PROBLEM SET 2.1

Problem 1
(a)
12 3
Al = |2 34 :1‘3 ‘5"—2‘3 §’+3)§ 2'
345
= 1(-1)—2(-2)+3(—1) =0 Singular «
(b)
211 —0.80 1.72
A = | —1.84 3.03 1.29
~157 525 4.30
3.03 1.29 ~1.84 1.29 ~1.84 3.03
- 2'11‘ 5.25 4.30 ‘“)'80‘ —1.57 430 ‘“'72‘ ~1.57 5.25 ‘
= 2.11(6.2565) + 0.80(—5. 8867) + 1.72(—4. 9029)
0.058 867 Il conditioned <«
(c)
2 -1 0
Al = | -1 2 -1 :2‘_% _;'H‘_é _;‘
0 -1 2
= 2(3)+1(—2) =4 Well-conditioned <«
(d)
4 3 -1
—2 3 7 3 7 -2
Al = |7 -2 3 :4‘_ ‘_3‘ ‘_1‘ - ‘
s 13 13 18 13 5 13 5 —18

= 4(28) — 3(76) — 1(—116) = 0 Singular <
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Problem 2

(a)
1 0 0 12 4 12 4
A=LU=|1 1 o]lo321|=]|15 25 <
1 5/3 1 00 0 1 7 39
Al =|LI[Ul=(1x1xD)(1x3x0)=0 <
(b)
2 0012 -1 1 4 -2 2
A=LU=|-1 10|]0 1 =3|=]-2 2 -4 <
1 -3 1 0o 0 1 2 —4 11
A|=|L||U/=2x1x1)2x1x1)=4 =
Problem 3
First solve Ly = b:
1 0 0][w 1
3/2 1 0| |w|=]-1
1/2 11/13 1| | v 9
y = 1
3 5
21 — - _°
2( )+ Y2 Y2 5
1 11 /=5 A7
S(1) 4+ — (=2 — 2 - —
S0+ 15 (F) +e e
Then solve Ux = y:
2 -3 —1 T 1
0 13/2 —7/2 z | = | —5/2
0 0 32/13 | | 23 47/13
32 A7 L
137 T 13 BT
13 74T\ 5 13
277 9\32) T T2 T3
13\ 47 59
2y —3 (=) =L — 2
o (32) 32 BT
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Problem 4

The augmented coefficient matrix is

2 -3 -1 3
[Ab]=[3 2 -5 -9
2 4 -1 -5

Elimination phase:

3
row 2 <« row2—§><rowl

row. 3 «— row 3 —row 1

2 -3 ~1 3
3-(3/2)(2) 2-(3/2)(-3) —5-(3/2)(-1) —9—(3/2)(3)
22 4—(=3) —1—(=1) ~5-3

2 -3 -1 3
= 0 13/2 —7/2 —27/2
0o 7 0 -8

4
row3<—r0w3—ﬁ><row2

[ 2 -3 ~1 3
0 13/2 —7/2 —27/2
| 07— (14/13)(13/2) 0— (14/13)(=7/2) —8 — (14/13) (~27/2)
(2 -3 -1 3
= |0 13/2 —-7/2 —27/2
|0 0 49/13 85/13

Solution by back substitution:

49 85 85
13 7 (85 27 8
2 27 3 (49) 2 T T7 Vo

8 85 32
2I1_3(__)_E = 3 xl—E—0.6531 <
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Problem 5

The augmented coefficient matrix is

0
0
1
-2

1
0
0

0

0
0
1

0

Before elimination, we exchange rows 2 and 3 in order to reduce the amount

2 0 —1

01 2

00 1

of algebra:

2 0 -1 0

-1 2 0 1

01 2 0

00 1 =2

Elimination phase:

o O O

o O = O

row2<—row2—|—§><rowl

20 -1 0
02 —1/2 1
0 1 2 0
0 0 1 -2

1
1/2
0
0

SO O = O

1
row3%row3—§><row2

0 -1 0
~1/2 1

S O O N

1 -2

1
1/2

0

2
0 9/4 —1/2 —1/4 —1/2
0

0
1

0

4
row4%r0w4—§><row3

2 0 -1 0
02 —1/2 1
00 9/4 -1/2
00 0 —16/9
First solution vector by back substitution:
16
—5 T =

1 0
1/2 1
—1/4 —1/2
1/9  2/9
1
- T
9 4
1
- T
4 3
To =
I =
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Therefore,

PROBLEM 6

Second solution vector:

6 _ 2
9°* T 9
Sty -1
47 2\ 8) T 2
1/ 1 1
209 — = | —= — ] =1
g (1) ()
or— (~L) = ¢
T 1 =
7/16 —1/8
B /4 1/2
X=1 _18 —1/4
~1/16 —1/8

Problem 6

12 0 -2 0 -4
01 -1 1 -1 -1
01 0 2 -1 1
o0 2 1 2 1
00 0 -1 1 -2

Elimination phase:

row 3 <« row 3 — row 2

1 2 0 -2 0 —4
01 -1 1 -1 -1
0 0 1 1 0 2
00 2 1 2 1

|00 0 -1 1 -2

row 4 <+ row 4 — 2 X row

12 0 -2 0 —4
01 -1 1 -1 -1
0 0 1 1 0 2
00 0 -1 2 -3

| 00 0 -1 1 -2

row 5 < row 5 — row 4

1
Ta=—3

1
Ty =7
1
T2 =5

1
r=-g
<

After reordering rows, the augmented coefficient matrix is

3




1 2 0 -2 0 —4
01 -1 1 -1 -1
00 1 1 0 2
0 0 0 -1 2 -3
00 0 0 -1 1
Back substitution:
—Ty5 = ]_ Ty = —1 |
—Ty4 + 2(—1) = -3 rs=1 <
r3+1 = 2 r3=1 «
Problem 7
(a)
4 -1 0
A=| -1 4 -1
0 -1 4

Use Gauss elimination storing each multiplier in the location occupied by the
element that was eliminated (the multipliers are enclosed in boxes fthus:

1
row 2 < row 2 — (_Z) X row 2

4 -1 0
—1/4| 15/4 -1
0o -1 4
3 3 4 2
% — PR —
row row I X TOW
4 —1 0
—1/4 15/4 —1
0 |—4/15| 56/15
Thus
4 -1 0 1 00
U=|0 15/4 -1 < L=| -1/4 1 0 |
0 0 56/15 0 —4/15 1
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(b)
A =LL"
Substituting for LL” from Eq. (2.16), we get

4 -1 0 L3 Ly Ly Ly1 L3y
—1 4 —1 = L11L21 L%l + L%g L21L31 + L22L32
0 —1 4 Ly1Lsy LojLay + LosLsy L3, + L3, + L3,

Equating matrices term-by term:
L} =4 Lj=2
o = 1 Ln=-—
2Ly = 0 L3 =0

1\? V15
<_—) +L§2 - 4 LQQZT

2
1 V15 2
_§<0)+TL32 - —]. L32———15
2
14
0%+ | ———= Li, = 4 Ly =24/—
*( m) i 27T
Therefore,
2 0 0
L=| -1/2 +/15/2 0| =
0 —2/V/15 2./14/15
Problem 8
-3 6 —4 -3
A= 9 —8 24 b= 65
—12 24 —26 —42

