@ 47 47 4

sin28—cos@ =0 = 2sinfcosfd—cosd=0=c¢ (ZSinH D)=0=cosd=0or2sind—-1=0

1 n 3w g_ n Sz 3w
= cosfd =0 orsinf = 2:>¢9 2,2,or6? o> 6:6’ 260

0820+ ¢cosf=0=>2cos> @—1+cosd = 0= 2cos’ t9+cosﬁ—1=03(c0s49+1)(2cost9—1) 0

=cosf+1=00r2cosf—-1=0=cos@=—lorcosf = —:6 morf =% 3”:>6?= 7[57”
. . in Acos B Asin B
tan(A+ B) = sin(4 + B) _ sin Acos B + cos Acos B _ % +% _ tan 4 + tan B
cos(4+ B) cosAcosB —sinAsin B cosdcosB _ sindsinB ] — tan 4 tan B
cos Acos B cos Acos B
. . in Acos B Asin B
tan(A - B) = sin(4 — B) _ sin Acos B — cos Acos B _ m - % _ tan 4 — tan B
cos(4—B) cosAcosB +sinAsinB  cosdcosB | sindsnB | + tan Atan B

cos Acos B cos Acos B

According to the figure in the text, we have the following: By the law of cosines, ¢ =a*+b* -2abcosO

=12+1>-2 cos(4—B)=2—2cos(4—- B) . By distance formula, ¢?= (cos A—cos B)2 + (sin A —sin B)2
=cos? A—2cos Acos B+cos> B+sin> A—2sin Asin B +sin’ B = 2 —2(cos Acos B +sin Asin B) . Thus

c?= 2—-2cos(A—B)=2—-2(cos Acos B +sin Asin B) = cos(4—B) =cos Acos B+sin AsinB.

Copyright © 2018 Pearson Education, Inc.
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58.

59.

60.

61.

62.

63.

Chapter 1 Functions

(a) cos(A—B)=cosAcosB+sin Asin B
sinf = cos( > 6’) and cosf = sm( 6’)

Letf0=A4A+B
sin(4+ B) —cos[ (A+B)J —cos[(2 A)—B} :cos(%—A)cosB+sin(%—A)sinB
=sin Acos B+ cos Asin B

(b) cos(A4—B)=cos Acos B +sin Asin B
cos(A4—(—B)) = cos Acos(—B) +sin Asin(—B)
= cos(A4+ B) =cos Acos(—B) +sin Asin(—B) = cos Acos B +sin A(—sin B) = cos Acos B—sin Asin B
Because the cosine function is even and the sine functions is odd.

2 =a? +b% = 2abcos C = 22 + 3% = 2(2)(3) cos(60°) = 4+9—12cos(60°) = 13— 12(%)= .
Thus, ¢ =~/7 = 2.65.

¢?=a®+b% = 2abcos C = 2% + 3% = 2(2)(3) cos(40°) = 13 —12 cos(40°). Thus, ¢ = /13—12 cos 40° ~1.951.

From the figures in the text, we see that sin B = % If C is an acute angle, thensin C = % On the other hand,

if C is obtuse (as in the figure on the right in the text), then sin C =sin(z - C) = % Thus, in either case,

h=>bsinC =csin B = ah = absinC = acsin B.
a* +b? 2

2 2 2
. - +c”"-b . . .
By the law of cosines, cos C = Tc and cos B = % Moreover, since the sum of the interior

angles of triangle is 7z, we have sin 4 = sin(z — (B + C)) =sin(B+C) =sin B cosC+ cos B sinC
2 2 2 2 2 2

|k a“+b°—c a“+c"-b ) _ 22 2

_(;) [ > }+|: o }(3) (2abc)(2a +b2—cr+c%-b )= :>ah bcsin A.

Combining our results we have ak = ab sin C, ah = ac sin B, and ah = bc sin A. Dividing by abc gives
h _sind _sinC _sinB
bce” a ¢ b~

law of sines

sind _ sinB _ \/—/2

By the law of sines, . By Exercise 59 we know that ¢ = V7. Thus sin B = M3 0.982.

2 3 PN
c
From the figure at the right and the law of cosines,
b?=a’+ 2% -2(2a)cos B
=a’+4-4a(1)=a*-2a+4. a N\
Applying the law of sines to the figure, sind _ Sir; B " b
m L
= \E/z f/z =b= \/7 a. Thus, comblmng results, 8 2 A

a’-2a+4= b2 = 2 250= > 14?4+ 2a-4=0=0a”+4a—-8 . From the quadratic formula and the fact that

A+ LAY B4 e,

2 - 2

a>0,wehavea =

Copyright © 2018 Pearson Education, Inc.
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64. tan}/zﬁ: c=-1 B
c tany |
_ h _ h htany '
e =5 = = any— B
|
btanatany —htano = htany = A . : Y c
btanatany = htana+ htany = b—c ¢
btanatany = h(tan o + tan y) =
__ btanatany
T tana+tany
65. sinf=—=
a+r

= asinf+rsinf=r
= asinfd=r—-rsin@ =r(l-sinf)

_ _osing
= =156

66. (a) The graphs of y =sinx and y = x nearly coincide when x is near the origin (when the calculator is in
radians mode).
(b) In degree mode, when x is near zero degrees the sine of x is much closer to zero than x itself. The curves
look like intersecting straight lines near the origin when the calculator is in degree mode.

67. A=2,B=2x1,C=-m,D=-1 A

y=2sin(x+m -1

~
|
N.a>
|
—~_—1
NN
w
N
W
N
=

-1 p_ — 1 y
68. A—Z,B—Z,C—I,D—2
/\/\1_
o 23
y :isin(ﬂ'x— )+ 1
1k 2
—__2 — — | Y
69. A=-2,B=4,C=0,D=1 y=-Zsin(%)+ 1

Slw

Q=
L—1
~~—
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26 Chapter 1 Functions

70. AzzL B=L,C=0,D=0

7’

t
L L L1
2 2
y‘:isin%,L>0

71-74. Example CAS commands:
Maple:

f i=x> A*sin((2*Pi/B)*(x-C)+D1;

A:=3; C:=0; D1:=0;

f list :=[seq(f(x), B=[1,3,2*Pi,5*Pi])];

plot(f_list, x=-4*P1i..4*Pi, scaling=constrained,
color=[red,blue,green,cyan], linestyle=[1,3,4,7],
legend=["B=1", "B=3","B=2*Pi","B=3*Pi"],
title="#71 (Section 1.3)");

Mathematica:
Clear[a, b, ¢, d, f, X]
f[x_]:=a Sin[2m/b (x —¢)]+d
Plot[f[x])/.{a > 3,b—1, ¢ —> 0, d = 0}, {x,—4m, 41}]

71. (a) The graph stretches horizontally.
y

IR GO
T I

(b) The period remains the same: period = | B|. The graph has a horizontal shift of % period.

(b) The graph is shifted left C units.
(c) A shift of £ one period will produce no apparent shift. |C| =6
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Section 1.4 Graphing with Software

73. (a) The graph shifts upwards | D|units for D >0
(b) The graph shifts down | D|units for D < 0.

’/‘\\ ’/’\\ 6_: //\‘ I,’\‘
/ \ P 1/ \ AN D=3
AT AT/
\ i/ Vo, \\ VN /P
K III \\‘ \\\ / "l \\ \\\ b ) \“ \\\ / lll ‘\‘ \\\ / Y D=0
/ N/ - ' 7 ‘N ! A\ /
7 T \Y 7 T a 7 \\ T T I X
74. (a) The graph stretches|4| units. (b) For 4 <0, the graph is inverted.
y
A N, oY
[ [ [ KA
DA i 81 /% A
h \. ;o 6] i “‘ H \
. fo P Do A=9
NG 2% NG A :
TEA oo A TRt |
:',' ki I \\'1 [T i \! ,,'.A =5
Iy |“l " " 24 \ " Y ::

[\
Ul " ! " I i l"l I l”
' W " ! " | Wl
| o A& ol W
' (R “\./" I\\\/I' VA
! \ ' \ ! \ B \ h
[ . —6 [ Vo
v Vot ' Vo
! \ \
v Vo \ \
\/ =84 v v
v v \vj v/

1.4 GRAPHING WITH SOFTWARE

1-4.  The most appropriate viewing window displays the maxima, minima, intercepts, and end behavior of the
graphs and has little unused space.

1. d 2. c.
Y y
154 fW =23 -4 - 4x +16
10 201
51 5
X 10+
-5 -4 -B -2 -1 1 2 3 4 5 sk
-10 L4 2 11 1 1 1 1
s -f(x)—x —7x* +6x 543f1 1 2\3/‘ L x
-5F
-20
_25 -10F
3. d 4. b
Y ¥
_ )
:z f(x)=5+12x-x WL wera
15 3
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28 Chapter 1 Functions

5-30. For any display there are many appropriate display widows. The graphs given as answers in Exercises 5-30
are not unique in appearance.

5. [=2,5]by[-15, 40] 6. [—-4,4]by[—4,4]
Yt =xt—43 15 "'f() 22
X=T—7— X +

/

S
T
DM
LA T T T
<_
IS
=

— 1]
(=] (=]
/ |
|
H
|
—
L
Lob
T 1T T 7T

7. [-2, 6] by [-250, 50] 8. [-1,5]by[-5,30]
1 f@=x-5*+10 A
oy 3 4
ol 0l f)=4x" —x
TN 3 4 s F 20F
10+
T
9. [-4,4]by[-5,5] 10. [-2,2]by[-2, 8]
y y
sk f@=x\9-x*
i 8 fn=2%6-x7)
3 or
2+ 4r
1 2+
=R EEY BER e i —
2+
4l
5k
11. [-2,6] by[-5, 4] 12. [-4,4] by[-8, 8]
y ¥

L

4 ;
1 1 1 1
2 1 27 45 6 -4
YA —6 P
i 8F yexB2_3)
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y=5x -2

15. [-3,3]by][0, 10]

y
0]
9
8
7+
6
5L
4l y=1a2-1l
3
2
1 1 1 1 1 1 1 1 x
54321 | 12345

Yy
B _x+3
8- y=iv2
6
4
————
I LT x
-10-8-6-4 _2_2 4 6 810
L4l
L 6
| g |-

y

3.0
25k f(x)=x2+2
2+

2.0

0.5+

L TR R

-4 -3 -2 -1 1 2 3 4

Section 1.4 Graphing with Software

14. [-1,6]by[-1, 5]

y

16. [-1,2]by[0, 1]

y
1+

y=la?-xl

18. [-5, 1]by[-2, 4]

Copyright © 2018 Pearson Education, Inc.
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30 Chapter 1 Functions

21. [-10, 10] by [—6, 6]
y
: __x-1
2_ o= ——
4
2L

-10-8 —6‘3}— S
L4

-6
-8

7\46810

23. [-6, 10]by[—6, 6]

y

6]
4

1 ~

_6x2-15x+6
‘fﬁ {i&)_ 4x2 - 10x

-5

0.5

X
> 510
-4
-6

25. [-0.03,0.03] by [-1.25,1.25]

y = sin 250x

-0.02

27. [-300, 300] by [-1.25,1.25]

VA

y

y=cos (;—0)

-300

-0.5

-1.0

29. [-0.25,0.25

1by[-0.3, 0.3]

y y=x+Lsin30x

0.2

0.1

10

1 1
-02 -0.1

0.1 0.2

5-4-3-2-1

24. [-3,5]by[-2, 10]

y

10+

8 V

6_

2

4 ()= X =3

) fO="=5
1 I/ I‘I 1 1 1
3 -1 1 \2 3 4 5

2k

26. [-0.1,0.1]by[-3,3]

y

y=3cos60x

/A

1
1k

A\
\/:iz

28. [-50, 50] by [0.1, 0.1]

=L
y=1psin

30. [-0.15, 0.15] by [-0.02, 0.05]

¥

y =22+ 2 cos 100x

50

05 Pt 0.15
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Section 1.4 Graphing with Software 31

31 ¥ +2x=4+ 4y —y2:> y= 2i\l—x2— 2x + 8. 1 G+ D2+ (-2 =9
2

The lower half is produced by graphing

y=2—\[—x2 —2x+8.

32. y2 ~l6x* =1=> y=x+I+ 16x%. The upper branch
is produced by graphing y =1+ 16x2.

33. 34.

Y f(x) = —tan 2x

X

fix)=3cot|=|+1
0 \ 3]

1 ! 1 x
2 3\6

L]

L L
NN
T T 11

|
()
—_
—
~
=
T

35. 36.
y y

20k f(x) = sin 2x + cos 3x

15
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Functions

1.5 EXPONENTIAL FUNCTIONS

1Y
1. 2 y:(—]
y=4 4
5
y=2* 4
y=2" 3
1
x x
1 2 3 4 -4 -3 -2 -1
1 B
-2 -2
Y Y
3. / 4.
y=2" 5 5
47 =5
3 1 3
2
+ + + + > t
-m;.\ 12 3 4 -4 -m\ 12 3 4
= -1
-2 -2
-3 -3
y=-3
-4 -4
_
-5 y=-2 -5
5. Y 6. ¥
A
2+
1+
y=e
x
1 2 3 4
-2
7. 8.
Y
A
5 ]
4
y=2"-1 34 y=2 =l
2]
1]
— , - x
-4 -3 - 3 4
_—r _*._ P
-2 4
-3 -
-4 -2
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11.

12.

14.

16.

18.

19.

21.

22.

23.

24,

Section 1.5 Exponential Functions

10. ¥
Y 2
3 1
2 X
e gk o
+ + + x
-4 -3 -2 -1 1 2 3 4
y=1-¢e" -2 y=1-¢

-3
-4

-5

16216175 = 162+H179) _ 16025 _1l/4 —

g3 .gl/6 _ g3t —gl/2 _3 13, 42442737 _ 05 412
e
5.2
%:33 3=31=3 15. (253 =25%8 =512 =5
V2712
(13ﬁ) =13%2 =13 17. 23 .3 Z 2.3 214

(ﬁ)l/z (\/—)1/2 (\/- \/—) («/_)1/2=61/2

(-t . (8 5245

(21/2 22

33

Domain: (—eo, o0); y in range = y = 5 1 -
+e

and smaller positive real number. As x decreases, e* becomes a smaller and smaller positive real number,

y <4 andy gets arbitrarily close to %:> Range: (0, %)

—t

Domain: (—ee, e0); y in range = y = cos(e’). Since the values of ¢’ are (0, =) and

-1 <cosx<1= Range: [-1, 1].
Domain; (—ee, e0); y in range = y =+1+37". Since the values of 3™ are (0, =) = Range: (1, =0).

2x<°o

If 2* = 1, then x = 0 = Domain: (—ee, 0) U (0, o0); y inrange = y = ] 32
—€

= —0<y<0.1fx <0, then 0<e?* <1 = 3 <y < oo => Range: (o, 0) U (3, ).
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34

25.

27.

29.

30.

31.

32.

33.

34.

Chapter 1 Functions

l!' 26. J!Il
_—_._-. = = & . 2 M » a o _f—i"-..
Inkerseckion - Inkerseckion -
=g x219zA08948 |u=E #=1.zBe942611 I»=Y
[-6, 6] by [-2, 6] [-6, 6] by [-2, 6]
x=2.3219 x=1.3863
28.
--
I_l—__lﬂ .-.J/.’/J--
rOOT - EOOT :
x=-. B89 7ETE  [v=n0 »=-1.EAY9RZzEN1l |v=-1E-1i=
['69 6] by ['35 5] ['65 6] by [_3’ 5]
x=-0.6309 x=-1.5850

Let ¢ be the number of years. Solving 500,000(1.0375)" =1,000,000 graphically, we find that 7 =~ 18.828. The
population will reach 1 million in about 19 years.

(a) The population is given by P(f) = 6250(1.0275), where ¢ is the number of years after 1890.
Population in 1915: P(25) = 12,315
Population in 1940: P(50) = 24,265

(b) Solving P(f) = 50,000 graphically, we find that ¢ = 76.651. The population reached 50,000 about 77 years
after 1890, in 1967.

@) A(t)= 6.6(%)”14

(b) Solving A(¢) = 1 graphically, we find that ¢ = 38. There will be 1 gram remaining after about 38.1145 days.

Let ¢ be the number of years. Solving 2300(1.60)" = 4150 graphically, we find that 7 = 10.129. It will take

about 10.129 years. (If the interest is not credited to the account until the end of each year, it will take
11 years.)

Let 4 be the amount of the initial investment, and let # be the number of years. We wish to solve

A(1.0625)" =24, which is equivalent to 1.0625" = 2. Solving graphically, we find that ¢ =~ 11.433. It will take
about 11.433 years. (If the interest is credited at the end of each year, it will take 12 years.)

Let 4 be the amount of the initial investment, and let # be the number of years. We wish to solve

A0 = 34, which is equivalent to Q00T _ 3, Solving graphically, we find that # = 19.106. It will take

about 19.106 years.
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35.

36.

1.6

10.

11.

Section 1.6 Inverse Functions and Logarithms 35

After ¢ hours, the population is P(f) = 2 /05 , or equivalently, P(¢) = 22!, After 24 hours, the population is
P(24)=2% =2.815x10'* bacteria.

(a) Each year, the number of cases is 100% — 20% = 80% of the previous year’s number of cases. After
t years, the number of cases will be C(¢) =10, 000(0.8)". Solving C(¢) = 1000 graphically, we find that

t=10.319. It will take 10.319 years.
(b) Solving C(¢) = 1 graphically, we find that ¢ = 41.275. It will take about 41.275 years.

INVERSE FUNCTIONS AND LOGARITHMS

Yes one-to-one, the graph passes the horizontal line test.

Not one-to-one, the graph fails the horizontal line test.

Not one-to-one since (for example) the horizontal line y = 2 intersects the graph twice.
Not one-to-one, the graph fails the horizontal line test.

Yes one-to-one, the graph passes the horizontal line test.

Yes one-to-one, the graph passes the horizontal line test.

Not one-to-one since the horizontal line y = 3 intersects the graph an infinite number of times.
Yes one-to-one, the graph passes the horizontal line test.

Yes one-to one, graph passes the horizontal line test.

Not one-to-one since (for example) the horizontal line y = 1 intersects the graph twice.

Domain: 0 <x<1, Range: 0<y 12. Domain: x < 1, Range: y >0
5

14. Domain: —eo < x < oo, Range: —% <y< %
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15.

17.

18.

19.

20.

21.

22.

23.