Decomposition of A (multipliers are enclosed in boxes):

row 2 « row 2 — (—3) x row 1

row 3 «— row 3—4 xXrow 1

-3 6 4

=3 10 12

4 0 —-10
-3 6 -4 100
U= 0 10 12 L=|-310
0 0 -10 4 01
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Solution of Ly = b:

vy = —3
—3(-3)+y2 = 65 Y2 = 56
4(=3)+ys = —42  y3=-30
Solution of Ux = y:
—10x3 = —-30 T3 =3 «
10z, + 12(3) = 56 T =2 <
—311+6(2) —4(3) = -3 r1=1 <
Problem 9
234 —4.10 1.78 0.02
A=| —-198 3.47 —2.22 b= | —0.73
2.36 —15.17 6.18 —6.63

Decomposition of A (multipliers are enclosed in boxes):

row 2 « row 2 — (—0.846 154) x row 1
row 3 <« row 3 — 1.008547 x row 1

2.34 —4.10 1.78
—0.846154| 0.000 769 —0.713846
1.008547| —11.03496  4.384786
row 3 «— row 3 — (—14349.75) x row 2
2.34 —4.10 1.78

—0.846 154 0.000 769 —0.713 846
1.008547| |—14349.75| —10239.13

2.34 —4.10 1.78 1 0 0
U= 0 0.000 769 —0.713846 L= —0.846154 10
0 0 —10239.1 1.008547 —14349.7 1
Solution of Ly = b:
—0.846154(0.02) + y» = —0.73 yo = —0.713077
1.008 547(0.02) — 14349.7(—0.713077) + y3 = —6.63 y3 = —10239.1
Solution of Ux = y:
—10239.1z3 = —10239.1 3 =10 <
0.000 769z — 0.713846 = —0.713077 re =10 <«

2.34x, —4.104+1.78 = 0.02 1 =10 <«
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Problem 10

4 =3 6 10
A= 8§ =3 10 B=|01
-4 12 -10 0 0

Decomposition of A (multipliers are enclosed in boxes):

row 2 «— row 2 — 2 X row 1

row 3 « row 3— (—1) xrow 1

4 -3 6
3 -2
1 9 -1
row 3 <+ row 3 — 3 X row 2
[ 4 -3 6]
2] 3 -2
L [-1 2 ]
4 -3 6 1 00
U=110 3 -2 L= 210
0O 0 2 -1 3 1
First solution vector
Solution of Ly = b:
y = 1
21)+y2 = 0 Yo = —2
—14+3(-2)+ys = 0 yz3=7
Solution of Uy = x:
7
21‘3 =7 T3 = 5

W ot

7
3.%‘2 -2 <§> = =2 To —
) 7 15

Second solution vector
Solution of Ly = b:

yi = 0
2000+ = 1 Yy =1
—1(0)+3(1)+ys = 0 ys = —3
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Solution of Ux = y:

2.1'3 = -3 r3 — ——=

3 2
31’2-2(—5) = 1 1'3:_5

2 3 7
Az -3 (-2 -=) = =-

Therefore,
72 —3/2
X = 5/3 —2/3 | <
—15/4  T7/4
Problem 11
1 11 1
A=|12 2 b= 3/2
1 2 3 3
Substituting for LL” from Eq. (2.16), we get
1 11 L%l L11L21 L11L31
1 2 2| =] LyLy L3 +1L3 Loy L3y + LosL3o
1 2 3 L11L31 L21L31+L22L32 L§1+L§2+L§3

Equating matrices term-by term:

Ly =1 Loy =1 L3 =1
12+ 12, 2 Lyp=1
(D)(1) 4+ (1)L3e = 2 Ly =1
P+1°+ L3 = 3 Lyz=1
Thus
1 00 111
L=|110 L"=101 1
111 00 1
Solution of Ly = b:
o= 1
- 3 1
Y2 = 9 3/2—2
1+1+ = 3 _3
9 Y3 = y3—2
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Solution of LTx = y:

3
r3 = 5 <
3 1
To + 3 = 3 To=—1 <
3 1
1 — 1+ 5 = 1 "= <
Problem 12
4 -2 =3 1.1
A= 12 4 -10 b= 0
—16 28 18 —2.3

Decomposition of A (multipliers are enclosed in boxes):

row 2 «— row 2—3 xXrow 1

row 3 « row 3 — (—4) x row 1

4 -2 -3
10 —1
I 20 6 |
row 3 «— row 3 — 2 X row 2
[ 4 -2 =37
10 —1
i 8 |
Therefore
4 -2 -3 1 00
U=]|0 10 -1 L= 310
0O 0 8 —4 21
Solution of Ly = b:
Y1 = 1.1
31.1)+y = 0 Yo = —3.3
—4(1.1) +2(-33)+ys = —2.3 ys = 8.7

Solution of Ux = y:

813 = 87  x3=1.0875 «
10z, — 1.0875 = —33 25 =—0.22125 <«
dzy —2(—0.22125) — 3(1.0875) = 1.1  x; =0.98 <
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Problem 13

aq 0 0
0 (6) 0
A=109 o

Since the banded structure of a matrix is preserved during decomposition, L
must be a diagonal matrix. Therefore,

L2, 00
0 L2 0

T 22
LL' =109 o 12

It follows from A = LL” that

Jar 0
0 Ja
L=1¢o o

: o o
B
A

Problem 14

function [X,det] = gauss2(A,B)
% Solves A*X = B by Gauss elimination and computes det(A).
% USAGE: [X,det] = gauss(A,B)

[n,m] = size(B);
for k = 1:n-1 % Elimination phase
for i= k+1l:n
if A(i,k) =0
lambda = A(i,k)/A(k,k);
A(i,k+1:n) = A(i,k+1:n) - lambdaxA(k,k+1:n);
B(i,:)= B(i,:) - lambdax*xB(k,:);

end
end
end
if nargout == 2; det = prod(diag(A)); end
for k = n:-1:1 % Back substitution phase

for i = 1:m
B(k,i) = (B(k,i) - A(k,k+1:n)*B(k+1:n,i))/A(k,k);
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Testing gauss2:

> A=[2-10; -12-1; 0 -1 1];

>B=[100; 010; 00 1];
>> [X,detA] = gauss2(A,B)
X =
1.0000 1.0000 1.0000
1.0000 2.0000 2.0000
1.0000 2.0000 3.0000
detA =
Problem 15

function hilbert(n)

% Solves A*x = b by LU decomposition, where

% [A] is an n x n Hilbert matrix and b(i) is the sum of
% the elemnts in the ith row of [A].

% USAGE: hibert(n)

A = zeros(n); b = zeros(n,1);
for i = 1:n
for j =1:n
AGL,j)= 1/G + § - 1);
b(i) = b(i) + A(i,j);
end
end
A = LUdec(A); x = LUsol(A,b)

The largest n for which 6-figure accuracy is achieved seems to be 8:

>> format long

>> hilbert(8)

x =
0.99999999996352
1.00000000197488
0.99999997404934
1.00000014104434
0.99999961908263
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1.00000054026798
0.99999961479776
1.00000010884699

Problem 16

Forward sustitution The kth equation of Ly = b is

Liiyr + Lioayz + -+ - + Ly = O,
Solving for v yields

by — (Lgays + Lgo2yo + -+ + L k—1Yk—1)

Y =

Ly,
[ Leg Lrz - Lip—1 |- [0n w2 - Yk—1 |
= b, —
Lk
This expression, evaluated with £ = 1,2,...,n (in that order), constitutes the

forward substitution phase In choleskiSol the b’s are overwritten with y’s
during the computations.

Back substitution A typical (kth) equation of Lx =y is
Ly xwr + L1 x%rs1 + Lo pTiqa + -+ + Ly pTn = Ui
The solution for zj, is

Uk — (Li+1,6Tk41 + Lo p@rge + - Lo gy)

T =

Ly g
k= [ Lesik Ligon 0 Log |- [ @k Trae oo 1 ]
Lk
In back substitution we evaluate this expression in the order k = n,n—1,..., 1.

Note that in choleskiSol the vector x overwrites the vector y.

Problem 17

% problem2_1_17

[0134]”; y=[10 35 31 2]’;
length(x);

zeros(n) ;

=B X
non
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for i = 1:n; A(:,i) = x.7(i-1); end
L = LUdec(A);
coefficients = LUsol(L,y)

>> coefficients =

10
34
-9
0
Problem 18
% problem2_1_18
x=[01356]"; y=1[-1132-2]";
n = length(x);
A = zeros(n);
for i = 1:n; A(:,i) = x.7(i-1); end
L = LUdec(A);

coefficients = LUsol(L,y)

>> coefficients =
-1.00000000000000
2.68333333333333
-0.87500000000000
0.21666666666667
-0.02500000000000

Problem 19

f(z) = co+c1x+ cox® + c3x® + eyt

f"(x) = 2cy+ 6c3x + 12¢42°
The specified conditions result in the equations
Ac=y

% problem2_1_19
A = zeros(5);
A(1,:) = [1 000 0]; % £(0)
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AC2,:) [1 0.75 0.75"2 0.75"3 0.7574];
A@3,:) =[11111];

A(4,:) = [00 20 0];

A(5,:) = [00 26 12];

y = [1-0.2510 0]";

L = LUdec(A);

c = LUsol(L,y)

>> c =

1.00000000000000
-5.61403508771930
0.00000000000000
11.22807017543859
-5.61403508771930

Therefore, the polynomial is

% £(0.75)
% £(1)

% £2°(0)
h£27(1)

f(z) =1 —5.6140z + 11.22812° — 5.6140*

Problem 20

3.50 277 —-0.76  1.80
—1.80 2.68 3.44 —-0.09
0.27 5.07 690 1.61
1.71 545 268 1.71

A =

% problem2_1_20

[3.50 2.77 -0.76 1.80
-1.80 2.68 3.44 -0.09
0.27 5.07 6.90 1.61
1.71 5.45 2.68 1.71];
[7.31 4.23 13.85 11.55]°;
length(b);

LUdec(A) ;

LUsol(L,b)

detA = prod(diag(L))

Ax = Axx

=
I

X 0B O
nnon

>> X =

1.00000000000011
1.00000000000002
1.00000000000003
0.99999999999976

16

7.31
4.23
13.85
11.55
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detA =
-0.22579734000001

Ax =
7.31000000000000
4.23000000000000
13.85000000000000
11.55000000000000

The determinant is a little smaller than the elements of A, indicating a mild
case of ill-conditioning. From the results it appears that the solution is 12-figure
accurate.

Problem 21
> A=1[1-1-1;01-2; 00 1];
>> inv(A)
ans =
1 1 3
0 1 2
0 1
()
4], = VI24+12+124+12+22+12=3
|A7Y, = VE+ 2+ +12+22+12=V1T
cond, = [lA||, |47, =3V17 =12.37 «
(b)
|All,, = 3 (determined by row 1 or row 2)
HA’lHOO = 5 (determined by row 1)
conds, = |4 HA_1HOO =305)=15 «
Problem 22

function eCond = cond(A)
% Returns condition number of [A]
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eCond = norm(A)*norm(inv(A));

function eNorm = norm(A)
% Returns euclidean norm of [A]
n = size(A,1);

eNorm = O;
for i = 1:n

eNorm = eNorm + sum(A(i,:)."2);
end

eNorm = sqrt(eNorm);

>A=[1 4 9 16
4 9 16 25
9 16 25 36
16 25 36 49];
>> cond(4A)

Warning: Matrix is close to singular or badly scaled.

ans =
3.0371e+016

Problem 23

%, problem2_1_23

A = rand(500);
b = sum(A,2);
x = gauss(A,b)
x =
1.0000
1.0000
1.0000

Gauss elimination is remarkably stable—there is no significant rounoff error in
the solution of 500 equations. We also solved 1000 equations with the same
result.
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Problem 24

% problem2_1_24

A= [ 5+1j 5+2j -5+3j 6-3j
5+2j 7-2j 8-1j -1+3j
-5+3j 8-1j -3-3j 2+2j
6-3j -1+3j, 2+2j 0+8j];

b = [15-35j; 2+10j; -2-34j; 8+14j];
x = gauss(A,b)
X =
2.0000 - 0.0000i
-0.0000 - 4.0000i
0.0000 + 4.0000i
1.0000 + 1.0000i
Problem 25

% problem2_1_25
theta = pi/4.0

g =9.81

m=[10.0, 4.0, 5.0, 6.0]°;

mu = [0.25, 0.3, 0.2]°;

A=1[1.0, 0.0, 0.0, m(1)
-1.0, 1.0, 0.0, m(2)
0.0, -1.0, 1.0, m(3)
0.0, 0.0, -1.0, m(4)];

b = zeros(4,1);

for i = 1:3

b(i) = m(i)*g*x(sin(theta) - mu(i)*cos(theta));
end
b(4) = -m(4)*g;
x = gauss(A,b)

x =
35.8914
48.8606
68.5404

1.6134

Hence T; = 35.89 N, T, = 48.86 N, T3 = 68.54 N and a = 1.6134 m/s* «
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PROBLEM SET 2.2

Problem 1
3 -3 3 9
A= -3 5 1 b=| -7
3 1 5 12

Noting that A is symmetric, we have two choices: (1) the Gauss elimination
scheme that stores the multipliers in the upper portion of the matrix and results

in A — [O\D\LT] (see Example 2.10); or (2) the regular Gauss elimination
that produces an upper triangular matrix A — U. We choose the latter, which
is somewhat simpler to implement in hand computation.

row 2 « row 2+ row 1

row 3 « row 3—row 1

3 -3 3
0 2 4
0 4 2
row 3 «— row 3 — 2 X row 2
3 -3 3
u=|0 2 4
0 0 -6
We obtain LT by dividing each row of U by its diagonal element. Thus
1 -1 1 1 00
L"=]0 12 L=|-110
0 01 1 21
Solution of Ly = b:
o= 9
94y = =T  ya=2

9+2(2) +ys = 12 ys=-1
Solution of Ux = y:

1
—6I3 = —1 Igzg R |
21]2+4(1) = 2 ZEQZE |

6 3

2 1 7
3ZL‘1—3<§)+3|:6:| =9 ZE1:§ |
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Problem 2

4 8 20 24
A= 8 13 16 b= 18
20 16 —-91 —119

Since A is symmetric, we could employ the same Gauss elimination A — U
that was used in Problem 1. However, we chose the form A — [O\D\LT}

obtained by storing the multipliers (shown enclosed in boxes) in the upper half
of the matrix.