Chapter 1 Functions

Domain: 0 <x<6,Range: 0<y<3 16. Domain: -2 <x <1, Range: -1 <y <3
)

y=x ,°
.

y

3 P
y="w A I
y=rf@) w . yv=rw
1 J/, Il 1 5

3 2 -1, | AT -3
-

e =

-3k

6

x

The graph is symmetric about y = x.

y

[_\ 152
0<x<l1
|

%
1

1
0
b) y=NI-2* =y’ =1-r* >’ =1-y’ sx=\l-)" = y=Vl-x> = ' (x)

-1
sx=loy=Ll=m

(a) The graph is symmetric about y = x. b)) » =% 5

y=x .

\Jw=1L=r"w

Step 1: y=x2+13x2=y—1:>x= y—1

Step2: y=+x—1=f"!(x)

Step 1: y=x2 :xz—\/;, since x < 0.

Step 2: y=—J/x=f"'(x)

Step 1: y=x3—1:>x3 =y+1:>x=(y+l)1/3

Step 2: y=3/x+1= ()

Step 1: y=x2—2x+1:y=(x—l)2:\/;=x—1, sincex>1 = x=1+\/;
Step2: y=1++/x = F1(x)

Step 1: y=(x+1)2 :\/;zx+l, sincex>-1 = x=\/;—1
Step 2: y:\/;—lzf_l(x)
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24.

25.

26.

27.

28.

29.

30.

Section 1.6 Inverse Functions and Logarithms

3

Step 1: y=x2/ :>)c=)/3/2

Step 2: y=x"% = 7 1(x)

Step 1: y=x5 :>x=y1/5
Step 2: y=3/x = £ (x);
Domain and Range of 1 1. all reals;

f(f_l(x)) =(x"%) =x and _f‘l(f(x)) ()5 =«

Step 1: y=x4 :x=y1/4

Step 2: y=%x = /71 (x);

Domain of f_l: x 20, Range of f_l: y=0;

U =G =x and T () = H =x

Step 1: y=x3+1:>x3=y—1:>x:(y—1)1/3
Step2: y=3x—1=f"!(x);

Domain and Range of 1 1. all reals;

U= (=D +1=(x=D+1=x and /7' (/@)= +D)-D" =) =x

Step 1: yz%x—%:%

Step 2: y=2x+7= £ \(x);

x=y+%:>x=2y+7

Domain and Range of f 1 all reals;

U o=t n-2=(x+2)-Z=x and /7' (S =2(3x-2)+T=(x-T)+7 =x

Stepl: y=L=x?=l=x=
X

1
y N
Step 2: y = ﬁ = (x)

Domain of f_lz x>0, Range of f_l: y>0;

SO ) =5 == x and £ () == = pr = since x>0,
e o
Stepl:y=xl3:>x3=i:>x=y117

1 -1
Step2: y=—x =L = /7 ()
X
Domain of f_l: x # 0, Range of f_l: y#0;
-1/3

=) =ﬁ=%=x and f7(f(x) = (%) - (%)_1 -
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38

31.

32.

33.

34.

35.

Chapter 1 Functions

2y+3
y-1

Step 1: yzj%g Syx-2)=x+3=>xy-2y=x+3=>xy-x=2p+3= x=

Step 2: y =243 = 7 (x);

Domain of f_lz x # 1, Range of f_lz y#2;

(h)_l T TG)-(x-2) 5

x+3
235N _ 2034362 |
3

S = E ;; = S ==y and £7(f() =

X

Step 1: y = Jx :>y(\/;—3)=\/;:>y\/;—3y=\/;:>y\/;—\/;=3y:>x:(3—y)2

Jx-3 y-l
2
Step 2: y=(%) = 7 x);
Domain of £~ (—ee, 0] U (1, =), Range of ' [0, 9) U (9, =o);

~—

(Lz (L)z x
U Ifx>lorx<0=> j—x20:> -

ST ) = . == =Y = and
Jsy = I

x-1

2
25)
Sy =| | a2 =y
FaE 5 " ()

x=3

Step1: y=x?—2x, x<1= y+l=(x-1)%, x<1= —Jy+l=x-1, x<1= x=1-/y+1
Step2: y=1-+x+ =f_1(x);
Domain of f_l: [=1, ), Range of f_l: (=0, 1];

f(f_l(x))=(1—\/x+1)2 ~2(1=x+1) =1-2Vx+T+x+1-2+2x+1 = x and
S @) =12 =20 +1, x<T=1-y(x=1)?, x<T=1—f—1|=1—-(1-x)=x

/5 Y- 3 35’1

Stepl: y=(2r' +)P = )’ =2 +1= )’ —1=20 oL == s x =1

Step 2: y =351 = 7 (x);

Domain of f_l: (=0, e0), Range of f_l: (=00, ©0);
1/5

£ ) =[2[3 ﬁf +1} =(2(ﬁ)+1)1/5 (S -+ = ()5 =x and
2 2

=y [ o [y I R

x+b x-242+D 2+b 2y+b
y: = =1-|— , X=—,

x=2 x=2 x=2 y—1
-1 2x+b

xX)=
(@)=
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36.

37.

38.

39.

40.

41.

42.

Section 1.6 Inverse Functions and Logarithms

2b++4b +4
Since x < b, x2—2bx—y=0, xz—y=b—wlb2+y,

2
x=b-b*+y, f(x)=b+\b-x
- _1 -1 —1
(a) y=mx= x—;y:f (x)—;x
(b) The graphof y=f _l(x) is a line through the origin with slope #
= =Y_b lyy=Lly_2. -1 is ali i 1
y=mx+b= x=- m:>f (x)—mx ot the graph of /7 (x) is a line with slope - and

-i _b
y-intercept Pl

() y=x+t1=2x=y-1=> f_l(x)zx—l

(b) y=x+b=x=y-b= fT(x)=x-b

(c) Their graphs will be parallel to one another
and lie on opposite sides of the line y = x
equidistant from that line.

(a y==x+t1l=2x=—y+1=> f_l(x)zl—x;
the lines intersect at a right angle

(b) y==x+b=>x=-y+b= f(x)=b-x;
the lines intersect at a right angle

(¢) Such a function is its own inverse ' l\l

(@ 0.75=In3=In3-n4=In3-1n2> =In3-2In2
(b) n2=In4-n9=In2”-In3*=2In2-2In3

() Inl=Inl-mn2=-In2 (d) 1n%@=§1n9 11n32 21n3
(e) In3v2=In3+mIn2"? =In3+ +1n2
) In+/13. =1In13.5=1In %:1(1n33 In2)=2(3In3-In2)
(a) lnm In1-3In5=-3In5 (b) In9.8= ln =In7’-In5=2In7-In5
(© m77=17"?=3mn7 (d) ln1225:ln352:21n35:2ln5+2ln7
(¢) In0.056-In-L=In7-n5’ =In7-3In5
In35+Ind
7 _ In5+In7-In7 _ 1
® In25 ~  2ml5 2
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40

43.

44,

45.

46.

47.

48.

49.

51.

52.

53.

54.

55.

Chapter 1 Functions

(a) Insin@- 1n(sig ) = h{ sin & J =In5 () InG3x*-9x)+In (%) = 1n(3xz3—;9)f) =In(x-3)

(2]
(© Lin(@4*)-mm2=InV4r* -In2=1n2¢* -2 = ln( ) In(?)
(a) Insec @+ In cos 8= In[(sec H)(cos )] =In1=
(b) In8x+4)—In2% =InBx+4)—Ind= 1n(8x+4) In(2x +1)

©) 3V - —1n(t+1)=31n(t2—1)”3—1n(z+1)=3(§)1n(12—1)—1n(¢+1):1n(w)zln(t_l)

(t+1)

2
(a) eh’l7.2 =72 (b) e—lnx =%=L2 (C) elnx—lny — eln(x/y) _X
enx X
2 2
(@) MO 202 (b) 03— R % () eMmin2 _  in(r/2) _ zx
(a) 2Ine=2Ine"? =(2)(%)lne=1 (b) In(lne®)=In(elne)=Ine=1
2 2
©) Ine™ ) =(=x? —y?)lne=—x* —?
() 1n(ese°9 ) = (secO)(Ine) = secd (b) e =(*)Ine)=e*
2
(c) 1n(e21”)=1n(e‘” ):1an =2Inx
Iny=2t+4= MV =2 =y = 2 50. Iny=—t+5= "V = = p =

In(y —40) =5t = M40 =5 = _40=0" = y = +40

In(1-2y)

In(1-2y)=t=e =et:>1—2y=et:>—2y=et—1:>y=—(et_1)

2

y-1

_ 1
Iny-1)-In2=x+lnx=>Inly-1)-n2-lnx=x= ln(yz—xl)zx:en(z"

= y—1=2xe" = y=2xe" +1

2
In(y% 1)~ In(y+1) = ln(smx):ln( j In(sinx) = In(y — 1) = In(sin x) = "D = InGinD

= y-l=sinx=>y=sinx+1

(@) ¥ =4=me* =lnd=2klne=m2> =2k=2I2=k=In2
(b) 100¢'% =200= €' =2=Ine'% =In2 = 10kIne=In2= 10k=In2= k=12

(c) /1000 k1000 —1ng— %k ne=lna= k- =lna=k=1000lna

=a=lne 1000 1000
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56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

(a)

(b)
(©

(a)
(b)

(©

(a)
(b)

(c)

Section 1.6 Inverse Functions and Logarithms

ok =i:>1ne5k =ln4' =>5Sklne=-In4 = Sk=-In4 = f=-lnt

80¢" =1=¢* =807 = Ine* =In807'= kIne=-In 80 = k=—In 80
MO 0.8 = (MO8 =082 (0.8)F =08 = k=1

¢ 0¥ =27=me % =n3® = (-03Hme=3M3=-03r=3In3=¢=-101n3

d =%:>1ne’“ =In2"! =ktlhe=—-In2=¢=-102

M0 204 = (eM02) =04=02'=04=1n02" =In04 = ¢In02=

e 21000 = Ine %" =1n1000 = (=0.01t)In e = In 1000 = —0.01¢ = In 1000 = ¢ =—100 In 1000

P =Ll e =1n10"" = ktlne=-In10 = kt=—In 10 = t=-1l0

o(In2) :%:(ean)t =2l ot =0l y=

e\/; =x? :>1ne\/; = In x? :x[:21nx2124(1nx)2

2
X
e

2x+ _ ot 2 +2x+1

X2 42x+1

e e =¢ = ne =lne’ =t=x>+2x+1

_In0.4
In04=t= 02

e =3¢ =(et)2—3et =el(e-3)=0= ¢ -3=0=¢' =3=1ne' =In3= ¢t=In3

e +6=5¢c"= (") -5¢"+6=0= (¢ ' -3)e'-2)=0=e ' -3=00re'-2=0=¢'=3 or

e'=2= le'=n3 orlne’=n2=—t=In3 or t=In2=¢=-In3 or t=—In2

In(t—2)=In8—Int= In(t—2)+Int=In8= In((r-2)t)=In8= e

L)=2:>eln(ﬁ)=e23 L =¢
1 -1

2 2 2

2 -2-8=(1-4)(+2)=0=>1-4=0 =1=4

(a)
(d)
(©)
¢

(a)
(d)
(e)
®

510g57 =7 (b) gloggﬁ =\/§ (©)

logy 16 = logy 4* =2logs 4=2-1=2

1/2
logz\3 =logy 3"* =L1logz3=1-1=1=05

logy (%) =logy 47! = —-llogy4=-1-1=-1

2
St=elt-e = P =tt—t=( -t =>t=-¢

In(*=2¢) _ 8

2
e

:>t2—2t=8:

130875 75

210g23 =3 (b) 1010g10(1/2) :% (C) ﬂ_log,ﬂ =7

log;;121=log;; 112 =2log;;11=2-1=2
1/2
10g12111= 10g121 121 = (%)10g121 121 = (%)1 =%

logs (4) =logy 37 =—2log33=-2-1=-2
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67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

Chapter 1 Functions

(@) Letz=loggx=4"=x=27=x= (%) =x=2"=x
et z=logr x=>3" =x=> =x" = =x"=>9" =x
(ln2)sinx) 2sinx —sinx

(c) log,(e =log,

(a) Let z=logs(3x?) =57 =3x% =257 =9x*
(b) log, (") =x

(e*sinx)/2 _ ¢"sinx

v
(c) logs(2° ") =1log, 4 =<5

082% _Inx . Inx _Inx In3 _In3 080X _Inx . Inx _Inx In8 _ 3In2
(a) pofolnx.nr_ = (b) X lnx. i

logzx In2 In3 In2 Inx In2 loggx In2 In8 In2 Inx In2

g _Ing. Ing _Inag Inx’ _2Inx _
© In,a Inx |2 Inx Ina  Inx =2

X
() & _Inx.Inx_ Inx In3_1

logzgx In9 I3 2In3 Inx

1

(b) OLHGY e e _ nx (302 o

logpx  Vio Inv2  (L)mio Inx Inl0
© logab=M+ln_a=m.m=(w)2

logya Ina Inb Ina Ina Ina

_ A _r
(a) -Z (b) Z (©) -2

z 3z z
(a) Z (b) 2 (© Z
(a) arccos(—1)=zsince cos(n)=—-1land0< z< 7.
(b) arccos(0) =% since cos(%)=0 and OS%Sﬂ'.

in(-1)=-Z si in([-Z)=—- I _Z<Z
(a) arcsin(—1) > since s1n( 2) 1 and TS5 <.
in[--L)|=-Z gj in([-Z)=--L I <X

(b) arcsm( ﬁ) 4 since sm( 4) ﬁand TSy s5.

The function g(x) is also one-to-one. The reasoning: f{x) is one-to-one means that if x; # x, then

Sf(x))# f(xp), so —f(x1) #—f(xy) and therefore g(x;)# g(x,). Therefore g(x) is one-to-one as well.

The function A(x) is also one-to-one. The reasoning: f{x) is one-to-one means that if x; # x, then

1 o1
S(x) # f(x), so 7 # 705" and therefore h(x)) # h(x,).

The composition is one-to-one also. The reasoning: If x; # x, then g(x)) # g(x,) because g is one-to-one.
Since g(x;) # g(x,), we also have f(g(x;)) # f(g(x,)) because fis one-to-one; thus, fog is one-to-one
because x; # x; = f(g(x))) # f(g(x2))-

Copyright © 2018 Pearson Education, Inc.



Section 1.6 Inverse Functions and Logarithms 43

78. Yes, g must be one-to-one. If g were not one-to-one, there would exist numbers x; # x, in the domain of g

with g(x;) = g(x,). For these numbers we would also have f(g(x)) = f(g(x,)), contradicting the
assumption that f o g is one-to-one.

79. (@) p=-10 5 1p2 =100 %—1%10542(2”)=1og2(%—1)%—x=10g2(%—1)

= loga 1) = loga (1) =toga 15

Interchange x and y: y =log, (lOg—x) > )= log, (—103‘_x)
Verify.

(f"f_l)(x)=f(1°g2(1og—x))= 100 _ 100 —_100 _ _ 100 _ 100x _ .

100- 100—x +100— 100
1+210g2(100 x) 1+210g2( X) I+ X ¥ x
100
00 |_ 1 1427 100
=10 — lo —_— lo (
27 ) &2 [100—&‘“’{} &2 (100(1+2‘X)—100j &2
s

(b) y= 504—>1+1.1"‘=%—>1.1‘x=5—y°—1—>10g1.1(1.1‘)f)=1og1.1(%-1)_>_x:1og1.1(%—1)

(o N =7 | =logy @) = x

1+1.1

=—10g11(—— ):_10g11( ) 10811(50 y)

Interchange x and y: y =log; , (ﬁ) — T (x)=log; ('50x_x)
Verify.

(f°f_1)(x)=f(10g1.1(50x_x))= so o so _ S0 sox _sox_

i [0 50-x  x450—x _ 50
1+1.11°g1‘1(50x-f) 1+1.1l°*’1‘1(f) R

50

141.1 _ 50
o)) =1" (111*) lgl{—o]—logl,l(mj 10g11(

1+1.17%

| =togy 1119 = x

(©) yz%:(ex+1)y=ex—1:>exy+y=ex—1:y+1=ex—exy=(l—y)ex:exzi)—er]:
e+ -
Ine” —ln(y+l): ln(yH)
¥ ¥

Interchange x and y: y = ln(%) = f(¥)=In (%)

Verify.
ln(iml) x+1_1-x x+1-1+x
“1ye oy — x+1))=e "ol _1-x 1-x __ l-x  _ 2x 1-x_
(fef ) f(ln(l—x W) Tkl dox  atlelox d-x 2 Y
e \I=xM4l 1-x T1-x 1-x

(o =742 = ! =1n(wj:1n(2e*):1nex2x

ef+l-(e* 1)

(d) y=21_nx =>2-lnx)y=lnx= 2y-ylhnhx=hx=2y=ylhx+Inx= 2y=(y+1)1nx:lnx=%:>

Inx
| 2y 2y
nx )
e =t = x=e¥"!

2x 2x
Interchange x and y: y =e*+*! :>f_1(x)=ex+1.
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80.

81.

82.

83.

84.

85.

86.

Chapter 1 Functions

Verify.

1Il er+1

-1 _ 2 ( ) x+1 +1_ 2 _2x _

(ros =r(e - e ) It SR T
n

e”l x+1

|: (21nlr’1cx):|

Inr) 41 2l 2Inx

(f o f)x)=f~ (2lnl)rclx)_e (2711”) =e|:lnz (2-1 )} —e 2 —en¥_y

Sin_1(1)+COS (1) Z% _%, Sin_1(0)+COS (0) 0+ 72'; and Sin_l(—l)+COS ( 1) _ ”+7z’_

Ifx € (-1, 0) and x = —a, then sin_l(x) +cos ! (x)=sin" (—a) + cos_l(—a) =—sin"la+ (7 —cos™ a)
=z—(sin " a+costa)=7x —% = % from Equations (3) and (4) in the text.

(a) Begin with y = In x and reduce the y-value by 3 = y =In x - 3.

(b) Begin with y =In x and replace x withx — 1 = y=1In(x — 1).

(c) Begin with y = In x, replace x with x + 1, and increase the y-value by 3 = y =In(x + 1) + 3.
(d) Begin with y = In x, reduce the y-value by 4, and replace x with x =2 = y = In(x — 2) — 4.
(e) Begin with y = In x and replace x with —x = y = In(—x).

() Begin with y=1Inx and switchxandy = x=Inyor y=e¢".
(a) Begin with y = In x and multiply the y-value by 2 =y =2 Inx.
(b) Begin with y = In x and replace x with % = y= ln(g).

(c) Begin with y = In x and multiply the y-value by + = y ={Inx.

(d) Begin with y = In x and replace x with 2x = y = In 2x.

From zooming in on the graph at the right, we y
estimate the third root to be x = —0.76666.

X =~ 0,76666
-4
The functions f(x)=x™2 and g(x)=2"" 1
appear to have identical graphs for x > 0. This is 2 il
no accident, because y=x"2 y=2
xan — eln2-lnx — (ean)lnx — zlnx. 1
1 2 3 X
1 t/12

(a) Amount = 8(5)

1 t/12_ 1t/12_1 1t/12_ 1\3 B
®) 8(3) T =15(3) T=§-(3) =(3) o5=3-1=36

There will be 1 gram remaining after 36 hours.

500(1.0475)" =1000 — 1.0475" =2 — In(1.0475") = In(2) — ¢In(1.0475) = In(2) — ¢ = m(ll“(% ~14.936

It will take about 14.936 years. (If the interest is paid at the end of each year, it will take 15 years.)

Copyright © 2018 Pearson Education, Inc.
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87. 375,000(1.0225) =1,000,000 —1.0225" =4 — In(1.0225") = 1n(§) — tIn(1.0225) = In (g)

88.

In($)
1= sz = 44081

It will take about 44.081 years.

y= yoe_o'lgt represents the decay equation; solving (0.9)y, = yoe_o'lgt = 1n(09)

=1 -0.18

= (.585 days

CHAPTER 1 PRACTICE EXERCISES

1.

2 2
The area is 4 = zr* and the circumference is C = 277 Thus, r =X = 4= H(L) S

2 2 4r
: 2 s \/2 : 43 3 SO
The surface areais S =47r° = r = (H) . The volume is V' = AT == Substitution into the formula
: ’ 3 \2/3
for surface area gives S =47zr" = 47[(—7[) .

The coordinates of a point on the parabola are (x, x?). The angle of inclination € joining this point to the origin
2
satisfies the equation tan 8 = XT = x. Thus the point has coordinates (x, x2) =(tand, tan’ o).

tan&:ﬁlﬁ—ij h=500tan @ ft.

n "~ 500
6.
y y
2 y= X3 2 y= x5
X x
-3 -2 -1 1 2 3 -3 -2 -1 1 2 3
=1 -1
-2 -2
Symmetric about the origin. Symmetric about the y-axis.
8.
y y
4 1.5
' _2x—1 \o
y=X —2X—=1 \a y= o
x 0.5
-6 -4 -2 _, d 4 6
-2 x
-3 -1.5 -1 -0.5 0.5 1 1.5
-4 -0.5
Neither Symmetric about the y-axis.

9. y(=x) =(=x)> +1=x>+1= y(x). Even.

10. y(=x)=(=x)> = (=x)° = (=x) = > + X + x = —p(x). Odd.

11. y(=x)=1-cos(—x) =1-cosx = y(x). Even.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

J(=x) = sec(—x) tan(—x) = —

Chapter 1 Functions

i) _ sinx _ —secxtan x = —y(x). Odd.

osz(—x) cos’x

(—x)*+1 1 1

y(=x)= = =- -= —y(x). Odd.

(—x)3—2(—x) P+ x-2

y(=x) = (=x) —sin(—x) = (=x) +sinx = —(x —sin x) = —y(x). Odd.

y(=x) = —x+cos(—x) = —x +cos x. Neither even nor odd.

y(=x) = (=x)cos(—x) = —xcos x = —y(x). Odd.

Since f'and g are odd = f(—x) =—f(x) and g(—x) = —g(x).

(a)
(b)
(©)
(d)
(©

Let f(a—x)= f(a+x) and define g(x) = f(x+a). Then g(—x) = f((—x)+a)= f(a—x)=f(a+x) =

(f-2)(=x) = f(=0)g(~x) = [ ()] [~g(M)] = f(X)g(x) = (f-g)(x) = [-g is even.
L0 = £ (0 f(=x) = [ L @N=f ()= F )] ==f(x)- £(x) f(x) ==f>(x) = £ is odd,

f(sin(—x)) = f(-sin(x)) = — f(sin(x)) = f(sin(x)) is odd.
g(sec(—x)) = g(sec(x)) = g(sec(x)) is even.
lg(=x)| =]-g(x)| =|g(x)[ = |g]is even.

f(x+a)=g(x)= g(x)= f(x+a)is even.

(a)
(b)

(a)
(b)

(a)
(b)

(@)
(b)

(@)
(b)

(@)
(b)
(a)
(b)
(@)
(b)

(a)
(b)

The function is defined for all values of x, so the domain is (—ee, <0).
Since| x| attains all nonnegative values, the range is [-2,0).

Since the square root requires 1 —x = 0, the domain is (—eo,1].
Since +/1—x attains all nonnegative values, the range is [-2, o).

Since the square root requires 16 — X2 > 0, the domain is [-4, 4].

For values of x in the domain, 0 <16 — x? < 16,s00<+16— x? <4.The range is [0,4].

The function is defined for all values of x, so the domain is (—ee, o).
Since 327" attains all positive values, the range is (1, o).

The function is defined for all values of x, so the domain is (—ee, o).
Since 2e”* attains all positive values, the range is (=3, ).

The function is equivalent to y = tan 2x, so we require 2x # kT” for odd integers k. The domain is given by

X # kT” for odd integers k.
Since the tangent function attains all values, the range is (—eo, o).

The function is defined for all values of x, so the domain is (—ee, ).

The sine function attains values from —1 to 1, so —2 < 2sin (3x+ ) <2 and hence -3 < 2sin(3x+7)—-1<1.

The range is [-3, 1].

The function is defined for all values of x, so the domain is (—ee, o).

The function is equivalent to y = \5/ xz, which attains all nonnegative values. The range is [0, ).

The logarithm requires x —3 > 0, so the domain is (3, ).
The logarithm attains all real values, so the range is (—oo, o).
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Chapter 1 Practice Exercises 47

(a) The function is defined for all values of x, so the domain is (—oo, o).
(b) The cube root attains all real values, so the range is (—ee, o).

y=5—4/(x=3)(x+1) sothe domain = (—eo, —1]U[3,0); +/(x—3)(x+1) =0 and can be any positive number,

so the range = (—=, 5].

743 o : 357
y=2+-*— so the domain = (—co, ); OSXZ"Jr4

x“+4

<3 so the range =[2,5).

y=4sin(%) so the domain = (—oo, 0) U (0,00); if %Sxﬁ% then —1<s1n( )<1 so the range =[—4,4].

y=3cosx+4sinx sothe domain = (—eo,0);

and V3% +4% =5 so 3cosx+4sinx = 5( cosx+4smx)

=5(cosrcos x +sin asin x) = Scos(a — x), where and
—1<cos(x—x) <1 so the range =[-5,5].

(a) Increasing because volume increases as radius increases.

(b) Neither, since the greatest integer function is composed of horizontal (constant) line segments.
(c) Decreasing because as the height increases, the atmospheric pressure decreases.

(d) Increasing because the kinetic (motion) energy increases as the particles velocity increases.

(a) Increasing on[2, o) (b) Increasing on[—1,c0)
(c) Increasing on (—oo, o) (d) Increasing on [%, oo)
(a) The function is defined for -4 < x <4, so the domain is [4, 4].

(b) The function is equivalent to y = \/m , —4 < x <4, which attains values from 0 to 2 for x in the domain.
The range is [0, 2].

(a) The function is defined for —2 < x < 2, so the domain is [-2, 2].
(b) The range is[—1, 1].

0-1__q

First piece: Line through (0, 1) and (1, 0). m =10~ 1°- -l>y=-x+1=1-x
Second piece: Line through (1, 1) and (2, 0). m=5—1 ==l =—1= y=—(x-)+1=-x+2=2-x
@) 1-x, 0<x<l1
x —
2—-x, 1<x<£2
First piece: Line through (0, 0) and (2, 5). m —g g=%:>y=%x
Second piece: Line through (2, 5) and (4, 0). m—g_g :_75:—%3)/:—%(x—2)+5:—%x+10210—57x
%n 0<x<2
f(x)= (Note: x =2 can beincluded on either piece.)
10—57?6, 2<x<4
— = —_ = 1 = f ===
(@) (feo2)=D=/(g(-D) f(mj AU)

(b) (g2 =g/ =g(})=F==—7 or\}

o=
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40.

41.

42.

43.

44,

Chapter 1 Functions

© (foND=/(f@)=/(L)=gr=xx20
o = — 1 — 1 — M
(d) (gog)(x)=g(g(x)) g( Wj \/ I PN
@ (/og)-D=s(g-)=/(F-1+1)= 1) =2-0=2
(b) (g2/)(2)=/(2(2) =g(2~2) = g(0)=0+T=1
© (SN =/(/()=f2-x)=2-2-x)=x
@ (g°9)(0) = g(g(e) = g(Yr+1) = +T+1
@ (fog))=f(g()=f(Vx+2)=2-(ar2) =—x x2-2.
(82/)00) = g/ () = g2 —%) = (22|42 =42
(b) Domain of fog: [-2, eo). (c) Range of fog: (=0, 2].
Domain of go f: [-2, 2]. Range of go /1 [0, 2].
@ (fog)w)=/(g(x)=/(VI=x)=N1-x =¥
(go/)x) = g(/ () =g (Vx) =V1-Vx
(b) Domain of fog: (—eo, 1]. (c) Range of fog: [0, «).
Domain of go 1" [0, 1]. Range of go 1: [0, 1].
y=1(x) y=(/oNE)
y y
\ 2+ -
_L;‘ | | | | Il 1 | | |
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45.

47.

49.

y=|x|

Chapter 1 Practice Exercises

46.

x

<
I

The graph of £, (x) = f| (| x|) is the same as the

It does not change the graph.

graph of f| (x) to the right of the y-axis. The graph
of £, (x) to the left of the y-axis is the reflection of
¥ = f1 (x), x =2 0 across the y-axis.

y= 1<

48.

T

. 3
y=x

Whenever g; (x) is positive, the graph of y =
gr(x)= | a1 (x)| is the same as the graph of y =
g1(x). When g, (x) is negative, the graph of y =
g>(x) is the reflection of the graph of y = g;(x)
across the x-axis.

N —
I
=
+
-

X-axis.
50.

-2

Whenever g, (x) is positive, the graph of

¥ =gy(x)=]g; (x)]is the same as graph of

v = g1(x). When g; (x) is negative, the graph of
¥ = g5(x) is the reflection of the graph of

y-d-x2

¥ = f1 (x), x = 0 across the y-axis.

v = g1(x) across the x-axis.

Copyright © 2018 Pearson Education, Inc.

Whenever g; (x) is positive, the graph of y =

g5 (x) =|gy(x)|is the same as the graph of y = g;(x).
When g; (x) is negative, the graph of y = g5 (x) is
the reflection of the graph of y = g;(x) across the

The graph of £, (x) = f| (|x|) is the same as the
graph of f| (x) to the right of the y-axis. The graph
of f5 (x) to the left of the y-axis is the reflection of

49
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51. 52.
y X
I y=sin |x]
v/ N Ty
T 1 X \/\)\_/ \/
=1 1 y=sinx
The graph of f,(x) = f(]x]) is the same as the The graph of f,(x) = f(]x]) is the same as the
graph of f|(x) to the right of the y-axis. The graph graph of f|(x) to the right of the y-axis. The graph
of f5(x) to the left of the y-axis is the reflection of of f5(x) to the left of the y-axis is the reflection of
¥ = f1(x), x 2 0 across the y-axis. vy = f1(x), x 2 0 across the y-axis.
53. (a) y=g(x-3)+1 (b) y=g(x+2)-2
(©) y=g(-x (d y=-g)
() y=5-g(x) (f) y=g(5x)
54. (a) Shift the graph of fright 5 units (b) Horizontally compress the graph of / by a factor of 4

(c) Horizontally compress the graph of /by a factor of 3 and then reflect the graph about the y-axis.

(d) Horizontally compress the graph of /by a factor of 2 and then shift the graph left% unit.

(e) Horizontally stretch the graph of /by a factor of 3 and then shift the graph down 4 units.

(f) Vertically stretch the graph of /by a factor of 3, then reflect the graph about the x-axis, and finally shift the
graph up % unit.

55. Reflection of the graph of y =+/x about the x-axis y
followed by a horizontal compression by a factor of y=—a/1+2
1 . . 1F 2
3 then a shift left 2 units.

56. Reflect the graph of y = x about the x-axis, followed
by a vertical compression of the graph by a factor
of 3, then shift the graph up 1 unit.

57. Vertical compression of the graph of y = % by a
X
factor of 2, then shift the graph up 1 unit.
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58. Reflect the graph of y = x"3about the y-axis, then
compress the graph horizontally by a factor of 5. 2 T

y y
’ y=cos 2x
/\ A A 72;7 27 )
L L - L % y= sin%
/ 0 \_ﬂ/ T 3n | 2n \
2 2
_1 -
period =7 period = 47
61. 62.
Y y
1 y = sin mx
/\ . ERNVA RN
]\/2 y=cos %
_1 -
period = 2 period = 4
63. 64.
y y
2 y=2cos(x—g—1) )
1 / | K
/ NN
/E é‘ S é”' 1z ¥ ) }‘ y=1+ sin(x +:—:)
6 3 6 3 6
-1F
,2 -
period =27 period =27

ﬁ) =. By the theorem of Pythagoras,

—

; —nZ _b_b —7enZ —
65. (a) 51nB—s1n?—z—3:>b—2sm?—2 5
a?+b? =t = a=\c*-b* =J4-3=1.
2
(b) sinB sin Z=2==2=¢ in (%) ﬁ.Thus,a \eo —b ’/(\/5) (2) 3T 5

(b) tanA=%:a=btanA

66. (a) sind =%3 a=csin4
a

(b) sinA=%:c=sinA

_b __b
67. (a) tanB—aza—tanB
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68.

69.

70.

71.

72.

73.

Chapter 1 Functions

A -b?
g o a_

(a) sind= . (b) sind= i
Let & = height of vertical pole, and let b and ¢ denote T
the distances of points B and C from the base of the
pole, measured along the flat ground, respectively.
Then, tan 50° = %, tan35° = %, andb—c =10.
Thus, /& = ctan 50°and 4 = btan35° = (¢ +10) tan 35° h
= ctan50° = (c +10) tan 35°
= c¢(tan 50° — tan 35°) = 10tan 35° g L 35° ¢/ s0°

— 10tan35° — h =ctan50° I.._ 10 .—»‘e—- ¢ —

tan 50° — tan 35° * b ]

— 10tan35°tan50° _
~ tan50°- tan35° 16.98 m.
Let & = height of balloon above ground. From the balloon

figure at the right, tan 40° = %, tan70° = %, and
a+b=2.Thus,h=btan70°= h =(2-a) tan 70°
and /# = a tan 40° = (2 — a)tan 70° = a tan 40°
= a(tan 40°+tan 70°) = 2 tan 70°

— 2tan 70° — o
=as= tan40°+ tan 70° = h=atan40
= 2tan70°tan40° _ | 3 |m

" tan40°+ tan 70°

(@)
Y
BN AN ~,
N7 B

y=sinx+cos%

(b) The period appears to be 47.

(©) f(x+47) = sin(x+47) +cos ( x+4

2
since the period of sine and cosine is 27z. Thus, f(x) has period 47.

”) = sin(x +27) +cos(%+2ﬂ') = sinx+cos%

(a)

(b) D =(=20,0)(0,°0);R=[-1,1]
(c) fis not periodic. For suppose f has period p. Then f (ﬁ+ kp) =f (ﬁ) =sin 27 = 0 for all integers .
1 1 1
Choose £ so large that o +kp > - =0< e+ i
which is a contradiction. Thus f'has no period, as claimed.

| L 1
< 7. But then f(g”fp) = sm(m) >0

(a) D: —eo<x<oo
(b) D: x>0
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75.

76.

77.

78.

79.

80.

81.

Chapter 1 Practice Exercises

(@) D =(=20,0)U(0,e°) (b) D =(-0,-2)U(-2,2)U(2,0e0)
(a) D: -3<x<3 (b) D: 0<x<4
(@) D=[-1,1) (b) D=[-1,1]

(f °g)(x) =In(4—x*) and domain: ~2 < x <2;

(go f)(x) =4—(Inx)*and domain: x > 0;

(f o f)(x)=In(Inx) and domain: x > I;

(gog)(x)= —x*+8x?~12 and domain: —ee < x < oo,
(a) Even (b) Neither even nor odd (¢) Neither even nor odd
This requires Grapher Technology.

For ¢>0, D =(—o0,)
For ¢ <0, D= (o0, —/c)U(Ve,)

y=In(x"+c)

d
\

X

|
~
[\S]
[w]
N

This requires Grapher Technology.

(d) Even

82. For large values of x, y=a” has the largest values; y =log, x has the smallest.

83.

(a) D:(—oco, o) R:[%,%J () D:[-11]

R:[-1,1]

Copyright © 2018 Pearson Education, Inc.
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84. (@) D:—co<x<oo; R:0Sy<rm (b) D:-1<x<1; R:-1<y<1
y
Tc,,
¥ =cos ' (cosx) ’ »=cos(cos™ x)
1
05T
-2n _T}f 0 TL m | | | - x
-1 -0.5 0 0.5 1
-057T
-+ Ry

85. (a) No (b) Yes

86. Answers depend on the view screen used. For [15,17]X[5- 106, 107] it appears that e* > 107 for x>16.128.

87. @) f(g)=(¥x) =x g(r()=Vr =x

(b)
y
ot y= x} _),/ =X
1+ V= xl/3
t t } t X
-2 -1 0 1
-11
2+

(b)
y
4t x o
y=3 -
.l ; . 7= (4x)"
4 2 o 2 4
2+
4+
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CHAPTER 1 ADDITIONAL AND ADVANCED EXERCISES

1.

There are (infinitely) many such function pairs. For example, f(x) =3x and g(x) = 4x satisfy

S(g(x) = f(4x) = 3(4x) =12x = 4(3x) = g(3x) = g(/ (x)).

Yes, there are many such function pairs. For example, if g(x) = (2x+ 3)3 and f(x)=x

(fo2)(x) = f(g(x) = f(2x+3)*) = (2x+3)*)P =2x+3.