row 2 «— row 2 — 2 xXrow 1

row 3 « row 3 —5 xrowl

4
0 -3 -2
0 —24 —191

row 3 < row 3 — 8 X row 2

Yy
[O\D\L } =0 -3
0 0 1
Therefore,
1 25 1 00
L"'=]01 8 L=|210
0 01 5 8 1
4 00 4 6 20
D=|0 -3 0 U=DL"=|0 -3 -24
0 01 0 0 1
Solution of Ly = b:
Y1 = 24
2(24) +y, = 18 ys = —30
5(24) +8(—30) +y3 = —119 y3 =1
Solution of Ux = y:
T3 = 1 <
—3wy —24(1) = =30 To=2 <

4z 4+ 8(2) +20(1) =

22

24 .1'1:—3 <
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Problem 3

2 -2 0 0 O

-2 5 -6 0 0

A= 0 -6 16 12 O
0 0 12 39 -6

0 0 0 -6 14

Noting that A is symmetric, we use the reduction A — [O\D\LT] obtained

by storing the multipliers (shown enclosed in boxes) in the upper half of the

matrix during Gauss elimination.

row 2 < row 2 — (—1) x row 1

2 0 0 0

0 3 -6 0 0

0 -6 16 12 0

0 0 12 39 —6

0 0 0 —6 14
row 3 « row 3 — (—2) X row 2

[ 2 0 0 0]

0 3 0 0

0 0 4 12 0

0 0 12 39 —6

| 0 0 0 —6 14 |

row 4 «— row 4 — 3 Xrow 3

[ 2 0 0]

0 3 0 0

0 0 4 0

0 0 0 3 —6

|0 0 0 —6 14
row 5 < row 5 — (—2) x row 4

2 0 0

0o 3 0

oD\L =0 0 4
0 0 0 3

0 0 0 0

Thus

20000 1 -1
03000 0 1
D=|00400]| = L“"=|0 0
00030 0 0
0000 2 0 0

PROBLEM 3
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Problem 4

>

I
coo R o
OO[L’)\I[\')
O w0 N O
WD OO

LU decomposition of A:
row 2 < row 2 — (—0.1667) x row 1

6 2

—0.1667| 7.3333

0 —2

0 0

0 0

row 3 < row 3 — (—0.2727) X row 2

6 2 00 O

—0.1667 7.3333 20 O

0 |—-0.2727 85454 2 0
0 0 3 7 =2
0 0 03 5

row 4 < row 4 — 0.3511 X row 3
6 2 0 0

—0.1667 7.3333 2 0

0 [—0.2727] 8.5454 2

0 0 [0.3511| 6.2978 —

0 0 0 3
row 9 < row 5 — 0.4764 x row 4
6 2 0 0

0
—0.1667 7.3333 2 0 0
0

[L\U] = 0 [-0.2727| 8.5454 2
0 0 [0.3511] 6.2978 —2
0 0 0 [0.4764] 5.9528
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Solution of Ly = b:

o= 2
—0.1667(2) +y» = —3
—0.2727(—2.6667) +y3 = 4
0.3511(3.2728) +y4 = -3
0.4764(—4.1491) +y5 = 1
Solution of Ux = y:
5.952815 2.9766
6.2978z4 — 2(0.5000) = —4.1491
8.5454x5 + 2(—0.5000) = 3.2728
7.3333z5 + 2(0.5000) = —2.6667
6x1 +2(—0.5000) = 2 Ty =
Problem 5
4 =2 1 2
[Ab]=| -2 1 -1 -1 s =
-2 3 6 0

No need to pivot here.

Yo = —2.6667
ys = 3.2728

ys = —4.1491
ys = 2.9766

x5 = 0.5000 -«

r4 = —0.5000 <«
x3 = 0.5000 «

r9 = —0.5000 <«
0.5000 «

1
row 2« row2—|—§><row1

1
row 3 <« row3—|—§><rowl

*
r = 0
4/13

4 =2 1 2 *
0 0 —-1/2 0 s = 1/2
0 2 13/2 1 13/2 |
Exchanging rows 2 and 3 triangulizes the coefficient matrix:
4 =2 1 2]
0 2 13/2 1

0 0 —-1/2 0 |
Back substitution:

£E3:0<

13
2x2+?(0) =1 x

1
41‘1—2(5)—}-0 = 2 T

PROBLEM 5
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Problem 6

234 —410 178 0.02 4.10
[Alb] = | —1.98 347 —222 —0.73 s=| 347
236 —15.17 6.81 —6.63 15.17
2.34/4.10 0.5707
r=| 198/347 | = | 0.5706
2.36/15.17 0.1556

No need to pivot here.

row 2 «— row 2+ (1.98/2.34) x row 1
row 3 « row 3 — (2.36/2.34) x row 1

2.34 —4.10 1.78 0.02
0 0.0008 —0.7138 —0.7131
0 —11.0350 5.0148 —6.6502

Without computing r, it is clear that row 3 must be the next pivot row. We
do not physically interchange rows 2 and 3, but carry out the elimination ”in
place”:

row 2 «— row 2 + (0.0008/11.0350) x row 3

2.34 —4.10 1.78 0.02
0 0 —0.7134 —-0.7136
0 —11.0350  5.0148 —6.6502

Back substitution:

—0.7134z3 = —0.7136 23 =1.0003 <«
—11.0350x3 + 5.0148(1.0003) = —6.6502 x5 = 1.0572 <«
23421 — 4.10(1.0572) + 1.78(1.0003) = 0.02 a3 = 1.1000 <

Problem 7

b

We do not physically interchange rows, but eliminate ”in place”.

29 -1 0 0 1 1
0 0 -1 10 0
[AbI=1 g 1 o5 1 g r= 0
1 2 -1 0 0 1/2

1
row4<—row4+§><rowl
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2 -1 0 0 1 *
0 0 —1 1 0 B 0
0 -1 2 -1 0 P12
0 3/2 -1 0 1/2 1
2
row3<—row3—|—§ X row 4
2 -1 0 0 1 *
0 0 -1 1 0 v 1
0 0 4/3 -1 1/3 1
0 3/2 -1 0 1/2 *

3
row2<—row2+zlxrow3

2 -1 0 0 1
0 0 0 1/4 1/4
0 0 4/3 -1 1/3
0 3/2 -1 0 1/2
Note that by rearranging rows, the coefficient matrix could be given an upper

triangular form. There is no need for this rearrangement, since back substitu-
tion can be carried out just as easily on the matrix as it is:

1 1 1 <
4 4 !
1 L 1 «

—TLa — — — Ta =
373 3 ’
3 1
5132—1 = 5 To=1 «
201 —1 =1 =1 «

Problem 8

We chose Gauss elimination with pivoting (pivoting is essential here due to the
zero element in the top left corner of the coefficient matrix).

% problem2_2_8
A=1[0 2 5-1

21 3 0

-2-1 3 1

3 3-1 21;
b=[-33-25]";
x = gaussPiv(A,b)
>> x =
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2
-1
0
1

.0000
.0000
.0000
.0000

Problem 9

As the coefficient matrix is tridiagonal, it is very unlikely to benefit from piv-
oting. Hence we use the non-pivoting LU decomposition functions written for
tridiagonal matrices.

% problem2_2_9

n = 10;

ones(n-1,1)*(-1.0); e = c;
ones(n,1)*4.0;
ones(n,1)*5.0; b(1) = 9.0;
[c,d,e] = LUdec3(c,d,e);

x = LUsol3(c,d,e,b)

c
d
b

>> X

F N NDNDNDNDNDDNDNDDN

.9019
.6077
.5288
.5075
.5011
.4971
.4873
.4519
.3205
.8301

Problem 10

Unless there are obvious reasons to do otherwise, play it safe by using pivoting.