If fis odd and defined at x, then f(—x) =—f(x). Thus g(—x) = f(—x)—2 =—f(x)—2 whereas

—g(x)==(f(x)—2) =—f(x)+2. Then g cannot be odd because g(—x) =—g(x) = —f(x) 2=—f(x)+ 2
= 4 =0, which is a contradiction. Also, g(x) is not even unless f(x) = 0 for all x. On the other hand, if f'is

even, then g(x) = f(x)—2 is also even: g(—x) = f(—x)-2= f(x)—-2=g(x).

If g is odd and g(0) is defined, then g(0) = g(-0) =—g(0). Therefore, 2g(0) =0= g(0) =0.

For (x, y) in the 1st quadrant, |x|+| y| =1+x A

|x|+|y| =1+x

& x+y=1+x & y=1 For (x, y) in the 2nd
quadrant, |x|+ |y|=x+1&& —x+y=x+1

< y =2x+1.In the 3rd quadrant, | x|+| y|=x+1
& —x—y=x+1& y=-2x-1.Inthe 4th
quadrant, |x|+|y|=x+1S x+(—y) =x+1 -
& y =-1. The graph is given at the right.

A

We use reasoning similar to Exercise 5.

(1) Istquadrant: y+|y| = x+|x|
S2y=2x y=x

(2) 2nd quadrant: y+|y| = x+|x|
S2y=x+(—x)=0= y=0.

(3) 3rd quadrant: y +|y|=x +|x| e
Sy+(=y)=x+(-x)=0=0
= all points in the 3rd quadrant
satisfy the equation.
(4) 4th quadrant: y+ |y| = x+|x|
< y+(—y)=2x & 0= x. Combining
these results we have the graph given at the right:

2

(a) sin’>x+cos’x=1=>sin’x =1-cos?x = (1—cosx)(l+cos x) = (1-cosx)=

55
1/3, then
X
y=
1 1 1 1
0 1
-1
v+ [yl =x+ [x]
.2
sin” x 1—cosx _
1+ cosx sin x 1+ cosx

(b) Using the definition of the tangent function and the double angle formulas, we have

tan2 (1) - SinZ(%) — LZ(Z(E)) _ 1—cosx
2 cosz(g) 1+ cos(Z(%)) 1+ cosx’

2

The angles labeled ¥ in the accompanying figure are
equal since both angles subtend arc CD. Similarly, the
two angles labeled o are equal since they both subtend

arc AB. Thus, triangles AED and BEC are similar which
. . a—c _2acos@—b
implies ——=—"""—

= (a—c)(a+c)=b(2acosf—-b)
= a* - ¢* = 2ab cos 6 b?

= ¢~ a*+b> = 2ab cos .
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10.

11.

12.

13.

14.

Chapter 1 Functions

As in the proof of the law of sines of Section 1.3, Exercise 61, ah = bc sin 4 =ab sinC = acsin B
= the area of ABC = %(base)(height) = %ah = %bc sin 4 = %ab sinC = %ac sin B.

As in Section 1.3, Exercise 61, (Area of ABC)* = 1 (base)” (height)” = 1a°h* =1ab? sin® C

2,42 2
= %azb2 (1 —cos? C) . By the law of cosines, ?=a’+b>=2abcosC = cosC = % Thus,
2 2
2 2,2 2 2,2 T+ pP- 2,2 22— P
(area of ABC)* =La?b?(1-cos? €)= La?b {1—(%] ]:%[1—%

= 16(40°0% ~ (@ + 57 =) ) = [Qab+ (@ + 17 = 7)) Qab (@ + 5 = )]
= %[((d+b)2 _ 02 )(02 —(a _b)Z)] =%[((G‘l‘b)'l'c)((a+b)—c)(c+(a —b))(c—(a—-b))]
:|:(a+[27+c)(_a +2b+c)(a —/27+C)(fl+[2"C)}:S(S—a)(s—b)(s—c), Wheres:%m.

Therefore, the area of ABC equals \/ s(s—a)(s—b)(s—c).

If fis even and odd, then f(—x) =—f(x) and f(—x) = f(x) = f(x) =—f(x) for all x in the domain of /.
Thus2f(x)=0= f(x)=0.

(a) Assuggested, let E(x) = M = E(-x)= S0+ { ) B AC)) +2f =y (x)= E is an even

function. Define O(x) = £(x) ~ E(x) = f(x) - L3/ - SO ZTED pen o(—x) = w

= f(—x)2— S _ —( S () _zf(_x)) =-0(x)= O is an odd function = f(x) = E(x)+ O(x) is the sum of an

even and an odd function.
(b) Part (a) shows that f(x) = E(x)+ O(x) is the sum of an even and an odd function. If also

f(x) = Ej(x)+ O (x), where E| is even and O, is odd, then f(x)— f(x)=0

= (E|(x)+ 0 (x)) = (E(x)+ O(x)) . Thus, E(x)— Ej(x) = O;(x) — O(x) for all x in the domain of /' (which is
the same as the domain of £ — E; and O - 0)). Now (£ — E|)(—x) = E(=x)— E|(-=x) = E(x)— E;(x) (since E
and E; are even) = (£ — E})(x) = E — E is even. Likewise, (O] —O)(—x) = O;(=x) - O(—x)

=-0;(x) - (-0O(x)) (since O and O are odd) = —(O;(x) - O(x)) =—(0, = 0) (x) = O, — O is odd.
Therefore, £ — E; and Oy — O are both even and odd so they must be zero at each x in the domain of f by
Exercise 11. That is, £; = E and O; = O, so the decomposition of f found in part (a) is unique.

— N ) bz_ﬁ_(i)z_ﬁ
y=ax +bx+c—a(x +ax+4a2) i, te=alx+o- i te

(a) Ifa>0the graph is a parabola that opens upward. Increasing a causes a vertical stretching and a shift of
the vertex toward the y-axis and upward. If a < 0 the graph is a parabola that opens downward. Decreasing
a causes a vertical stretching and a shift of the vertex toward the y-axis and downward.

(b) Ifa > 0the graph is a parabola that opens upward. If also b > 0, then increasing b causes a shift of the graph
downward to the left; if b < 0, then decreasing b causes a shift of the graph downward and to the right.
If a < 0 the graph is a parabola that opens downward. If b > 0, increasing b shifts the graph upward to the
right. If b < 0, decreasing b shifts the graph upward to the left.

(c) Changing c (for fixed a and b) by Ac shifts the graph upward Ac units if Ac > 0, and downward —Ac units
if Ac < 0.

(a) Ifa >0, the graph rises to the right of the vertical line x = —b and falls to the left. If < 0, the graph falls
to the right of the line x = —b and rises to the left. If a = 0, the graph reduces to the horizontal line y = c.

As |a] increases, the slope at any given point x = x increases in magnitude and the graph becomes steeper. As
|a| decreases, the slope at x, decreases in magnitude and the graph rises or falls more gradually.

(b) Increasing b shifts the graph to the left; decreasing b shifts it to the right.

(¢) Increasing c shifts the graph upward; decreasing c shifts it downward.
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16.

17.

18.

19.

20.
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Each of the triangles pictured has the same base
b =vAt =v (1 sec) . Moreover, the height of each

triangle is the same value /. Thus % (base)(height)
= %bh = A = Ay = 43 =... . In conclusion, 10 N

the object sweeps out equal areas in each one
second interval.

Kilometers

Kilomcters

a+0 b+0
2 2

(a) Using the midpoint formula, the coordinates of P are ( ) = (%, %) Thus the slope

op=% _b2_b
ofOP—Ax—

al2 " a’
(b) The slope of AB = g — 2 = —%. The line segments AB and OP are perpendicular when the product of their
slopes is —1 = (%)(—%) = —%. Thus, B> =a’>=a=b (since both are positive). Therefore, AB is

a

perpendicular to OP when a = b.

From the figure we see that 0 < 6 < % and AB = AD =1. From trigonometry we have the following:
in@=LB - —AE _ -CD _ — EB _ sinf .
sin@ = Yt EB, cosf = 45 = AE tan @ = = CD, and tan @ = yidn COsf).We can see that:
area AAEB < area sector DB < area AADC = %(AE)(EB) < %(AD)2 < %(AD) (CD)
1o 1 (1\2 1 1o 1 1 sind
= 5sin HOcosb < 5(1) 0< 5(1)(tan 0) = Esmﬁcosﬁ < 56 <3 cosd

(feg)x)= f(g(x))=a(cx+d)+b=acx+ad +b and (gof)(x)=g(f(x))=c(ax+b)+d =acx+cb+d
Thus (fog)(x) =(gof)(x)= acx+ad+b=acx+bc+d = ad +b =bc+d. Note that f(d) =ad +b and
g(b)=cb+d, thus (fog)(x) =(gof)(x) if f(d)=g(b).

(a) The expression a(b“*)+d is defined for all values of x, so the domain is (oo, o0). Since b~ attains all

positive values, the range is (d, o) if a > 0 and the range is (—d, o) if a < 0.
(b) The expression alog,(x—c)+d is defined when x — ¢ > 0, so the domain is (c, e). Since

alog,(x—c)+d attains every real value for some value of x, the range is (—oo, ).

(a) Suppose f(x})= f(x;). Then:
ax;+b _ ax,+b
cx+d T cxy+d

(ax; +b)(cxy +d) = (axy +b)(cx; +d)
acxyx, +adx; +bexy +bd = acx;xy + adx, +bex; +bd

adxy +bexy = adx, +bex
(ad —bc)x) = (ad —bc)x,

Since ad — bc # 0, this means that x; = x,.
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CHE

exy+dy=ax+b
(cy—a)x=—dy+b
_ —dy+b
cy—a
Interchange x and y.
_—dx+b

cxX—a
-1 _
f (x) _ —dx+b

cx—a

21. (a) y=100,000-10,000x,0<x<10

(b)  =55,000
100,000~-10,000x = 55,000
—-10,000x = 55,000
x=45
The value is $55,000 after 4.5 years.

22. (a) f(0)=90 units
(b) f2)=90-521n 3 =32.8722 units

(©

[0, 4] by [-20, 100]

23, 1500(1.08)' =5000 —1.08' =300 =10 1n(1.08)' =In 12— 1In1.08 =In 10 — 7 = BUED 15 6439

It will take about 15.6439 years. (If the bank only pays interest at the end of the year, it will take 16 years.)

24 A1) = A€’ A(t) =24y =24y = 4y’ " =2 s r=n2= =020 =0 =(r702))

25. Inx™) =x"Inx and In(x*)* = xIn(x*) = x* Inx; then, x* Inx=x*Inx = x* =x> = xInx=2Inx = x =2.

Therefore, x* ) = (x*)* when x =2.
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26. (a) No, there are two intersections: one at x = 2

and the other at x = 4. y
0.36
y_M
0.34 \ 2
0.32 inx
y= x
/ ) 3 3 5%
(b) Yes, because there is only one intersection. ) y_ln_x
X

{ x

2 ) 6 8 10
-1 7 =-2In2
-2
-3
-4

)
97 logex \m4) _Inx In2 _1n2_ In2 _1
T o logyx (an) In4 Inx In4 2In2 2
In2
_In2 _ 1 y
28. (@) f(x)=12 g(x)=nx

(b) fis negative when g is negative, positive 2
when g is positive, and undefined when
g = 0; the values of f'decrease as those of g
increase.
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2.1

10.

11.

12.

CHAPTER 2 LIMITS AND CONTINUITY

RATES OF CHANGE AND TANGENTS TO CURVES

A fB)-f(2) _ 28-9 _ Af SO/ _

@ ="753 =" =19 (b) 1=(-1) 2 =1
Ag _gB3)-g) _3-(-D _ Ag _g4)-g(-2) _ _
@ X ="30 7 =2 (b) e =EET =" =0
HEE)-h(5) h(%) -l __4 wn_ MEME) 05 33
(@ % At 3z_z z 7z (b) N zz x &
4 4 2 2 6 3

Ag _ g(m)-g(0) _ 2-D-(C2+) _ 2 Ag _ gm)-g(-7) _ 2-D-(2-D) _
() AT 70 70 & (b) T or—(-m) 27 =0
AR _ RQ)-R(0) _ J@ JI 3
AO 2-0 2
AP _ PQ)=P() _ B-16+10)=(1=4+5) _ o _
A6 21 1 =2-2=0

2 2

(a) =@ _ i’ 541 4’1;”2 =4+h Ash—0,4+h— 4= at P(2,~1) the slope is 4.

b)) y-(-)=4(x-2)=y+1=4x-8 = y= 4x-9

2 2
(a) =TT _ obobhal®3 o I = 4y As h—0,~4—h—> —4=> at P(2,3) the slope

is —4.
(b)) y-3=(-4(x-2)=>y-3=-4x+8= y=-4x+11

2 2 2
(a) % _ ((2+h) —2(2+h);3)—(2 -2(2)-3) _ 4+4h+h —4h—2h—3—(—3) — Zh;l—h2 =2+hAsh—0,2+h—2= at

P(2, —-3) the slope is 2.
(b) y—(-3)=2(x-2)=> y+3=2x-4=y=2x-T7.

(@) Ay _ ((1+h)*=4(1+h)=(1°=4(1)) _ 1+2h+h>-4-4h—(=3) _
Ax h h
slope is —2.
(b) y—(-3)=(2)(x-1)= y+3=—2x+2= y=—2x—1.

—2h — j—2. Ash— 0, h—2 — -2 = at P(1, —3) the

() @D Bdhedi’ o8 _ 2R 1) 4 44 2 Ash—> 0, 1244k + 5% —> 12, = at P(2, 8)
Ax h h h ' ’ ’ ’

the slope is 12.
(b) y—8=12(x-2)= y-8=12x-24= y=12x-16.

Ay 2—(1+h)> -1 1=3h—3R2 3 2
(a) &= 2O _ oSSRl - SHSRSIE — 3 3p )2 Ash—5 0, -3 ~3h— 1% — -3, = at

P(1,1) the slope is 3.
(b) y-1=(3)x-D=>y-1=-3x+3=> y=-3x+4.
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13.

14.

15.

16.

17.

18.

19.

20.

(a)
(b)
(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

Chapter 2 Limits and Continuity

Ay (4R -120+h)—(P-12(1) _ 143h+3R* 413 —12-12h—(-11) _ _op43p2 443 _
Ax h B h - h
Ash—0,-9+3h+h>— -9 = at P(1, —11) the slope is —9.
y=(-11)=(-9)(x-1) = y+11=—9x+9=> y = —9x-2.
Ay _ @4h)34h) 442327 +4) _ 8410 b6h 1P 1212312 +4-0 _ 3841 _ 3, 4 2
Ax h h h :
Ash—0,3h+h> — 0= at P(2, 0) the slope is 0.
y=0=0(x-2)=y=0.
Ay _ Swss 242+ 1 _ |
Ax R 2(=2+h) h 2(=2+h)"
As h—0, m %_Tl’ = at P(—Z, _71) the slope is _Tl'
y—(_?l) =_Tl(x—(—2))3 y+%=%x—%: y =_Tlx—l
(4+h) _ 4
&Z 2—(4+h) 2-4 :( A+h +l).l: 44+h+2(-2-h) A -1 _ 1
Ax h 2-h 1) 2-h h T 2-h 24k
1 1 _ is L
As h—0, 35 o = at P(4,—-2) the slope is >
y=(2)=t-Hh=>y+2=1x-2=y=1x-4
Ay _ arh—4 _ A+h-2 a+h+2 __(4h)-4 |
Ax h h Va+h+2  h(Ja+h+2)  A+h+2'
1 1 _1 is L
As h—0, N - NS = at P(4,2) the slope is e
y—2zi(x—4):>y—2=%x—13y=%x+l
By _ NI T=(2) _ 9-h-3 _ N9-h-3 o-h+3 __(O-m)-9 _ i
Ax h h h Vo-h+3  h(9-h+3)  N9-h+3’
—1 -1 _-1 _ o
As h—0, NCRTPE - B3 6" = at P(-2,3) the slope is %
y=3 =%1(x—(—2)): y=3 =%1x—%:> y =%1x+§
Slope of PO =22
0 P Al
0,(10,225) % =42.5 m/sec
0,(14,375) 0313 = 45.83 m/sec
650475 _
05(16.5,475) 630475 — 50.00 m/sec
04(18,550) % =50.00 m/sec
Att =20, the sportscar was traveling approximately 50 m/sec or 180 km/h.
0 Slope of PO = %
0,(5,20) % =12 m/sec
0,(7,39) 830 = 13.7 m/sec
03(8.5,58) $0-38 —14.7 m/sec
80-72 _
04(9.5,72) 0o =16 m/sec
Approximately 16 m/sec
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22.

23.

24.

(b)
(©

(b)

(b)

(©
(d)

(b)

(©
(d)

Section 2.1 Rates of Change and Tangents to Curves 63

Profit (1000s)
5 5 3
s 2 8

%
S

.
o 3

20‘10 2OHI 20112 20}13 20114
Year
Ap _ 174-62 112 _

A = 0ia200 = 5 =00 thousand dollars per year

Ap _ _ 62-27
Ar — 2012-2011

111-62
7~ 20132012

The average rate of change from 2011 to 2012 is

The average rate of change from 2012 to 2013 is A

=35 thousand dollars per year.

=49 thousand dollars per year.

So, the rate at which profits were changing in 2012 is approximately %(35 +49) = 42 thousand dollars

per year.
F(x)=(x+2)/(x-2)

x |12 1.1 1.01 1.001_ 1.0001 1
F(x) | —4.0 -3.4 -3.04 -3.004 -3.0004 -3
AF _ 40-(=3) _ AF _ =34-(-3) _

Ax 17 1 -5.0; Ax LIl —4.4;

AF _ 304=(3) _ o7 AF _ =3004=(-3) _

Ax O L0I=1 404 Ax  1.001-1 4004

AF _ —3.0004—(-3)

Ar  1.0001-1 =—4. 0004

The rate of change of F(x) atx =1 1is —4.
g(2)-g() _ f 1 _g.5-¢g) _ J_ 1
Ax =S5 = =0.414213 E 51 = (.449489
_ gU+h)—g) _ \/F 1
Ax T (+h)-1 T
g(x)=+x
1+h 1.1 1.01 1.001 1.0001 1.00001  1.000001
J1+h 1.04880 1.004987 1.0004998 1.0000499 1.000005 1.0000005
(\/1 +h —l)/h 0.4880  0.4987 0.4998 0.499 0.5 0.5

The rate of change of g(x) at x =11is 0.5.
\/1+ -1

The calculator gives hm 3.