Here we chose LU decomposition with pivoting.

% problem2_2_10
A = [1.3174 2.7250 2.7250 1.7181

28

0.4002 0.8278 1.2272 2.5322
0.8218 1.5608 0.3629 2.9210
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1.9664 2.0011 0.6532 1.9945];
b = [8.4855 4.9874 5.6665 6.6152];
[L,perm] = LUdecPiv(A);
x = LUsolPiv(L,b,perm)

>> x =
1.0000
1.0000

1.0000
1.0000

Problem 11

We use LU decomposition with pivoting:

% problem2_2_11

A=1J10-2-1 2 3 1 -4 7
5 11 310-3 3 3 -4
7 12 1 5 3-12 2 3
g8 7-2 1 3 2 2 4
2-15-1 1 4 -1 8 3
4 2 9 112 -1 4 1
-1 4-7-1 1 1-1-3
-1 3 4 1 3 -4 7 6];

b=[012 -5 3 -25 -26 9 -7]7;
[L,perm] = LUdecPiv(A);
x = LUsolPiv(L,b,perm)

>> > x =
-1.0000
1.0000
-1.0000
1.0000
-1.0000
1.0000
-1.0000
1.0000
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Problem 12

As the coefficient matrix is symmetric and diagonally dominant, Choleski’s
decomposition is the most efficient method of solution.

% problem2_2_12

k = [1;2;1;1;2];
w = [2;1;2];
A = zeros(3);

% Only the lower triangular half of A is required
A(1,1) = k(1) + k(2) + k(3) + k(5);

A(2,1) = -k(4);

A(3,1) = -k(5);

A(2,2) = k(3) + k(4);

A(3,2) = -k(4);

A(3,3) = k(4) + k(5);

L = choleski(A);
x = choleskiSol(L,w)
x =

1.6667

2.6667

2.6667

These displacements are in units of W/k.

Problem 13

Since the coefficient matrix is symmetric and diagonally dominant, we use
Choleski’s decomposition.

% problem2_2_13

A=1[2,-1,0,0,0
-1, 4,-1, 0, O
0,-1, 4,-1,-2
0, 0,-1, 2,-1
0, 0,-2,-1, 31;

w = ones(5,1);

L = choleski(A);

x = choleskiSol(L,w)
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1.4000
1.8000
4.8000
5.6000
5.4000

Note that the units of x are W/k.

Problem 14

Here the coefficient matrix is close to being diagonally dominant, so that piv-
oting is not needed. We chose LU decomposition as the method of solution.

% problem2_2_14

K = [27.58 7.004 -7.004 0.0 0.0
7.004 29.57 -5.253 0.0 -24.32
-7.004 -5.253 29.57 0.0 0.0
0.0 0.0 0.0 27.58 -7.004
0.0 -24.32 0.0 -7.004 29.571;

[0 000 -45]7;

LUdec(K); u = LUsol(L,p)

%
L

The computed displacements u are in mm:

>>u =
1.4404
-6.4825
-0.8104
-1.8518
-7.2920

Problem 15

(a)
We use LU decomposition with pivoting (pivoting is a must here):

% problem2_2_15
c -1/sqrt(2);
A [<-1 1 -¢c 0 O O

0 0 ¢c 1 0 O
0-1 0 0-c O
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0 0 ¢ O

0 0 ¢ 1

0 -1 -c 0];

b=1[018 0 12 0 0]’;

[L,perm] = LUdecPiv(A); P = LUsolPiv(L,b,perm)

0 O
0 O
0 O

The forces in the members are (in kN):

>> P =

-42.0000
-12.0000
-42.4264
-12.0000
-16.9706
-12.0000

(b)

After rearranging rows, we get

[ -1 1 -1/v2 0 00|l [ 0]
0 —1 0 0 —1/vV2 0 P, 0
0 0 1/vV2 1 00 Py | |18
0 0 0 -1 —1/v/2 0 Pl | O
0 0 0 0 1/v2 1 Py 0
0 0 o 0 1/V2 of|lB] [12]

Interchanging columns 5 and 6 yields reduces the coefficient matrix to trian-
gular form:

-1 1 -1/¥y2 00 0(TA~A1T [ 0]
0 —1 0 00 —1/v2 P, 0
0 0 1/¥y2 10 0 Py |18
0 0 0 -1 0 —1/V2 Pl | 0
0 0 0 01 1/V2 Ps 0
0 0 o 00 1/H2|LB] [12]
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Back substitution:

—P, 4 (—12.

Problem 16

We could rearrange the rows and columns of the coefficient matrix so as to
arrive at an upper triangular matrix, as was done in Problem 15. This would
definitely facilitate hand computations, but is hardly worth the effort when a
computer is used. Therefore, we solve the equations as they are, using Gauss

1
—_P
V2’
1
Py + E(16.971)
1
—P,— E(16.971)
1
— P54+ (—12.000
\/5 3 ( )
1
—P,— E(16.971)
1
000) — —(42.426)
V2

12

P; =16.971 kN <«
P; = —12.000 kN
Py = —12.000 kN <«

Py = 42.426 kN <
P, = —12.000 kN <«

P, = —42.000 kN «

elimination with pivoting. The following program prompts for 6:

% problem2_2_16

theta = input(’theta in degrees = ’);
sin(theta*pi/180); c = cos(thetaxpi/180);

s
A

[c 1 0 O
0 s 0 O
0 02%xs 0
1
0

(g}

C
S

o m

0
0
b = [0

theta in degrees
P =
1.0403
-0.6261
0.6261
-0.7536
0.5000

PROBLEM 16
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Problem 17

The equations are

20 0 —15 5 220
0 R+15 -1 12 | = 0
—15 -1 R+35 i3 0

The coefficient matrix is diagonally dominant, so that pivoting is unnecessary.
Gauss elimination was chosen for the method of solution.

% problem2_2_17

r = [6 10 20];

b = [220 0 0]°;

for R=r
R
A=1T[20 0 -15; 0 15+R -1; -15 -1 35+R];
i = gauss(A,b)’

end

In the output R is in ohms and i is in amperes:

>> R =

i =
15.3118 0.2875 5.7491
R =
10
i =
14.6710 0.1958 4.8947
R =
20
i =

13.8304 0.1078 3.7739

Problem18

Kirchoft’s equations for the 4 loops are

50(iy — iz) + 30(i; —i3) = —120
50(ig — 41) + 151y 4 25(ip — i4) + 10(ig —13) = 0
30(ig — 1) + 10(i3 — i2) +20(i3 — i4) + 5i3 = O
20(iq — i3) + 25(ig — i) + (10 4+ 30+ 15) iy = 0
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or

80 —50
—-50 100
—-30 —10

0 —25

-30
—10

65
—20

0
—25
—20

100

—120
0
0
0

Since the coefficient matrix is diagonally dominant, Gauss elimination without

pivoting can be used safely:

%, problem2_2_18
A= [80 -50 -30 O
-50 100 -10 -25
-30 -10 65 -20
0 -25 -20 100];
b= [-120 0 0 0];

i = gauss(A,b)
>> 1 =
-4.1824
-2.6646
-2.7121
-1.2086
Problem 19

This program, which prompts for n, uses Gauss elimination with pivoting.

% problem2_2_19
N = [2 3 4];
for n =N
A = zeros(n); b =
for i = 1:n
for j = 1:n
A, §)

A(j,1) = A(i,j§);
b(i) = b)) + A, );

end
end
n
x = gaussPiv(A,b)
end
>> n =

PROBLEM 19
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4
Warning: Divide by zero.

The determinant of the coefficient matrix becomes zero for n > 4. Although
a solution of the equations is x = [ 11 .- }T for all n, this solution is not
unique if n > 4.

Problem 20

We apply the conservation equation

by (Qc)in + )Y (Qc)out =0

to each vessel, where () is the flow rate of water, and ¢ is the concentration.
The results are

1 —801 + 402 + 4(20) =0

2 861 — 1OC2 + 2C3 =0

3 602—1163+5C4:0

4 303—7C4+4C5:0

5 2¢y —4c5+2(15) =0

Since these equations are tridiagonal, we solve them with LUdec3 and LUso013:

% problem2_2_20

di [8 6 32];

d2 [-8 -10 -11 -7 -4]’;

d3 =1[4 25 4]°;

rhs = [-80 0 0 0 -30]’;
[d1,d2,d3] = LUdec3(d1,d2,d3);
¢ = LUsol3(d1,d2,d3,rhs)

The solution for the concentrations is (units are mg/m?):

C=

36 PROBLEM SET 2.2



19.7222
19.4444
18.3333
17.0000
16.0000

Problem 21

The conservation equations for the four tanks are

1 —601 + 462 + 2(25) =0
2 —702 + 303 + 404 =0
3 461 - 463 =0
4 2c1 + c3 — ey + 1(50) = 0

The solution is obtained with the MATLAB commands

> A=[-6 4 0 0;

0 -7 3 4;

4 0 -4 O0;

2 0 1 -4];
>>b = [-50 0 0 -50]7;
>> ¢ = gaussPiv(A,b)

The concentrations are (in mg/m?)

C=

30.5556
33.3333
30.5556
35.4167

Problem 22

The coefficient matrix is symmetric and pentadiagonal. Therefore, the func-
tions in the module LUdecomp5 will be used in the solution.

% problem2_2_22
n = 10;
d = ones(n,1)*6;
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da(1)
d(n)

e = ones(n-1,1)*(-4);

=7’
=7;

f = ones(n-2,1);

b

ones(n,1);
[d,e,f] = LUdec5(d,e,f);

x = LUsolb(d,e,f,b)

15.

26

35.

40

40.
35.
26.
15.

.0000
0000
.0000
0000
.0000
0000
0000
0000
0000
.0000

Problem 23

% problem2_2_23

n
d

c
e
b

1

0;

ones(n,1)*2;
d(n) = 1;

ones(n-1,1)*(-1j);

C

b

zeros(n,1);

b(1)

[c,d,e] = LUdec3(c,d,e);

= 100%(1+13) ;

x = LUsol3(c,d,e,b)

38

.4213
.1573
.1067
.9438
.2191
.5055
.2081
.0892

+41

O O O~ N N

.42131
+17.
.10671
.94381
.21911
.50651
.20811
.08921

15731
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0.0297 + 0.0297i
-0.0297 + 0.0297i

PROBLEM 23
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PROBLEM SET 2.3

Problem 1

The inverse of B is obtained by interchanging the first two columns of A~

0 05 025
B'=1]04 03 045 <
0.2 —0.1 —9.16

Problem 2

Solve AX =T by back substitution, one column of X at a time.
Solution of Ax=[1 0 0 }T(column 1 of X):

21‘3 =0 T3 = 0
6ra+50) = 0  23=0
1
2x1 +4(0)+3(0) = 1 2 =3
Solution of Ax=[0 1 0 }T(column 2 of X):
2:173 = 0 T3 = 0
1
61’2 + 5(0) =1 To = 6
1 1

Solution of Ax=[0 0 1 }T(column 3 of X):

1
21’3 = 1 $3:§
1 5

6o+5(=) = 0 — 2

T2t (2) 2770

) 1 1
2 4 —— -] = = —
T+ ( 12) +3(2> 0 7 =15
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1/2 —1/3

A l=X= 0
0

20
B=|3 4

0
0

4 5 6

1/12
1/6 —5/12 | <«

1/2

Solve BX = I by forward substitution, one column of X at a time.
Solution of Bx =1 0 0 ]T(column 1 of X):

1
21’1 1 T = 5
1 3
3 (5) +4l’2 0 To = —g
4 = +5 5 +6 0 _
2 g) " BT
Solution of Bx =0 1 0 ]T(column 2 of X):
2[)31 = 0 T =0
1
300) + 4z, = 1 2=
1 )
Solution of Bx =[ 0 0 1 ]T(column 3 of X):
21’1 0 T = 0
3(0) + 3z 0 22=0
1
4(0) + 5(0) + 6a3 1 3= ¢
1/2 0 0
B'=X=| -3/8 1/4 0| =
—1/48 —5/24 1/6
Problem 3
1 1/2 1/4 1/8
10 1 1/3 1/9
A= 0 0 1 1/4
0 0 1
42
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Solve AX = I by back substitution, one column of X at a time.
Solution of Ax=[1 0 0 0 ]T(column 1 of X):

Ty = 0
1
x3+1(0) =0 23=0
Lo+ i) = o 0
€T — — = To =
2 3 9 2
+1(0)+1(0)+1(0) =1 =1
W g = e

Solution of Ax=[0 1 0 0 ]T(column 2 of X):

Ty = 0
1
$3+Z(0) =0 r3 =0
o+t = 1 1
) 3 9 = To =
1 1 1

Solution of Ax=[0 0 1 0 ]T(column 3 of X):

Ty = 0
1
1 1 1
(D) s imato) =0 m= o
ro\lT3) Ty N =1

Solution of Ax=[0 0 0 1 ]T(column 4 of X):

Ty — 1
1 1
$3+Z(1) = ZIJ3——Z
1\ 1 1
- (1) = 0 -
T2t < 4)+9() 27 73

1 1 7
<‘z)+§<1> =0 =T

1 —1/2 —1/12 —7/144

L e o1 —1/3 —1/36
AT=X=19 1 —1/4| "
0 0 0 1
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Problem 4

We solve AX = I by Gauss elimination (LU decomposition could also be used,
but it takes more space in hand computation).
The augmented coefficient matrix is

12 4100
AD=|13 9010
1416 0 0 1

row 2 « row 2 —row 1

row 3 « row 3 —row 1

1 2 4 1 00
01 5 —-110
0 2 12 -1 0 1
row 3 < row 3 — 2 X row 2
1 2 4 1 00
Uly]=(0 1 5 -1 10
00 2 1 -2 1
T

Solution of Ux=[1 —1 —1] (column 1 of X):

2[)53 =1 T3 = 0.5
2 +5(05) = —1  xy=-35
T +2(—35)+4(05) = 1  x,=6

Solution of Ux=[ 0 1 -2 ]T(column 2 of X):

2[['3 = -2 T3 = —1
r1+2(6)+4(—-1) = 0 ry = —8

Solution of Ux=[ 0 0 1 ]T(column 1 of X):