L0 _ 1% 1

= ST
SJO-f2) 772 _2r 21 __2-T __2-T _

) = =10 “wa-n - e - —5p T #2
T 2.1 2.01 2.001 2.0001 2.00001 2.000001
() 0.476190 0.497512 0.499750  0.4999750  0.499997  0.499999
(fM)=f@I(T=2) | -0.2381 -0.2488 -0.2500  —0.2500 -0.2500  -0.2500
The table indicates the rate of change is —0.25 at ¢ = 2.

1 _1
Th_ﬂnz(—zr) 4

NOTE: Answers will vary in Exercises 25 and 26.

25. (a) [0,1]:4 F= 15 0—15mph [1,2.5]:4s = 2015 mph [2.5, 35]

0-20 _
AT 250 2.5_10mph
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(b)

(c)

26. (a)
(b)

Chapter 2 Limits and Continuity

At P(%

, 7.5) : Since the portion of the graph from ¢ = 0 to # =1 is nearly linear, the instantaneous rate of

change will be almost the same as the average rate of change, thus the instantaneous speed at ¢ = % is

15-7.5
1-0.5

instantaneous rate of change will be nearly the same as the average rate of change, thus v =

For values of ¢ less than 2, we have

0 Slope of PQ = %
0 (1,15) % =5 mi/hr
0,(1.5,19) 1920 _ 5 iy
5(1.9,19.9) l?g 50 =1 mi/hr

Thus, it appears that the instantaneous speed at # = 2 is 0 mi/hr.
At P(3,22):

=15 mi/hr. At P(2, 20): Since the portion of the graph from ¢ =2 to ¢ = 2.5 is nearly linear, the

20-20 _
) =0 mi/hr.

Slope of PO = %

0 Slope of PO = AS 0
01(4,35) 222 =13 mi/hr 01(2,20)
0,(3.5,30) 3022 _ 16 mihr 0,(25,20)
0;(3.1,23) 222 2 10 mihr 05(2.9,21.6)

Thus, it appears that the instantaneous speed at ¢ = 3 is about 7 mi/hr.

20-22 _ 5 o
5~ = 2 mi/hr

20-22 _ ;
S5 = 4 mi/hr

21.6-22 _ ;
Y05 = 4mi/hr

It appears that the curve is increasing the fastest at £ = 3.5. Thus for P(3.5, 30)

0 Slope of PO =<2 0
0,(4,35) 3330 =10 mi/hr 0,(3,22)
0,(3.75,34) 33745 3305 =16 mi/hr 0,(3.25,25)
05(3.6,32) 2230 = 20 mi/hr 03(3.4,28)

Thus, it appears that the instantaneous speed at # = 3.5 is about 20 mi/hr.

A4 _10-15
[0,3]: A4 = 1015

_ gal | M _ 39-15
1.67 day [0, 5]: N =

1
z—z.zl%‘y; [7,10]:%

Slope ofPQ:—
22-30

Y =16 mi/hr
25-30 _ :
325 35—20m1/hr
28-30

3435 =20 mi/hr

_0-14 _ geal

3 5-0 10-7 "7 day
At P(1,14):

0 Slope of PO =44 0 Slope of PQ =22
0,(2,12.2) 1222 114 -1.8 gal/day 0,(0,15) 13 114 -1 gal/day
0,(1.5,13.2) 1? g }4 ~1.6 gal/day 0,(0.5,14.6) 1‘(‘) g 114 —1.2 gal/day
05(1.1,13.85) 138514 = 1.5 gal/day 05(0.9,14.86) 14089#_11“ = —1.4 gal/day

Thus, it appears that the instantaneous rate of consumption at # = 1is about —1.45 gal/day.

At P(4,6): N
0 Slope of PQ = % 0 Slope of PQ =24
0,(5,3.9) 359_—46 = -2.1 gal/day 0,(3,10) 19-6 = —4 gal/day
0,(4.5,4.8) 4412 6 = 2.4 gallday 0,(3.5,7.8) 18- = 3.6 gallday
05(4.1,5.7) 3126 = -3 gal/day 05(3.9,6.3) $3-C = 3 gal/day

Thus, it appears that the instantaneous rate of consumption at ¢ = 1is —3 gal/day.

(solution continues on next page)
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At P(8, 1):
0 Slope of PQ =44 0 Slope of PQ =484
0,(9,0.5) 051 — 0.5 gal/day Q(7,1.4) LA = —0.6 galiday
0,(8.5,0.7) 0721 — 0.6 galiday 0,(7.5,1.3) 1;2—351 = —0.6 gal/day
03(8.1,0.95) 095105 galiday 03(79,1.04) LUl = 0.6 gal/day

Thus, it appears that the instantaneous rate of consumption at # =11is —0.55 gal/day.
(c) It appears that the curve (the consumption) is decreasing the fastest at # = 3.5. Thus for P(3.5, 7.8)

0 Slope of PQ = % 0 Slope of PQ =25
11.2-7.8 _
0,(4.5,4.8) 4818 _ 3 galiday G(2.5,11.2) L2l =~ 3.4 gallday
10-7.8 _
0,(4,6) 46; 3 g =-3.6 gal/day 2,3,10) 3-35 —4.4 gal/day
0(3.6,7.4) 1418 — 4 galiday 03(34,8.2) 8278 = —4 gal/day

Thus, it appears that the rate of consumption at ¢ = 3.5 is about —4 gal/day.

LIMIT OF A FUNCTION AND LIMIT LAWS

(a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to as x — 1.
(b) 1 () O (d) 0.5

(@ 0

(b) -1

(¢) Does not exist. As ¢ approaches 0 from the left, f(¢) approaches —1. As ¢ approaches 0 from the right,
f(¢) approaches 1. There is no single number L that f(¢) gets arbitrarily close to asz — 0.

(d) -1

(a) True (b) True (c) False

(d) False (e) False (f) True

(g) True (h) False (i) True

() True (k) False

(a) False (b) False (¢) True

(d) True (¢) True (f) True

(g) False (h) True (i) False
lim £ does not exist because = =% =1if x >0 and X =% =—1if x < 0. As x approaches 0 from the left, X
x—0 ¥ [x]  x x| —x [x]

approaches —1. As x approaches 0 from the right, = ] approaches 1. There is no single number L that all the

function values get arbitrarily close to as x — 0.

As x approaches 1 from the left, the values of become increasingly large and negative. As x approaches 1

from the right, the values become 1ncreasmg1y large and positive. There is no number L that all the function

values get arbitrarily close to as x — 1, so lim —— 1 does not exist.
x—1 %

Nothing can be said about f(x) because the existence of a limit as x — x( does not depend on how the function
is defined at x;. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when x is
close enough to x. That is, the existence of a limit depends on the values of f'(x) for x near x,, not on the
definition of f'(x) at x; itself.
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I

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Chapter 2 Limits and Continuity

Nothing can be said. In order for lim f(x) to exist, f(x) must close to a single value for x near 0 regardless of
x—0

the value f(0) itself.

No, the definition does not require that / be defined at x =1 in order for a limiting value to exist there. If /(1) is

defined, it can be any real number, so we can conclude nothing about f(1) from lim f(x) = 5.
x—1

No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If
lim f(x) exists, its value may be some number other than f(1) =5. We can conclude nothing about lim f(x),
x—1 x—1

whether it exists or what its value is if it does exist, from knowing the value of f(1) alone.

lim (x> -13)=(=3)>-13=9-13=—

x—-3
lim (—x2 +5x-2)=—(2)> +5(2)-2=—-4+10-2=4
x—2

lim 8(t = 5)(t—7) = 8(6—-5)(6—7) = -8
t—6

lim (x> —2x% +4x+8)=(-2)° —=2(-2)> + 4(-2) +8=-8-8-8+8=—16
x—-2

lim 2x+5 2245 _9_3
o2 =% 11=2) 3

i 8- =(8=5(3))(23) 1) =2 -1) =0 1) -2

lim 4x(x+4)” =4(- )(3(—%)+4)2=(—2)(—%+4)2 =(—2)(§)2=—§

x—-1/2

lim—2*2 __ 2¢2 _ 4 _4_1
Y2 VIH5y+6 (27 +5(2)+6 41046 20 S

hm 5- )3 =[5 (=3 = @) = ((8)”3) 2% —16

lim /2210 =4/42-10 =+/16-10 =+/6
z—4

3 __3 _3

lim ——= = =
h0 N3hH+L \BOH+H I+ 2

lim M3ht4=2 _ i J5h+a=2 N5htd+d _ o Ghd-4 5h - lim 5 _ -
PN ho0 b kA2 o h(NSh+4+2)  h—0 h(Sh+4+2)  h—0 VShta+2  Ja+2
lim x5 = lim —2=2 —llm——#=L

rs5 X2=25 x5 (x+5)(x=5) 5 x+5 545 10

lim —*3 = lim —*3 = |jm L =-_L_=-1

3 A3 sy EOHD a3+ 2
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Section 2.2 Limit of a Function and Limit Laws

lim £H3510 = fiy WD) _ iy (o) =50 =7
x—=5 x+5 x—-=5 x+5 x—=5

. 2_ 7. . — -2 .

lim X°=7x=10 _ jjpy 020D _ iy (x-5)=2-5=-3
x—2 x—2 xX= x—2
lim 2 +t=2 =i +2)(t-1) =i t+2 _ 142 _ 3
(1 21 () @D+ gl 1+ 2

lim 2 +3t+2 = lim (#+2)(1+1) — lim 2 =142 _ 1
fse] P=t=2 s D) 2 —1-2 3

lim =24 = fim S92 o i 2=2-
x—-2 X +2x x—-2 X" (x+2)  x—>-2x

1
2

5)°+8y2 - lim V2 (5y+8) - lim Sy+8 _ 8 __1
y—0 34167 350 2 (3y*-16)  y0 3y°-16 162
— 1=x
lim £ =1 = lim xlznm(;x.ﬁ)zlim —Ll-
x—1 7 x—1 %7 x>y X T x—l X
L_*_L (x+1D)+(x-1)
lim S = fim D= fim (L) = lim = 2=
Y0 X Y0 x 10 \(x=D(x+D) x y—oo (D4 - -1

lim 21 = lim @ +D(+)u-1) _ lim @ +D)(+D) _ (A+D(1+D) _ 4
u—sl =1yl @ rut)@=1) oyl ultu+l L+1+1 3

3 _ 2 2

s V8 g (=2)(H2vH) s V42vid  _ 4+4+4 _ 12 _ 3
lim e lim - > = lim > =@® —2°%
v—=2 v =16 p2 (v=2)(v2)(v+4)  v—2 (v2)(vT+4)

lim 23 = fim — 3 _ iy

= lim A—=—1—=1
¥—9 ¥ 150 (a-d(Wx#3)  xoo Va3 o436

Jim 4= iy 292 gy 2CHOQAY) x(244x)=42+2)=16

x—4 2—\/; x—4 2—\/; _x—>4 2—\/; x—4
, (x—l)(\/x+3+2) , (x—l)(\/x+3+2) .
x-l =lim —————L=lim(Jx+3+2)=v4+2=4
e 32yl (era-2)(342)  wml (934 lim )=V
Jx2+8-3 (“x2+8_3)(“x2+8+3) (x2+8)-9 (x+1)(x-1)
lim ¥ +1_ = lim = lim = lim
x—>-1 x—-1 (x+1)(\/x2+8+3) x—-1 (x+1)(\/x2+8+3) x—-1 (x+1)(\/x2+8+3)
= lim ==L =-2--1
xo—1x?4843 3 3
[2 15 4\.].2
lim NxPH12-4 _ lim ( v 4)( * +12+4) - lim (x*+12)-16 - lim —(=2DG+2)
x—2 X2 x—2 (x—z)(\/m+4) x—2 (x—2)(m+4) x—2 (X—Z)(m“‘)

= lim x+2 — 1

4 _1
x—2 241244 Vi6+4 2
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68 Chapter 2 Limits and Continuity

(x+2)(\/x2+5+3) (x+2)(\/x2+5+3) (x+2)(\/x2+5+3)
40. lim =2 = lim = lim : = lim ——
x—=-2 yx*45-3  x—-2 («/x2+5_3)(\/x2+5+3) x—-2  (x"+5-9 o2  (H2)(x=2)
= lim Vx?+5+3 \/—+3 __3
ey X2 4 2
2= [ s o) 4-(*-5) 2
41 lim =252 = lim = lim = lim J—x
x—-3  *F x—-3 (x+3)(2+\/x2—5) x—-3 (x+3)(2+\/x2—5) x—-3 (x+3)(2+\/x2—5)

x—-3 (x+3)(2+ x2—5) are 32+\/x - 2+\/—

ol . (4—x)(5+\/%)
42. iﬂs_mziﬂ(s_ o]
(4—x)(5+«/%)

(4—x)(5+m) ) (4—x)(5+x/%)
—im )

lim > >
x—4  25-(x"+9) x—4 16-x

5+yx?+9 _ 5+425 _ 5

= ig}‘ G iﬂ e 8§ 4
2
43. lim(2sinx—1)=2sin0—-1=0—1=—1 44, 1imsin2x:(lim sinx) =(sin0)> =0% =0
x—0 x—0 x—0
45. limsecx= lim L —=-—L_=1-1 46. lim tanx = lim X = sin0 _ 0 _
Y0 Y0 COSX cosO 1 Y0 Y0 COSX cosO 1

47. 1im ltxtsinx _ 1+0+sin0 _ 14040 _ 1

*—0 3cosx 3cos0 3

48, lim (x* =1)(2=cosx) = (0> =1)(2—cos 0) = (-1)(2=1) = (-1)(1) = -1

49. lim vx+4cos(x+ )= lim x+4- lim cos(x+m)=y-7+4-cos0=\/4—7 -1=J4-7
X—>—7T

X—>=7 X—>—7

50. lim \/7+sec X = \/hm(7+sec x)=_[7+ lim sec’x = \/7+se020 = \/7+(l)2 =22
x—0

x—0

51. (a) quotient rule (b) difference and power rules
(¢) sum and constant multiple rules

52. (a) quotient rule (b) power and product rules
(¢) difference and constant multiple rules

53. (a) lim f(x)g(x)=[1im f(x)} [lim g(x)}(s)(—z):—lo

(b) lim2f(x)g(x)= 2[ lim f(x)} [lim g(x)} =2(5)(=2) = —20
(©) lim [f(x)+3g(x)]= lim f(x)+3 lim g(x)=5+3(-2) =—1
X—cC f (x) l);f;); (x) X—cC

— xX—c¢ 5 —i
@ )11—>mc f(-gx) hmf(x) llmg(x) 5-(=2) 7
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54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

(a)
(b)
(c)
(d)

(a)
(b)

(©)
(d)

(a)
(b)
(©

lim
h—0
lim

h—0

lim
h—0

lim
h—0

lim
h—0

h—>0

x—0

Section 2.2 Limit of a Function and Limit Laws

lirrz [g(x)+3]= lim g(x)+ lim 3=-3+3=0
lim xf(x) = hm X- hm f (x) (4)(0) 0

x—4
2
lim [g(x)]? =[lim g(x)} =[-3]* =9
x—4
lim g _ 11m Sl =3-3

g ST hm f(x) lim 1 0-1

i [/(0+g(0]= lim () im ¢(x)=7+(-3) =4

fim () g(x) = lim £ | lim g(x) |= (-3 =21

0= m 1] | 510 |=or09=2

Tim £(0)g(x) = lim /(o) Tim g =% =2

lim [p()+r (@) +3(]= m p()+ lim r()+ lim s(x)=4+0+(-3)=1

lim2 p(x)-r(x)-s(x)= [ limzp(x)} [ lim2 r(x)}[ lim2 s(x)} =(4)(0)(-3)=0

lim2 [-4p(x)+5r(x))/s(x)= [—4 lim2 p(x)+5 lim2 r(x):l/ lim2 s(x) =[-4(4) + 5(0))/ -

x——

2 12
(€ e PR 57 25/ W TR C.uiU N TR S A
0

h—0 h h—0 h—
2 2
OB _ iy Al =4 - fi 2G) _ = lim (h~4)=—4
h—0 h—0
BE-A-BQ)-4 _ o 36 _
h h—0 !
1 1

(G5 _ i 257 i 22C20) _ b 1

T m == ,}1_>0 i) - M G T4

7 _ o VTHNTINThAT) e

T h T 1 =1
QA ST N o) i 7 Ny oty R it A oW R S e P e

«/3(O+h)+ ~30)+1 _ (\'3”+ 1)(Bari+1) o lim JGMDL o 3k iy 3
h_>0 H(\Bh+1+1) 70 h(\BR+1H1) 10 A(N3R+IH) 0 V3Rt

lim (2—x ) 2-0=2and hm 2cosx = 2(1) = 2; by the sandwich theorem, hm gx)=2

x—0

(a)

lim (1 —ﬁ) =1-%=1and lim 1=1; by the sandwich theorem, lim =X$inX_ —]
x—0 6 6 x—0 y—s( 2—2cosx
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lim \/5 2x% = \/5 2(0) =/5 and lim \/5 —x? = \/5 - (0)2 = \/g; by the sandwich theorem, lim f(x) = Js5
x—0 x—0



70 Chapter 2 Limits and Continuity

(b) Forx#0, y=(xsinx)/(2—2cosx) lies

. y
between the other two graphs in the figure, y = (x sin x)/(2 - 2 cos x) h(x) = 1
and the graphs converge as x — 0. ; A

0.5
) =1 - (°16)
-2 il 1 2 X
66. (a) lim (l - ﬁ) =lim 21— lim > =1 -0=1and lim 1 = 1. by the sandwich theorem, lim 1_0% =1
x—0\2 24 1502 02 2 20 02 2 x50 X
(b) Forall x # 0, the graph of f(x) =(1—cos x)/x2 y

lies between the line y = % and the parabola yol

T2

_1 2
y=5-x /24, and the graphs converge as T—
== 1 — cos x
x—0. Y E T
I |

67. (a) f(x)=(x*>-9)/(x+3)

=

x -3.1 -3.01 -3.001 -3.0001 —3.00001 —3.000001
S(x) -6.1 -6.01 -6.001 -6.0001 —6.00001 —6.000001
x -2.9 -2.99 —2.999 —2.9999 —2.99999 —2.999999
S (x) -5.9 -5.99 ~5.999 ~5.9999 -5.99999 ~5.999999

The estimate is lim f(x) =—6.
x—-3
(b)
Yy

fx)=(*=9)/(x +3)

(© f()=22=00 -y 3ifx-3, and lim (v-3)=-3-3=-6.

x——

68. (a) g(x)=(*-2)/(x-+2)

x |14 1.41 1.414 1.4142 1.41421  1.414213
g(x) | 2.81421 2.82421 2.82821 2.828413 2.828423 2.828426

Copyright © 2018 Pearson Education, Inc.