203 = 1 x3 = 0.5
o +5(0.5) = 0 Ty = —2.5
r1+2(—2.5)+4(05) = 0 1 =3
6.0 —8.0 3.0
A'=X=1| -35 6.0 —-25 <
0.5 —1.0 0.5
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Use Gauss elimination. The augmented coefficient matrix is

4 -1 0100
BI=|-1 4 -10 10
0 -1 4001

row 2 «— row 2+ 0.25 x row 1

4 -1 0 100
0 37 -1 025 1 0
0 -1 4 0 01

1
row 3 < row 3 + —— X row 2

3.75
4 -1 0 1 00
UY]=|0 375 -1 025 10
0 0 3.7333 0.06667 0.2667 1

Solution of Ux=[0 0 1 ]T(column 1 of X):

3.7333x3 = 1 x3 = 0.2679
3.75x9 — 0.2679 = 0 x9 = 0.07143
4z, —0.0714 = O 1 = 0.01786

Solution of Ux=[ 0 1 0.2667 ]T (column 2 of X):

3.7333z3 = 0.2667 x3 = 0.07143
3.75x9 — 0.07134 = 1 x9 = 0.2857
4z, —0.2857 = 0 r1 = 0.07143

Solution of Ux = [ 1 0.25 0.06667 |" (gives column 1 of X):

3.7333z3 = 0.06667 x3 = 0.017 86
3.75x9 — 0.01786 = 0.25 xe = 0.07143
4z, —0.07143 = 1 1 = 0.2679

0.2679 0.0714 0.0179

B '=X=| 0.0714 0.2857 0.0714 <
0.0179 0.0714 0.2679

Problem 5

Solve AX =1 by Gauss elimination. The augmented coefficient matrix is
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4 -2 1100
All=| -2 1 -1 01 0
1 -2 400 1

row 2 <« row 2+ 0.5 X row 1

row 3 «— row 3—0.25 xrow 1

4 =2 1 1 00
0 0 —-0.5 05 1 0
0 —-15 37 —-025 0 1

This completes the elimination stage (by switching rows 2 and 3, the coefficient
matrix would have upper triangular form).
Solving Ux = [ 1 0.5 —0.25 ]" (column 1 of X):

—0.5z3 = 0.5 T3 = —1
—1.529 +3.75(—-1) = —0.25 To = —2.3333
dry —2(—2.3333) + (—1) = 1 r; = —0.6667

Solving Ux=[0 1 0 ]T (column 2 of X):

—05.173 =1 T3 = —2
—152,+375(=2) = 0  @y=-5

Solving Ux=[0 0 1 ]T (column 3 of X):

—05373 =0 T3 = 0
— 152, +3.75(0) = 1 x5 =—0.6667
A —2(—0.6667)+0 = 0 a1 =—0.3333

—0.6667 —2 —0.3333
A'=X=1] —-23333 —5 —0.6667 <
-1 -2 0

Problem 6

The function matInv in Example 2.13 is used to compute A. It uses LU
cecomposition with pivoting.

% problem2_3_6a
A=[6-3-1 0
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-2 1 1 1

3-6 1 2
0 8 -4 -3];
Ainv = matInv(A)
>> Ainv =
1.1250 1.0000 -0.8750 -0.2500
0.8125 1.0000 -0.6875 -0.1250
2.1875 2.0000 -2.3125 -0.8750
-0.7500 0 1.2500 0.5000

We wrote the function matInv3 listed below to invert a tridiagonal matrix,
such as B. It is similar to matInv in Example 2.13.

function Ainv = matInv3(c,d,e)
% Inverts a tridiagonal matrix [A] stored in
% the form [A] = [c\d\e] by LU decomposition.
% USAGE: Ainv = matInv3(c,d,e)

n = length(d);

Ainv = eye(n);
[c,d,e] = LUdec3(c,d,e);
for i = 1:n
Ainv(:,i) = LUsol3(c,d,e,Ainv(:,i));
end

Here is the program that inverts B using matInv3:

% problem2_3_6b
format short e

d = ones(4,1)*4; c =
Binv = matInv3(c,d,e)

-ones(3,1); e = c;

>> Binv =

2.6794e-001
7.1770e-002
1.9139e-002
4.7847e-003

Problem 7

We used the function matInv in Example 2.13 to invert A. The program also

7.1770e-002
2.8708e-001
7.6555e-002
1.9139e-002

1.9139e-002
7.6555e-002
2.8708e-001
7.1770e-002

computes AA™" (the esult should be I).

PROBLEM 7
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% problem2_3_7
A=1[1 3-9

11 1 -2 18
Ainv = matInv(A)
Check = A*Ainv

>> Ainv =
1.0e+016 *
-0.2226 -0.2226 -0.2226 -0.4453 0.4453
-1.0576 -1.0576 -1.0576 -2.1152 2.1152
-0.1771 -0.1771 -0.1771 -0.3542 0.3542
0 0 0.0000 0.0000 -0.0000
0.4504 0.4504 0.4504 0.9007 -0.9007
Check =

-8 -4 2 8 -8
0 1 1 -1 1
0 4 0 8 -8
0 0 0 0 0

-8 0 0 8 -8

The very large elements of A~! are harbingers of ill-conditioning. The bad
news is confirmed by checking AA ', which has no resemblance to the identity
matrix. Hence the computed value of A~! is totally unreliable.

Problem 8

As K exhibits diagonal dominance, pivoting is not necessary in the inversion
process. But since we have the inversion function matInv (see Example 2.13)
that employes pivoting, we might as well use it:

% problem2_3_8

format short e

K = [27.58 7.004 -7.004 0.0 0.0
7.004 29.57 -5.253 0.0 -24.32
-7.004 -5.253 29.57 0.0 0.0
0.0 0.0 0.0 27.58 -7.004
0.0 -24.32 0.0 -7.004 29.57];

P=1[000 0 -45]";

Flexibility_matrix = matInv(K)

Displacements = Flexibility_matrix*P
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>> Flexibility_matrix =

4.6707e-002
-3.6579e-002
4.5650e-003
-8.1289e-003
-3.2010e-002
Displacements
1.4404e+000
-6.4825e+000
-8.1041e-001
-1.8518e+000
=7.2920e+000

-3.6579e-002
1.6462e-001
2.0580e-002
3.6583e-002
1.4406e-001

Problem 9

4.5650e-003 -8.1289e-003 -3.2010e-002
2.0580e-002
3.8555e-002
4.5734e-003
1.8009e-002

We use the function matInv for both matrices.