Section 2.2 Limit of a Function and Limit Laws

(b)

NG

pd

2

x

2

8() = (-2l =~2)

2 x+2)(x—2
o e

= x+~2 if x#£4/2, and 1irf/1_(x+\/§)=\/§+\/5=2\/§.

x—2

69. (a) G(x)=(x+6)/(x>+4x—12)

x -5.9 -5.99 —-5.999 —-5.9999 —-5.99999  —5.999999
G(x) | —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000
x -6.1 -6.01 —-6.001 —-6.0001 —-6.00001 _ —6.000001
G(x) | —.123456 —.124843  —.124984  —.124998 —.124999  —.124999
(b)
y
10
-6 2 s
-10
o G(x) = (x + 6)/(x* + 4x — 12)
_ x+6 _ x+6 __1 _ . D D R
() G(x)= Frax 12 " GrOGD) T 12 if x # -6, and x11>n36 5 =53~ g~ 0125
70. (a) h(x)=(x>—2x-3)/(x* —4x+3)
x 2.9 2.99 2.999 2.9999 2.99999  2.999999
h(x) | 2.052631 2.005025 2.000500 2.000050  2.000005  2.0000005
x 3.1 3.01 3.001 3.0001 3.00001  3.000001
h(x) [ 1.952380 1.995024 1.999500 1.999950  1.999995  1.999999
(b)
10 -
-: 1 3 *
]()\
20
hx) = (2= 2x = 32— dx + 3)
_ x2=2x=3 _ (x=3)(x+1) _ x+1 : : x+l _ 3+l _ 4 _
© A= 33 T G ~xa ¥ #3and lim SFr =1 =5 =
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72 Chapter 2 Limits and Continuity

71 (@) f(x)=(7=D/(x[-1)

X -1.1 -1.01 -1.001 -1.0001 -1.00001 —1.000001
S| 21 201 2.001 2.0001 2.00001 2.000001

X -9 -99 -999 —.9999  —.99999 —.999999
S 1 1.9 1.99 1.999 1.9999 1.99999 1.999999

(b)

f&) =& =D/(xl -1

X

-1 1

. LD~y + 1, x> 0and x #1
() f(x)=%£== ,and lim (I-x)=1-(-1)=2.
i1 %zl—x,x<0andx#—l x—-1

72. (a) F(x)=(x>+3x+2)/(2—|x|)

x -2.1 —2.01 -2.001 —2.0001 —2.00001 —2.000001
F(x) | -1.1 -1.01 -1.001 -1.0001 —1.00001 —1.000001

x —1.9 —1.99 -1.999 -1.9999 —1.99999 —1.999999
F(x) |-9 -99 —-999 -9999  —-99999  —999999
(b) ,
20
> 3 *
—60 |-
F) = (2 +3x + 22— |x)
(x+2)(x+1) >0
X 4+3x+2 2-x - ;
(c) F(x)=+"~== ,and lim (x+1)=-2+1=-1.
2 GHDEHD _ v 1y x<0and x +-2 -2
2+x ’

73. (a) 2(0)=(sin0)/0

6 1 .01 .001 .0001 .00001 .000001
g(@) | 998334 999983  .999999  .999999  .999999  .999999

i -1 -.01 -.001 —.0001 —.00001 _ —.000001
g(@) | 998334  .999983  .999999 999999 999999 999999

lim g(@)=1
0—0
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(b)

74. (a)

(b)

75. (a)

(b)

—_ L

Section 2.2 Limit of a Function and Limit Laws

1 .
y= smT() (radians)

-57 —4m =37 =227 0

I/\IVJ/\I 0
™~2n 37 4w Sw

NOT TO SCALE

G(1) = (1-cos 1)/1*
t A .01 .001 .0001  .00001  .000001
G(¢) | 499583 499995 499999 5 5 5
4 -1 -.01 —.001 —.0001 -.00001 —.000001
G(t) | 499583 499995 499999 5 5 S
lim G(1)=0.5
t—0

Oi(l) _1 —;05 t

- 0.4

F0.3

0.2

F0.1
—ox)l()()} 1-0.01001 ()‘()i)()l : 0,0:)03

Graph is NOT TO SCALE
f(.x) — xl/(l—x)
X 9 .99 .999 .9999 199999  .999999
flx) | .348678 .366032 .367695 367861 .367877 .367879
X 1.1 1.01 1.001 1.0001 1.00001 1.000001
flx) | 385543 369711 368063 .367897 .367881 .367878
lim £(x) = 0.36788
x—1
x) = x 1/(x-1)

2.71825

€.9999 0.99995

2.71815

Graph is NOT TO SCALE. Also, the intersection of the axes is not the origin: the axes intersect at the

point (1, 2.71820).

X
1.000(13&0001

Copyright © 2018 Pearson Education, Inc.
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76.

77.

78.

79.

80.

81.

82.

Chapter 2 Limits and Continuity

@ [f(x)=0C"-Dix
x |1 01 .001 .0001 .00001 000001
fix) | 1.161231  1.104669 1.099215 1.098672 1.098618 1.098612

x -1 -.01 —-.001 —-.0001 —.00001  —.000001
flx) | 1.040415 1.092599 1.098009 1.098551 1.098606 1.098611

lim £ (x) =~ 1.0986

x—l1

(b)
lim f(x) exists at those points ¢ where lim x* = lim x%. Thus, ¢* =¢? = 2 a- cz) =0=c¢=0,1,or-1.
X—C X—C X—C
Moreover, hm f(x)= hm x> =0and lim f(x)= hm f(x)=1.
—0 x—-1

Nothing can be concluded about the values of f, g, and  at x = 2. Yes, f(2) could be 0. Since the conditions
of the sandwich theorem are satisfied, lim f(x)=-5#0.
x—2

L f-s _pmSelins  limsws .
1:)}2 2 - Tim x—Tim 2 =5 3;}Ef(x)_5:2(1):)}Eﬁf(x):2+5:7'
11m f(x) lim f(x)
(a) 1= lim —f(;) 5 :)H*24 = lim f(x)=4.
x—-2 X llr?zx o}
® 1= lim L;):[ lim &} [nm L}:{ lim M} (L)= tim L0-
x—>=2 X x—>-2 x—-2% x—-2 * -2 x—-2 7~

(@) 0=3-0= [1 At 5} [hm (x— 2)}—hm [(ﬂxf’z‘s)(x—z)}znm [£(x)=5]
2 2 X x—2

x—2

—hm f(x)- 5:>hm f(x)=5.

x—2

(b) 0=4-0= [ foj‘_) 5} [llm (x— 2)}:11111 £(x)=5 as in part (a).

(a) 0=1-0= [hm Sx )}

x—0 x?

That is, hm f(x)=0.

(b) 0=1-0= [hm Slx ’}

x—0 x?

lim x} [hm f(z)} [Hm xz}— lim [f(x) J— lim f(x).

x—0 x—0 X x—0 x—0 x—0

lim x} = lim / (f)-x] = lim 2% That is, lim £ =0

x—0 x—0L x x—0 * x—0
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83.

84.

Section 2.3 The Precise Definition of a Limit

(a) lim xsinl=0 y

x—0

(b) —-1< sinis 1 for x #0:
x>0=-—x< xsin% <x= lim xsin% = 0 by the sandwich theorem;

h(z) = 2% cos(1/z?)

-

75

x—0
x<0=—x>xsind > x= lim xsinL =0 by the sandwich theorem.
X x—0 x
. Yy

(a) lim x? cos(%) =0

x—0 X

|
(b) —1<cos L}) <1forx # 0= —x? < x” cos (L}) <x? = lim x? cos (%) = 0 by the sandwich theorem since
x x x—0 x
lim x% =0.
x—0

85-90. Example CAS commands:

2.3

Maple:
f=x->x"-16)/(x-2),
x0:=2;
plot( f(x), x = x0-1..x0+1, color = black,
title ="Section 2.2, #85(a)" );
limit( f(x), x =x0 );

In Exercise 87, note that the standard cube root, x*(1/3), is not defined for x<0 in many CASs. This can be

overcome in Maple by entering the function as f := x > (surd(x+1, 3) — 1)/x.

Mathematica: (assigned function and values for x0 and h may vary)

Clear([f, x]
fIx_J=(x> =x> =5x =3)/(x +1)°
x0=-1;h=0.1;

Plot[f[x],{x, x0—h, x0+h}]
Limit[f[x],x — x0]

THE PRECISE DEFINITION OF A LIMIT

1 ) x

ra
i s
Step 1: |x=5|<d=>-0<x-5<5=>-0+5<x<d+5
Step2: 0+5=7T=0=2,0r-0+5=1=0=4.

The value of 6 which assures |x - 5| <0 = 1< x <7 is the smaller value, 6 = 2.

Copyright © 2018 Pearson Education, Inc.



76

10.

Chapter 2 Limits and Continuity
—t— y—>x
1 2 7
Step 1: |x-2[<d=-0<x-2<F=>-0+2<x<5+2
Step2: —0+2=1=d=Lordo+2=7=9=5.
The value of & which assures|x—2|<5:1<x<7is the smaller value, 6 =1.
77§2:3 71?2 *
Step 1: |x— (3)|<5:> 5<x+3<5:> -6-3<x<6-3
Step2: —-0-— 3———:>5 or5 3———:>5 %
The value ofb Wthh assures|x (3)|<5:>—%<x<—%is the smallervalue,5=%.
“ ¢ t } > X
-L 3 _1
2 T2 T2
Step 1: ’x—( %)‘«5: S<xti<dm-5-3<x<s-3
Step2: —-0-=2= E:>§—2,or§—5= ;:>O—1
The value of & which assures’ —(—%)‘<5:>—%<x<—%isthe smaller value, 6 =1.
L Il ) x
49 12 an
Step 1: ‘x——‘<5:> 5<x—3<5:> 5+ <x<(5‘+1
. 1_4 1 1_4
Step2: -0+ —9:>§ 18,oré‘+2 7:6 14
The value of & which assures‘x——‘<§: 9<x< is the smaller value, & = 8
- 117 J'i } —> X
2.7591 3 3.2391
Step 1: |x=3|<d=>-0<x-3<5=>-0+3<x<I+3
Step2: —0+3=2.7591=6=0.2409,0r 6 +3=3.2391= 6 =0.2391.
The value of & which assures |x - 3| <0 =2.7591< x <3.2391 is the smaller value, & = 0.2391.
Step I: [x—5|<d=>-0<x-5<8=>-0+5<x<+5
Step 2:  From the graph, -0 +5=4.9=0=0.1,ord+5=5.1= 6 =0.1; thus 0 = 0.1 in either case.
Step 1:  |x—(-3)|<d=>-0<x+3<5=-0-3<x<6-3
Step 2:  From the graph, -0 -3=-3.1=20=0.1,or0-3=-2.9= 6 =0.1; thus 0 =0.1.
Step 1: |x-1|<d=>-F<x-1<S=>-0+I<x<d+]
Step 2:  From the graph, 5+1——:>§ 16,0r§+1—16:>§ 16,thus§
Step 1: [x=3|<d=>-0<x-3<5=>-0+3<x<+3
Step 2:  From the graph, -0 +3=2.61= ¢ =0.39, or § +3=3.41 = § = 0.41; thus 6 = 0.39.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:
Step 1:
Step 2:
Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Section 2.3 The Precise Definition of a Limit

x=2|<8=>-0<x-2<6=>-0+2<x<5+2
From the graph—5 +2=~/3 = 8 =23 =0.2679, or § +2 =+/5 = § =/5 -2 = 0.2361;
thus & =/5 - 2.

x—(-D|<d=>-F<x+1<F=>-0-1<x<o-1
From the graph, -6 —1=— \/—:5 */—2~01180r5—1—
thus5=%.

N|g

3 5= —2—f ~ 0.1340:

x-(-D|<F=>-0<x+l<d=>-0-1<x<o-1

Fromthegraph,—5—1=—%6:>5=—~077 0r5—1——2—5:> =0.36; thus5———036

’x——‘<5:> 5<x—l<é‘:> §+ <x<5+1

2
1_ ~ 1 _ =_1 _1
From the graph, 5+ =0= 2— 0.00248, 0r5+ 19925—1.99 )

1
T2 01 2
thus 0 = 0.00248.

(x+1)-5/<0.01=|x-4|<0.01= -0.01 <x-4<0.01=3.99 < x < 4.01
x-4|<6=>-0<x-4<5=>-0+4<x<5+4=6=00L.

|(2x=2)—(=6)| < 0.02 = |2x+4] < 0.02 = -0.02 < 2x +4 < 0.02
= —4.02<2x<-3.98=-2.01<x<-1.99
x=(2)|<6=-0<x+2<6=>-0-2<x<5-2=06=00L

’\/x+1—l‘<0.1:—0.l<\/x+l—1<0.l: 09<x+1<1.1= 081 <x+1<121

= -0.19<x<0.21
[x=0]< 6= -6 <x <8 Then, -5 =-0.19= & =0.19 or § = 0.21; thus, & = 0.19.

]&—l‘<01:> ~0.1<Vx-1<01=04<x<0.6=0.16<x<036
’x——‘<5:> 5<x——<5:>

Then —5+%= 0.16=>5=0.09 or 5+%= 0.36 = & = 0.11; thus & = 0.09.

’\/19—x—3‘<1:>—1<x/19—x—3<132<x/19—x<4:4<19—x<l6

=>-4>x-19>-16=>15>x>30r3<x<15
x=10[<6=-6<x-10<F5=-5+10<x<5+10.

Then-0+10=3=>0=7,0or0 +10=15= 0 =5; thus 9 = 5.

\/x—7—4‘<13—1<\/x—7—4<133<\/x—7 <5=9<x-7<25=16<x<32

X-23<8=>-0<x-23<5=>-0+23<x<5+23.
Then-0+23=16=>0=7,0r0+23=32=6=9;thuso =7.

—%‘<O.05:>—0.05<l—l<0.05:>O.2<i<0.3:>&>x>m orl <« x<s.
x 4 x 2 3 3

x—4<6=>-5<x- 4<5: —S+4<x<5+4.
Then 5+4—100r5 = oro+4=50rd=1; thusé'——

Copyright © 2018 Pearson Education, Inc.
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22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

Chapter 2 Limits and Continuity

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

’x2—3‘<0.lz—0.1<x2—3<0.132.9<x2 <31=29 <x<31
’x—\/g‘<53—5<x—\/§<53—§+\/§<x<§+x/§.
Then =5 +/3 =29 = =3 -+2.9 =0.0291, or §+/3 =/3.1 = 5 =+/3.1 = /3 = 0.0286;

thus 0 = 0.0286

524 <05=-05<? —4<0.5235 <% <452 35 <|af < VA5 = VA5 <x <35,

for x near -2.

x=(-2)|<d=-0<x+2<8=>-0-2<x<d-2.
Then-0-2=-45=0=+45-2=0.1213,0r 6 —2=-+3.5=0=2—-+/3.5=0.1292;
thus 6 =v4.5-2=0.12.

(1)‘<01: 01<lilcolm—lala 0o 105 5 105 1010
]x (1)|<5:> §<x+1<5:> —O-l<x<o-1.
Then-6-1=- 35 oré 1=- 1135 llthusé':ﬁ

’(xz—5)—11‘<1:‘x2—16‘<13—1<x2—16<1215<x2<17:>x/§<x<\/ﬁ.
x-4/<8=>-0<x-4<5=>-0+4<x<d+4.
Then—-8+4=+/15=5=4—-15=0.1270, or § + 4 =17 = § =/17 —4 = 0.1231; thus
§=17-4=0.12.

’%—S‘Q: 1<120 5<1=>4<120 <6:4>m>6:30>x>200r20<x<30
]x—24|<§:>—§<x 24<6=> a+24<x<a+24.
Then-0+24=20=>0=4,0r0+24=30= 0 =6;thus = 0 =4.

|mx —2m| < 0.03 = ~0.03 < mx = 2m < 0.03= ~0.03+2m <mx <0.03+2m =2 - 0B < y <2 4 003,
x-2|<d=>-0<x-2<5=>-0+2<x<5+2.
Then -8 +2=2-003 — §-003 . 542=24003 — 5003 [, either case, § = 203

m m m m m
’mx—3m|<c:>—c<mx—3m<c:>—c+3m<mx<c+3m33—i<x<3+i
x-3|<d=>-6<x-3<F=>-0+3<x<5+3.
Then-0+3=3-<X=06=<, 0or0 +3=3+<= 06 =%.In either case, 0 = <.

m m m m m

(mx+b)—(ﬂ )<c:—c<mx—ﬂ<c:—c+ﬂ<mx<c+ﬂ3l—£<x<l+£.
2 2 2 2 m 2 m

’x——‘<5:> 5<x—5<5:>—§+ <x<d+d.
Then §+; :5 oré‘+1 1+ :>§=£.Ineithercase,§=£.
m m m

|(mx+b) = (m + b)| < 0.05 = —0.05 < mx —m < 0.05 = ~0.05+m < mx < 0.05+m

0.05 005

=1- <x<l4+22

m
]x—1|<6:> S<x-l<d=>-0+l<x<d+1.
Then-6+1=1- 005:5=%,0r5+1=1+%:>5 OVSS In either case, § = 203

m

lim 3-2x)=3-2(3)=-3
—3

X
Step 1:

(3-2x) = (=3)[ < 0.02 = ~0.02 < 6~ 2x < 0.02 = —6.02 < ~2x < ~5.98 = 3.01 > x > 2.99 or
2.99<x<3.0l.
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33.

34.

35.

36.

37.

38.

39.

Step 2:

Section 2.3 The Precise Definition of a Limit 79

0<|x—3|<§:>—§<x—3<5:>—a'+3<x<a‘+3.
Then—-0+3=2.99=6=0.01, or6+3=3.01= 6 =0.01; thus o = 0.01.

lim (-3x—=2)=(-3)(-1)-2=1
x— -1
Step 11 [(=3x-2)~1/<0.03 = ~0.03 < -3x-3<0.03 = 0.01 > x+1>-0.01 = ~1.01 < x <~0.99.
Step2: |x—(-D|<d=>-6<x+1<d=>-0-1<x<o-1.
Then -6 —1=-1.01= 8 =0.01, or 61 =—0.99 = & = 0.01; thus & = 0.01.
lim 224 = fim 820D _ iy (v 42)=242=4, x£2
x—2 x=2 x—2 (x=2) x—2
Step 1 (%)—4‘<0.05:>—0.05<%—4<0.05:>3.95<x+2<4.05,x#2
=195<x<2.05, x+#2.
Step2: |x-2[<F=-0<x-2<8=>-0+2<x<5+2.
Then-8+2=1.95= 6 =0.05, or & + 2 =2.05 = & = 0.05; thus & = 0.05.
2
lim XH6x45 = fiy GO i (1) =4, x £ 5.
x—-5 X3 x—-5 (x+5) x—=5 ( )
Step 1: (M)—H) <0.05= —0.05<O*D 4 4 0,05 = -4.05<x+1<-3.95, x#-5
x+5 (x+5)
= -5.05<x<-4.95, x #-5.
Step2: |x—(-5)|<=>-F<x+5<6=>-0-5<x<5-5.
Then-0-5=-5.05=0=0.05,0r0 —5=-4.95= 6 =0.05; thus o = 0.05.
lim 1-5x = \1-5(-3) =/16 = 4
x— -3
Step 1: ]\/1—5x—4‘<0.5:>—0.5<\/1—5x ~4<0.5=3.5<-5x <45 =12.25<1-5x < 20.25
= 11.25<-5x<19.25 = —3.85 < x < 2.25.
Step2: |x—(-3)|<d=>-0<x+3<5=>-0-3<x<5-3.
Then -0 -3=-3.85=0=0.85,0ord —3 =-2.25=0.75; thus 6 = 0.75.
lim4=4=2
x—2 % 2
. 4 4 4 10 10 10 10 5 5
Step 1: ;—2‘<0.43—0.4<;—2<0.4:1.6<;<2.4:>R>§>ﬁ27>x>?0r§<x<5.
Step2: |x-2[<d=-0<x-2<F=>-0+2<x<5+2.
_5 521 _5s5=1. _1
Then—§+2—3:5—3,or§+2—2:5—2,thus§—3.
Step 1: |[(9-x)—5|<e=>—e<d-x<e=—e-4<-x<e-4=e+d4>x>4-c=>4-c<x<d+e
Step2: |x-4/<F=-0<x-4<5=>-0+4<x<5+4.
Then-0+4=—-+4=0=¢,0or0 +4=€e+4 = O =e¢. Thus choose 0 =¢.
Step1: |Bx=7)-2|<e=—€<3x-9<e=9-€<3x<9+e=>3-L<x<3+E.
Step2: |x-3|<d=>-6<x-3<F=>-0+3<x<+3.
Then—§+3=3—§3§=§,or5+3=3+§:>§=§.Thuschoose§=§.
Step 1: ’\/x—5—2‘<6:>—6<\/x—5—2<e:>2—6< x—5<2+c =>(2-e)} <x-5<(2+¢)
= (2-€+5<x<(2+€)*+5.
Step2: |x-9|<d=>-0<x-9<F5=-6+9<x<F+9.

Then -5 +9 = €2 —4e+9:>5=4e—62, or §+9=¢>+4c+9= & = de + 2. Thus choose the smaller

distance, & = 4¢ — 2
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80 Chapter 2 Limits and Continuity

40. Step 1: ’x/4—x—2‘<e:>—e<\/4—x—2<632—e<\/4—x<2+e :(2—6)2<4—x<(2+e)2
= -2+e) <x-4<-(2-¢) = -2+e)} +d<x<-(2-¢)* +4.
Step 2: ’x—0|<§:>—§<x<5.
Then—§=—(2+e)2+4=—ez—46:5=4e+62,or§=—(2—e)2+4=4e—ez.Thuschoosethe

smaller distance, 0 = 4¢ — e

41, Stepl: Forx#1[x? = <e=—e<? l<e= I-e<a? <l+e = Vime <[x]<fT+e

=>+l-€e<x<+l+4+€nearx=1.
Step2: |x-1|<d=>-F<x-1<S=>-F+l<x<d+l.

Then-6+1=+l1-e =>d=1-+1-¢,0ord+1=+1+€ = § =+/1+¢ —1. Choose
d= min{l—\/ l1-€,V1+¢ —1}, that is, the smaller of the two distances.

42. Stepl: Forx#-2,

x2—4‘<€:>—6<)€2—4<€:>4—€<X2<4+6:> 4—¢ <|x|<«/4+e:>— d+e<x

< —+/4—€ near x = 2.

Step2: |x—(-2)|<F=-0<x+2<F=>-0-2<x<-2.
Then -6 —2=- 4+e:5=x/ﬁ—2,or§—2=— 4—¢=>8=2-+/4—¢. Choose
5:min{\/m—2,2—\/n}.

43. Step 1: H—l‘<e:> —e<lol<e=l-e<d <1+e:>$<x<llf

Step2: |x—1|<5= S<x-1<5=1-5<x<I+s.

Then1- 5_—:5_1———— orl+6=-L ==L —1=—-,
1+e  1+4€ —€ 1-€ 1—€
Choose § = -5, the smaller of the two dlstances
I N § _ L_l 1_ L 1 1-3¢ L 1+3e
44. Stepl: | F-3|<e=>-e< 3<e:>3 €< F<zte=>Fo<5
3

=

2.3 < [3 [3 [3
R il 5 OF T <X <y, forx near /3,
Step 2: ’x—\/g‘<§:>—§<x—\/§<§:>«/_—§<x<\/_+5.
Then\/§—5=4/ﬁ3§=\/§—4/ﬁ,or\/§+§= ﬁjé‘:‘/l}}e_ﬁ'
— i [3 [
Choose 6 = mln{\/g Vi3 Vi —\/3}

45. Step 1: (x;+3) (=6)

Step2: |x—(-3)|<d=>-0<x+3<5=-0-3<x<5-3.
Then-0-3=—-€-3=d=¢,0r0-3=e—-3= 0 =c.Choose 0 =e.

<e=>—e<(x-3)+6<e,x#-3=>-€<x+3<e=>-€-3<x<e-3.

46. Step 1:

x2—1) )

x—1

<e=m—e<(x+])-2<e x#l=>l-e<x<l+e

Step2: |x-1|<d=>-6<x-1<F=>1-0<x<1+0.
Thenl-0=1-e=>d0=c,orl+0=1+¢ = O =¢. Choose O =e.

47. Step1: x<1:|(4-2x)-2|<e=0<2-2x<esince x <1.Thus,1-5<x<0;
x21:|(6x-4)-2|<e=0<6x—6<esince x> 1. Thus, IS x <1+,
Step 2: ]x—l|<é‘:>—é‘<x—1<§:l—é‘<x<l+é‘
Thenl-d=1-£=0d=F, orl+5=1+¢=J=¢. Choose 6 = ¢
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49.

50.

51.

52.

53.

54.

55.

Section 2.3 The Precise Definition of a Limit 81

Step 1: x<0:[2x-0]<e = - <2x<0=>-5<x<0;
<e=>0<x<2e
Step 2: ]x—0|<5z—5<x<5

Then 5———:>§ £,0r0 =2e =0 =2¢. Choose J =

By the figure, —x < xsm L < x forall x>0and—x > xsm L > x for x < 0. Since lim (-x) = hm x =0, then by
x—0 —0

the sandwich theorem, in either case, lim xsind = 0.
x—0

2<y? sm L < x? forall x except possibly at x = 0. Since lim (—x )= lim x> =0, then by the

x—0 x—0

By the figure, —x

sandwich theorem, lim x?

sinl=0.
x—0 X

As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there exists a o >0
such that 0 <|x 0| < & = |g(x)— k| <.

Write x = A +c. Then0<|x—c|<5(:)—(>'<x—c<5,x#c(:)—§<(h+c)—c<(>',h+c#=c<:>—5<h<§,

h#0&0<|h-0/<d.

Thus, lim f(x) = L < for any € > 0, there exists 6 > 0 such that’f(x)—L| <e Whenever0<|x—c| <de
X—C

|f(h+c)—L| < e whenever 0<|h—0/<& < lim f(h+c)=L.
h—0

Let f(x) = x?. The function values do get closer to —1 as x approaches 0, but lim f(x) =0, not—1. The
x—0

function f(x) = x? never gets arbitrarily close to —1 for x near 0.

Let f(x)=sinx, L= l ,and x = 0. There exists a value of x (namely x = E) for which ’smx ——‘ < e for any

given € > 0. However lim sinx =0, not 5 L The wrong statement does not require x to be arbitrarily close to Xg-
x—0
1

As another example let g(x) = sm— L= 2 , and x; = 0. We can choose infinitely many values of x near 0 such

that sin% — as you can see from the accompanying figure. However, lim sm L fails to exist. The wrong
x—0
statement does not require all values of x arbitrarily close to x; = 0 to lie withine >0 of L = Agam you can

see from the figure that there are also infinitely many values of x near 0 such that sm— 0. If we choose € < %

we cannot satisfy the inequality ’sm— - —‘ < e for all values of x sufficiently near x, = 0.

2 2
|A—9|so.01:—0.01s;z(§) ~9<0.01= 8.9 <™-<9.01=4(8.99) <x” <£(9.01)

=2 % <x<2 % or 3.384 < x <3.387. To be safe, the left endpoint was rounded up and

the right endpoint was rounded down.
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I=
\Y2
=
\Y2
I=

56. V=RI=>Y _1:‘——5‘<01:> ~0.1<120-5<0.1=49<120 <515 1
- (12‘?1(10) <R< “22)9(10) — 23.53< R<24.48.

~
©
—
)
S
W
=

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

57. (@) —0<x-1<0=>1-6<x<1= f(x)=x.Then|f(x)-2|=|x-2|=2-x>2-1=1.Thatis,
|f(x) 2|>1> nomatterhowsmallb1stakenwhen1—§<x<1:>hm f(x)#2.

(b) 0<x-1<d=1<x<1+8= f(x)=x+1.Then|f(x)-1=|(x+1)- 1|—|x|—x>1That1s |f(x0)-1]=1
no matter how small ¢ is taken when 1 < x <1+ = hm f(x)#1.

() -0<x-1<0=>1-6<x<1l= f(x)= xThen|f(x) 15| |x-1.5=1.5-x>15-1=0.5.
Also,0<x-1<d=1<x<1+8= f(x)=x+1. Then|f(x)-1.5=|(x+1)-1.5] =[x -0.5]

=x—-0.5>1-0.5=0.5. Thus, no matter how small ¢ is taken, there exists a value of x such that
—6<x—1<dbut|f(x)-1.5| z%: lim f(x)#1.5.
x—1

58. (a) For2<x<2+8= h(x)=2=|h(x)-4|= > ¢ whenever 2 < x < 2+ ¢ no matter

how small we choose § > 0= lim A(x) # 4.
x—2

(b) For2<x<2+8=> h(x)=2=|h(x)—-3|=1.Thus fore <1,|h(x)—3| = ¢ whenever 2 < x < 2+ no matter

how small we choose d >0 = lim A(x) # 3.
x—2

(¢) For2-0<x<2=h(x)= x50 ’h(x) - 2| = ‘xz - 2‘. No matter how small ¢ > 0 is chosen, x? is close to 4

when x is near 2 and to the left on the real line = ‘xz - 2‘ will be close to 2. Thus ife <1, |h(x) - 2| >e€
whenever 2 — 6 < x < 2 no matter how small we choose § > 0= lim Ah(x) # 2.
x—2

59. (a) For3—-8<x<3= f(x)>4.8=|f(x)—4|>0.8. Thus fore <0.8,|f(x)—4|> e whenever3—& < x <3 no
matter how small we choose d > 0= lim f(x) # 4.

X—>
(b) For3<x<3+8= f(x)<3=|f(x)-4.8/=1.8.Thus fore <1.8,|f(x)—4.8| > ¢ whenever3<x <3+45
no matter how small we choose 6 > 0 = hm f(x)#4.8.
—3

(¢) For3—-d<x<3= f(x)>48=|f(x)- 3|>1 8. Again, fore <1.8,|f(x)—3| = ¢ whenever 3-8 < x <3 no
matter how small we choose d > 0= lim f(x) # 3.
x—3

60. (a) No matter how small we choose ¢ > 0, for x near —1 satisfying —1 -9 < x < -1+ 9, the values of g(x) are
near 1 = |g(x) - 2| is near 1. Then, fore = % we have |g(x) - 2| > % for some x satisfying—1-0 <x <-1+9,
or0<|x+1| <d=> lim g(x) #+2.

(b) Yes, lim g(x)=1 because from the graph we can find a > 0 such that ’g(x) 1| <eif0< |x (- 1)| <d.

x——1

61-606. Example CAS commands (values of del may vary for a specified eps):

Maple:
f=x > (x4-81)/(x-3);x0:=3;
plot( f(x),x=x0-1..x0+1, color=black, #(a)
title="Section 2.3, #61(a)" );
L = limit( f(x), x=x0); # (b)
epsilon :=0.2; #(c)

plot( [f(x), L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)");
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q = fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1); #(d)

delta = abs(x0-q);

plot( [f(x),L-epsilon, L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)" );
for eps in [0.1, 0.005, 0.001 ] do #(e)

q = fsolve( abs( f(x)-L ) = eps,x=x0-1..x0+1);

delta = abs(x0-q);

head := sprintf ("Section 2.3, #61(¢)\n epsilon = %5f, delta = %5f\n", eps, delta );

print(plot( [f(x), L-eps, L+eps], x=x0-delta..x0+delta,

color=black, linestyle=[1,3,3], title=head ));

end do:

Mathematica (assigned function and values for x0, eps and del may vary):

Clear(f, x]

yl:=L—eps; y2:=L+eps; x0=1;

flx I:= (3x2 —(7x+DSqrt[x]+5)/(x -1)

Plot[f[x], {x, x0—-0.2, x0+0.2}]

L: = Limit[f[x], x — x0]

eps =0.1;del =0.2;

Plot[{f[x], y1, ¥2}, {x, x0 —del, x0+del}, PlotRange — {L —2eps, L +2eps}]

ONE-SIDED LIMITS

(a)
(e)
(1)

(a)
(e)
(1)
(a)
(b)
(©)
(d)

(a)
(b)
(©)
(d)

(a)
(b)
(c)

True (b) True (c) False (d) True
True () True (g) False (h) False
False (j) False (k) True () False
True (b) False (c) False (d) True
True () True (g) True (h) True
True (j) False (k) True

lim f=2+1=2, lim f(x)=3-2=1

No 11m f(x) does not ex1st because lim f(x)# lim f(x)

x—2* x—2"
hm f(x) 4+1_3 hm f(x)= 4+1_3
x—4"
Yes, 11m f(x)= 3because3— lim f(x)= hm f(x)

x—4"

lim f(x)=;=1, lim f(x)=3-2=1,f(2)=2
Yes 11m f(x)—lbecausel— lim f(x)= lim f(x)

x—2" x—2
hm f (x)=3-(-1)=4, lim f (x)=3-(-1)=4
x—-1" x——1F
Yes, hm1 f(x)=4because4= lim f(x)= lim f(x)
X—= x—-1" x—-1"

No, lim f(x) does not exist since sm( ) does not approach any single value as x approaches 0

x—0*
lim f(x)= lim 0=0
x—0" x—0"
lim f(x) does not exist because lim f(x) does not exist
x—0 x—0*
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8.

10.

11.

13.

Chapter 2 Limits and Continuity

(a) Yes, lim+ g(x) =0 by the sandwich theorem since —Jx< g(x) < Jx when x>0
x—0

(b) No, lim g(x) does not exist since Jx is not defined for x <0

x—0
(¢) Yes, lim g(x)= lim g(x)=0 since x=0 is a boundary point of the domain
x—0 x—0*
(a) (b) lim f(x)=1= lim f(x)
y x—=1 x—lt
L y={x3, x#1 (c) Yes, )1(1_>m] f(x) =1 since the right-hand and left-hand
0, x=1

! limits exist and equal 1

(a) (b) lim f(x)=0= lim f(x)
. ={ 1-2 x21 x—1* x—17
- 2. x=1
Lo (¢) Yes, lim1 f(x) = 0 since the right-hand and left-hand
X—
/\ limits exist and equal 0
oA N 2
—1F
ok
3+
(a) domain:0<x<2 Ni-x2, 0<x<I
range: 0 < y<land y=2 y={1  lsx<2
(b) lim f(x) exists for ¢ belonging to (0, 1)U (1, 2) L x=2
X—C 2+ L]
(c) x=2
(d x=0

11»\—0
1
(a) domain: —eo < x <o A

range: —1< y <1
(b) lim f(x) exists for ¢ belonging to

(=o0, ~1) U (=1, U1, =) PO

(c) none
(d) none

x, -1<x<0or 0<x<1
,\‘={l, x=0
0, x<-lorx>1

: +2 _ [=0.5+2 _ [3/2 _ : -1 _ /11 _ —
lim (552 =535 =35 =3 12 lim (25 = {5 =10 =0

x——=0.5" x—l1*

im, (s5) (2] = () (G725 )@ ()=

x—-2"
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) (5)-(5) (5 (5)-C2) ) (3)-

x+6

14. lim (Ll) ( N
(h*+4h+5)-5

x—1"
15, i S (mﬁj (WI j lim
h—>o+ h 2 +an+5+45 ) ho* h(m+ﬁ)

h—0"
h(h+4) __0+4 _ 2

= lim = =
h—0* h(m+x/§) \EERENING

16. lim 652 +11h+6 \/5h2+11h+ (I—J5h2+11h+ J (\@+\/5h2+11h+6j
h—0" h—>0‘ J6+V5h2 +11h+6
—h(5h+11)

_—(0+1D) _ 11

26

— 2 .
6-(S>+11h+6) .

= lim ——2—
h—0~ h(\/g+\/5h2+11h+6) h—0~ h(JE+\/5h2+11h+6) Jo++/6

(x+2) for x> -2)

17. (a) lim (x+3)‘ ‘: lim (x +3)3+2) (x+2 =
x—-2" (x+2)
_lim (r43) = (L2)+3) =1

x—-2%

(b) lim (x+3)2) B im (e 3)[ (”2)} (42| = —(x +2) for x < -2)
PENES —-2" (x+2)
~Tlim (43l =—(=243) =
x—-2"

(et (x—1/= x—1for x> 1)

. A2x(x-1) T
18. (a) xh_>rr11+ 1] —xgr_r11+ (x-1)
= lim 2x=+2
x——1"
(b) lim Y22GD _ jipy N2xGD) (x—1=
x—1- ‘_1‘ x—1- —(x—l)
= lim —2x=-2
x—1"

—(x=1 forx<1)

sin x| .
‘. ‘zhm Smx—hm 1=1
sinx _>0+ SI: _>0+

, then sinx >0, sothat lim
x—0*

19. (a) If0<x<
SILX = im —] =1

(b) If _”<x<0 then sinx <0, so that lim M= lim =2

x—0~ SIMX - SO x—0"

20. (a) If 0<x<Z, then cosx<1, sothat lim 1=€0X — |jy —l=cosx Izcosx — iy 1=1
0" ‘cosx—l‘ o* —(cosx—1) 0" 1-cosx 0t

(b) If £ <x<0, then cosx<1, sothat lim €S = Jim —€OSX=l = fim —=—]
0 lcosx—1] - —(cosx=1) T
20, (@) tim =32 ) lim -2
03" 3 o3 ¢ 3
(b) liIZl_ (t—LtJ)=4—3=1
t—

22. (a) tnx?+ (t-|t])=4-4=0

siny20 _ i, sinx _ (where x =~/26)

23. lim
6—0 20 x—0 ¥
(where 0 = kt)

lim sinkt _ lim ksinkt _ lim ksin @ =k lim sin @ =k-1=k
6—0 6—0 ¢

24,
t—0

t—0
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Chapter 2 Limits and Continuity

lim S037 = L jjgy 3803V _ 3 pjppy SIN3Y _ 3 fippy sind _ 3 (where 6 = 3y)
o0 440 3y 40 3 4pn0 00 4

lim —2_= lim (l- 3h )=l lim —L =1/ 1 _|=1.g=1 (where 0 = 3h)
0~ sin3h o0~ \3 sin3h 350" (s1;12h) 31 lim % 3 3

60"

lim tan2x _ lim (S;ns%:) = lim sin2x =(hm 1 ) (hm 2Sin2x):1‘2:2

x—0 ¥ x—0 x—0 xcos2x x—0 €08 2x x—0 2x

lim =L =2 lim —-— =2 lim 8L = (limcost) L_1=2.1.1=2

t—0 tan t—0 (Smt) t—0 S t—0 lim S0

cost t—0 !

ia XCSC2X _ ;i x .1 —[ Ly 2x : 1 1
)12}) cos5x if})(sinbc cosSx) (Ziﬂ) sin2xj ()}E}) cosij ( )(1)

lim 6x2 (cot x)(csc 2x) = lim -6x cosx_ 3.1.1=3
x—0 X

0 sin xsin2x = lim (3cosx

0 sinx sin 2x )

lim Xtxcosx _ hm( _x xcosx )_ ( X 1 ) X
10 Sinxcosx . 7on \sinxcosx ' sinxcosx /) .o \sinx cosx/ .y sinx

= lim | -1 |- lim (=) + lim D)+1=2
_)0[512)(J x—>0(°°”) 0[5‘““] O

2 : .
iy X —xtsinx _ q; x_1 1(sinx\\_—no_Llily=
if}) 2x hm(z 2+2( x )) 0-2+71M=0

lim 1z€os@ — 1im (I-cos@)(I+cosb) _ 4 1-cos® 8 : sin® &

osp 520 gl (2sinfcosO)(ItcosB) g (25infcosO)(I+cos6) ;1_)0 (2sin Bcos B)(1+cos )

_ sin @ 0 _
= hn}) GeosO)(l+c0sd) ~ @) ~ 0

x(l-cos x) 1—cos. 1 {im (Lzcosx 1
lim X=xcosx _ [iy, XU=cosx) _ . 922 _ 1 ox _ 9x4>0( x ): 7 _
.2 .2 ) . 2 . 2 2
x—0 sin”3x x—0 sin“3x x—0 sin”3x x—0 (M) lim (M) 1
9x2 3x x—0\ 3¥
lim 220280 _ iy S0 _ | since 6 =1~ cost — 0 ast — 0
1—0 17e0st  p s
. h
lim &H;l)— lim S‘gg—lsmcee—smh—)OaSh—)O
h—0 S 6—0
sinf _ sind 20\ _1y; sinf, 20 \_1.1.1=1
éIHO sin 260 th})(smza 2(9) 2;12})( sin2¢9) 2 11 2
s sinSx _ sinSx 4x 5)_ 5 1; sinSx,_4x \_5.1.1=5
)12}) sin4x_x_>0(sin4x S5x 4) 4)121)( 5x sin4x) 4 11 4
lim fcos@=0-1=0
-0
lim sin@cot 26 = lim smﬁcosz‘g = lim sin§=—=<2820 _ — cos26 _
60 60 n26 0—0 2sinfcos @ 9H02cos¢9 2
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42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.
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lim tan3x _ (
Y0 sin8x >0 \CO83x sin8x

=3 lim (L) (s2) (B ) = dp11 =2

cos3x sin8x 3x 8

sin3x 1 )= lim (sin3x 1 8x 3)
x—0

8 150 \cos3x 3x sin 8x 8 8
lim sin3ycot5y _ - lim sin3ysin4ycos5y - lim sin3y sindy cos5y 345y
=0 ycotdy =0 ycos4ysinSy y—0\ Y cos4y sinSy 345y
T sin3y sin4y Sy cos5y (ﬂ)_ 12_12
= lim 3y 4y sin5y ) \cos4y 5 =1-1-1-1 575
y—0
0 con0 in Osin 30 in0\ (sin36 3
tan : cos & : Sin &'sin : sin sin
m —47— = lim = lim =11m( )( )( ) 11(—)=
6—0 6% cot360 6—0 6> cos30 6—0 67 cosBcos30 9—0 4 30 00590053‘9 ( )( ) 11

sin 36
lim —fcotdd  _ y; Hgfjjig 1 O cos4Osin? 20 - lim Hcos46(25in6?cos¢9)2 - lim 0 cos 46(4sin’0cos>0)
6—0 sin?cot?20 0—0 sin’0 cos; 20 90 sin?60cos?20sin 40 6—0 sin?6 cos>20sin 46 9—0 sin’6 cos>20sin 46
sin“ 26
— lim 46 cos 40 cos>0 - lim ( 46 ) cos46cos’0 - lim cos46cos’0 _ (l) (i) —1
O—0 cos’20sindd  g_( \sin4d cos?26 0—0 Smw cos?20 1\ 1
s 1-c083x _ 13,4 1—c0s3x  1+cos3x _ 1; 1—cos®3x  _ 1; sin’3x  _ 3 .sin3x ,_sin3x
ii% x )1{)1}) 2x l+cos3x 50 2x(I1+cos3x) — 1 _y0 2x(1+cos3x) li% 2 3x  l4cos3x
— 3 .sinf,_sind _3 —
91113) 2 0 l+cos® ( )(1+1) 0 (where §=3x)
. 2 = . (cosx—1) . cosx(cosx—1) +1 . cosx(cos2 x—1) . cosx~(—sin2 X)
lim €OsTX—COSX _ |jp; 08X = lim L LOSXEL — = lim
x—0 X x—0 X x—0 x cosxtl -y S0 x¥(cosx+l) x50 x7(cosx+l)
— 1 _sinx  sinx,_cosx 1 -1
- hm{ X X cosx+1} (1)(1) T+~ 2

Yes. If lim f(x)=L= lim f(x),then lim f(x)=L.If lim f(x)# lim f(x),then lim f(x)does not
x—a’ x—a x—a x—a® x—a x—a
exist.

Since lim f(x) = L if and only if 11m f(x)=L and lim f(x)=L, then 11m f(x) can be found by

xX—c x—ct x—=c~
calculating lim f(x).
+

X—C

If fis an odd function of x, then f(—x) = —f(x). Given 1im+ S(x)=3,then lim f(x)=-3.

x—0 x—0

If fis an even function of x, then f(—x) = f(x). Given lim f(x)=7then lim f(x)=7.However, nothing
- x—-2"*

can be said about lim f(x) because we don’t know llm 1 (x).
x—=2" x—2"

1=(55+8)=5<x<5+8.Also,/x-5<e=x-5<€e® = x<5+¢>. Choose § =e’= lim +/x—5=0.

x—5t

[=(4-8,4)=4-5<x<4 Also,d—x <e=4—x<e’ = x>4—¢>.Choose § =¢’= lim +/4—x =0.

x—4"
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53.

54.

55.

56.

2.5

Chapter 2 Limits and Continuity

As x — 0 the number x is always negative. Thus, <e=>

_ix+ 1‘ < e = 0 < e which is always true

D

independent of the value of x. Hence we can choose any ¢ > 0 with—d < x <0 = lim ﬁ =-1.
x—0"

Since x — 2% we have x > 2 and|x—2| = x—2. Then, i—j—l‘ = %—1‘ < e = 0 < e which is always true so
long as x > 2. Hence we can choose any 0 >0, and thus2<x <2+ = ‘i_z‘ —1{<e. Thus, lim ‘i_g‘ =1.
B x—=2"

(@) lim | x | =400. Just observe that if 400 < x < 401, then | x | = 400. Thus if we choose & = 1, we have for
x—400

any number e > 0 that 400 < x < 400+6 = | x |- 400| =|400-400| =0 <.

(b) lim |x|=399.Just observe that if 399 < x <400 then| x | =399. Thus if we choose & = 1, we have for
x—400~

any number e > 0 that 400 — 5 < x < 400 = | x |-399| =[399-399| =0 <.

(¢) Since lim |x]|# lim |x]|weconcludethat lim | x |does not exist.
x—400* x—400~ x—400

(a) lim+ f(x)= lim+ Jx =0 =0;‘\/;—0‘ <em—e<x<e=0<x<é for x positive. Choose & = €2
x—0 x—0

= lim f(x)=0.
x—0*
(b) lim f(x)= lim x?sin (i) = 0 by the sandwich theorem since x> <x’sin (i) < x? forall x #0.
x—0" x—=0" * *

Since ’xz —0‘ = ‘—xz - 0‘ = x* < ¢ whenever |x| < \/g, we choose § = /e and obtain ’xz sin (%) - 0‘ <e
if-0<x<0.
(c) The function f'has limit 0 at x,, = 0 since both the right-hand and left-hand limits exist and equal 0.

CONTINUITY

. No, discontinuous at x = 2, not defined at x =2

No, discontinuous at x =3,1= lim g(x)# g(3)=1.5

x—3

Continuous on [—1, 3]

No, discontinuous at x =1, 1.5 = lim k(x) # lim+ k(x)=0

x—l x—1
(a) Yes (b) Yes, lim f(x)=0
x——1"
(c) Yes (d) Yes
(a) Yes, f(1)=1 (b) Yes, lim1 f(x)=2
(c) No (d) No
(a) No (b) No

[-LOoO)yu(O,Hud,2)u(2,3)

f(2)=0,since lim f(x)=-2(2)+4=0= lim f(x)
x—=2" x—2*
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11.

12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Section 2.5 Continuity

£ (1) should be changed to 2 = lim f'(x)
x—l1

Nonremovable discontinuity at x =1 because lim f(x) fails to exist ( lim f(x)=1and lim f(x)=0).
x—1 x—1~ x—1*

Removable discontinuity at x = 0 by assigning the number lim f(x) =0 to be the value of f(0) rather
x—0
than f(0) =1.

Nonremovable discontinuity at x =1 because lim f(x) fails to exist ( lim f(x)=2and lim f(x)=1).
x—l x—1" x—1*

Removable discontinuity at x = 2 by assigning the number lim f(x) =1to be the value of f(2) rather than
x—2
f(2)=2.

Discontinuous only when x—2=0= x=2 14. Discontinuous only when (x + 2)2 =0=>x=-2
Discontinuous only when X —4x+3=0= (x-3)(x-1)=0=>x=3o0rx=1

Discontinuous only when x> -3x-10=0= (x=5(x+2)=0=>x=50rx=-2

Continuous everywhere. (jx — 1]+ sin x defined for all x; limits exist and are equal to function values.)
Continuous everywhere. (|x|+1 # 0 for all x; limits exist and are equal to function values.)

Discontinuous only at x =0

Discontinuous at odd integer multiples of Z, i.e., x = (2n—1)Z, n an integer, but continuous at all other x.

Discontinuous when 2x is an integer multiple of 7z, i.e., 2x = nz, n an integer = x = 2Z | 5 an integer, but
continuous at all other x.

Discontinuous when % is an odd integer multiple of Z, i.e., % =(2n-1)Z, naninteger = x =2n—1,n an

integer (i.e., x is an odd integer). Continuous everywhere else.
Discontinuous at odd integer multiples of Z, i.e., x = (2n—1)Z, n an integer, but continuous at all other x.

Continuous everywhere since =1 <sinx <1=0< sin? x<1=1+sin? x> I; limits exist and are equal to the

function values.

Discontinuous when 2x+3 <0 or x < —% = continuous on the interval [—%, oo).

Discontinuous when3x—1< 0 or x < % => continuous on the interval [%, oo).

1/3

Continuous everywhere: (2x —1)"~ is defined for all x; limits exist and are equal to function values.

Continuous everywhere: (2 — x)l/ 3 is defined for all x; limits exist and are equal to function values.

(x=3)(x+2)

. . . 2_ — .
Continuous everywhere since lim =26 = [im —

x—3 73

=lim (x+2)=5=g(3)
x—3
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90 Chapter 2 Limits and Continuity

30. Discontinuous at x =—2 since lim f(x) does not exist while f(-2) =4.
x—-2

31. Discontinuous at x =1; lim (x +2)=3, but lim e* =e, so that hm f(x) does not exist while f(1)=e¢;
x—l* x—1"

and lim (I-x)=1= lim ", sothat lim f(x)=1= f(0)
x—0

x—0" x—0*

32. Discontinuous at x=In2, since 2—e* =0=>e* =2=>e* =In2=>x=In2

33. lim sin(x—sinx) =sin(xz —sin z) = sin(zz — 0) = sin z = 0, and function continuous at x = 7.
X—T

34, lim sin(% cos(tant)) = sin(%cos(tan(O))) = sin( cos(O)) = sm( ) =1, and function continuous at¢ = 0.
t—0

35. lim sec(y sec? y— tan’ y—1)=lim sec(y sec? y- sec? y)=lim sec((y—1) sec? y)=sec ((1-1) sec? )=
y—l y—l y—1
sec0 =1, and function continuous at y =1.

36. lim tan [%cos(sin X3 )] = tan [% cos(sin(O))J = tan(% cos(O)) = tan(%) =1, and function continuous at x = 0.
x—0

\/_

37. i —Z __|=
tl_% COS|:«/19—3 sec 2t j|

, and function continuous at ¢ = 0.

T
0S| ——= |=COS—== COS—
[1/19—3 sec 0} \/16 4

38. lim \/csc x+53tanx = \/csc (E)+5ftan( ) 4+SI(L) Jo = 3, and function continuous
x—Z 6 V3

6

atng.

39. lim sin (% e‘/;) = sin(%eo) =sin (%) =1, and the function is continuous at x = 0.
x—0*

40. lim cos™! (ln \/;) =cos’ (ln \/_) =cos’ (0) l, and the function is continuous at x = 1.

x—1

41, g)=22 =L _ 43 123 ¢(3)= lim (x+3)=6
X (x-3) x—=3

(t+5)(t 2)

42. h(f)= f+3f 10 _ t+5t#:2:h(2)—11m(t+5) 7

_ P45+ (s-D) _ _S +s+1 ,s#l= f()= hm (s +s+1) 3
K 2

43, f(s)=5=

1 (s+D(s-1)

__x*16  _ (D) _ x4 +4)_8

4. gl = x;_3x_4 = i) i X FA= ()= hm ())Cc+1) 5

45. Asdefined, lim f(x)= (3)2 —1=8and lim (2a)(3) = 6a. For f(x) to be continuous we must have
x—3" x—3"

4

6a=8:>a=§4
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46.

47.

48.

49.

50.

51.

53.

Section 2.5 Continuity 91

As defined, lim g(x)=-2and lim g(x)= b(—2)2 =4b. For g(x) to be continuous we must have
x—-2" x——2"%

_ __1
4h=-2=b=-1.

As defined, lim f(x)=12 and lim f(x)= a2(2) —2a=2a” - 2a. For f(x) to be continuous we must have
x—2" x—2*

12=2a*-2a=a=3ora=-2.

As defined, lim g(x)= g;+11) = b__+b1 and lim g(x)= (0)2 +b =b. For g(x) to be continuous we must have
x—0" x—0*

-b _ _ _
m—b:b—Oorb——Z

As defined, lim f(x)=-2and lim f(x)=a(-1)+b=-a+b,and lim f(x)=a(l)+b=a+b and
x—-1" x——1" x—1

1im+ f(x)=3.For f(x) to be continuous we must have 2 =—a+banda+b=3=a =% and b = %

x—1

As defined, lim g(x)=a(0)+2b=2band lim g(x)=(0)*>+3a—b=3a—b,and lim g(x)=(2)* +3a—b=
x—0" x—0" x—2"

4+3a—band 1im+ g(x)=3(2)-5=1.For g(x) to be continuous we must have 2b =3a—-b and4+3a-b=1=

3 ap
a=—§andb=—5.
The function can be extended: f(0) = 2.3. 52. The function cannot be extended to be continuous at
y x =0.1If £(0) = 2.3, it will be continuous from the

right. Or if f(0) = —2.3, it will be continuous from

“/ the left.
2.4
10° — 1 7

2.2 f(x)=
5 S—— v
/ X ) _ IOI'I !
0.1 <0.05 0.05 0.1 X 1 f(@=—3
1.8
0.1 -0.05 0.05 0.1 e
-1
/——'—ZT
The function cannot be extended to be continuous ~ 54. The function can be extended: f(0) = 7.39.
at x =0.1If £(0) =1, it will be continuous from the y
right. Or if f(0) = -1, it will be continuous from
the left. 73 f(x)=(1 +2x)tx
y -
7.3
bt 7.2
0.5 ~0.01 -0.005 0.005 o0.01 X
-0.1 -0.05 0.05 0.1 X
-0.5

' _ sinx
sy =
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