% problem2_3_
A =[3-7 45
12 11 10
6 25 -80
17 55 -9
Ainv = matInv

9a
21
17
-24
715
€9)

Check = A*Ainv

>> Ainv =
.7305
0.4824
.6540
2.0000
Check =
1.0000
0
.0000
0.0000

% problem2_3_

1.4853 -1
-0.2787 0.
0.3243 -0
-1.0000 1
0
1.0000
0 1
-0.0000 0.
9b

. 3466

2332

. 3406
.0000

.0000

0000

B=[1111;1222;2344;45

Binv =

matInv(B)

Check = B#*Binv

PROBLEM 9

.0325
.0293
.0067

.0000

.0000
.0000

6 7];

3.6583e-002
4.5734e-003
4.6709e-002
4.1151e-002

1.4406e-001
1.8009e-002
4.1151e-002
1.6204e-001
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>> Binv =

2 -1 0
0 2 -1
1 -1 2
-2 0o -1
Check =
1 0 0
0 1 0
0 0 1
0 0 0
Problem 10.

function Linv = invertL(L)
% Inverts a lower triangualr matrix [L].
% USAGE: Linv = invertL(L)

n = size(L,1);
Linv = eye(n);
for i =1:n

Linv(:,i) = solve(L,Linv(:,i));

end

function b = solve(L,b)

)

= O O O

% Solves [L]1{x} = {b} where [L] is lower triangular

n = size(L,1);
b(1)=b(1)/L(1,1);
for i = 2:n

b(i) = (b(i) - dot(L(i,1:i-1),b(1:i-1)))/L(i,i);

end

Here is the test program:

% problem2_3_10
format short e
L=[30 0 0 O
1836 0 O
912 36 O
5 4 9 36];
Linv = invertL(L)

The program output is

50
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>> Linv =

3.3333e-002 0 0 0
-1.6667e-002 2.7778e-002 0 0
-2.7778e-003 -9.2593e-003 2.7778e-002 0

-2.0833e-003 -7.7160e-004 -6.9444e-003 2.7778e-002
We now check the result using the command window:

>> Check = LxLinv

Check =
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
Problem 11
We first rearrange the equations so that the diagonal terms dominate:
71 1 T 6
-3 7 -1 xy | = | —26
-2 5 9 x3 1
The iterative equations are
6 — To — I3
] = —
' 7
—26 + 35(71 + T3
Ty —
7
1+ 2371 — 5132
r3 = ————
’ 9
Starting with z = [ 1 11 ]T, successive iterations yield
6—-1—-1
o= =0.571
-2 b7 +1
vy = 6+3(g57 )+ _ _3397
14 2(0.571) — 5(—3.32
- +2(0.571) — 5( 337):2.086
9
— (—3.327) — 2.
- 6— ( 3377) 086:1'034
—26 + 3(1.034) + 2.086
Ty = + 3 - )+ = —2.973
14 2(1.034) — 5(—2.973
= AU >9 ( ) _ 1,003
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X1

X2

xs3

T

T2

€3

Problem 12

6 — (—2.973) — 1.993

= 0.997

7

—26 + 3(0.997) + 1.993

7

9

6 — (—3.002) — 2.000

7

7

9

= —3.002

1+2(0.997) —5(=3.002) _,

= 1.000 «

—26 +3(1.000) +2.000 _ .00 o

1 +2(1.000) — 5(~3.000) _, o

The equations are already in optimal order. The formulas for the iterations

are

21’2 — 3.%‘3 — Xy

12

21]1 — 6[L’3 + 3x4

Ty =

15

20—.%’1 — 6$2+4$4

r3 =

20

31’2 - 2[L’3

9

Starting with 1 = 9 = r3 = x4, we get

52

T

T2

xs3

Xyg

2(1) — 3(1) — 1

12

= —0.167
2(—0.167) — 6(1) + 3(1)

15

= —0.222

20 — (—0.167) — 6(—0.222) + 4(1)

20
3(—0.222) — 2(1.275)

9

= —0.357

=1.275
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2(—0.222) — 3(1.275) — (—0.357)

r = 19 = —0.326
2(—0.326) — 6(1.275) + 3(—0.357
- ( ) (15 ) +3( ) — _0.695
20 — (—0.326) — 6(—0.62 4(—0.
vy = (—0.326) — 6(—0.625) + 4( 0357):1'132
20
—0.625) — 2(1.132
Ty = 3(=06 5)9 (1.132) = —0.460
Subsequent iterations yield
Iteration 1 To T3 T3
3 —0.349 —-0.591 1.103 —0.442
4 —0.337 —-0.575 1.101 —-0.436
5 —0.335 —-0.572 1.101 —-0.435
6 —0.334 —-0.572 1.101 —-0.435

Thus x = [ —0.334 —0.572 1.101 —0.435 |" <

Problem 13
With w = 1.1, the iterative equations become
o = 112 Z 2 01
Ty = 1.1% — 0.1z,
€3 = 1.1% — 0.1z
vy = 112955 g1,
The starting values are
T = 1Z5:3.75 x2:¥:2.5
T3 = ?z?ﬁ m4:?:3.33
Iterations yield
T = 1.115 _Z 25 —0.1(3.75) = 4.44
5 o= 11297 4'34 25 01(2.5) = 441
vy = 1122 4‘441 333 01(25) = 4.63
Ty = l.lw —0.1(3.33) = 5.03
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T = 1.1

15 +4.41

4
] 10 +4.89 +4.63

—0.1(4.44) = 4.89

372:1

4

10 +4.93 + 5.03

The next two iterations yield

—0.1(4.41) = 4.93

rg = 1.1 1 —0.1(4.63) = 5.03
10 +5.03
Ty = 1.1%—0.1(5.03) =5.01
Iteration | z; To T3 T3
3 499 5.01 5.00 5.00
4 5.00 5.00 5.00 5.00

Thus the solution is x;1 =9 =23 =24 =5 «

Problem 14

Starting with xq = [ 000 }T, the first iteration is

Iy
So

ASO

(%]

X1

LY

1
b—AXQ = 1
1
Io

2 -1 0
-1 2 -1
0 -1 1
siro 3 5

siAsy 1
Xo + QpSg = 3

] 2 -1 0
- -1 2 -1
| 0 -1 1
111 1
1=1]0
111 0
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Second iteration:

1 2 -1 0 3 —
r b — AX1 = 1 — —1 2 —1 3 = 1
1 0 —1 1 3 1
T
r; Asg —2
_ |
fo st Asg 1
-2 1 [0
S1 r; + BOSO = 1 + 2 1 = 3
1 1 | 3
2 -1 0 0 -3 ]
As; -1 2 -1 3| = 3
0 -1 1 3 0 |
slyy,  0+3+3 2
(8% g = —
! sTAs;  0+9+0 3
3 9 0 3
X9 X1+ 1S = 3 + g 3 = 5
3 3 5
Third and final iteration:
1 2 —1 0 3 0
ry b-Ax,=| 1| —-| -1 2 -1 5| =1 -1
1 0 -1 1 5 1
6 rgASl . -3 . 1
! sTAs;, 9 3
0 1 0 0
So ro + 6151 = -1 + g 3 = 0
1 3 2
2 —1 0 0 0
As, -1 2 -1 0| =1 -2
0 -1 1 2 2
N rQTsQ B g B 1
2 sgAsg 42
3 1 0 3
X X9 + (vgSo = 5 + 5 0 = 5 |
5 2 6
Problem 15

Starting with xq = [ 0 00 }T, the first iteration is

PROBLEM 15
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4 3 0 -1 0 4

g — b—AXOI 10 — 0 4 =2 0 = 10
—10 -1 -2 5 0 —10
S¢ = Ty
3 0 -1 4 22
Asy, = 0 4 -2 10 | = 60
-1 -2 5} —10 —T74
T 2 2 2
o ioro _ 42 +10° + (—10) 015126
spAsg  4(22) +10(60) + (—10)(—74)
0 4 0.60504
X1 = Xg+apsg=| 0| +0.15126 10 | = 1.51261
0 —10 —1.51261

Second iteration:

4 3 0 —1 0.60504
r, = b—Ax, = 0|-] 0 4 =2 1.51261
—10 -1 -2 5 —1.51261
0.67227
= | 0.92434
1.19331
~ rfAsg  0.67227(22) 4 0.92434(60) 4 1.19331)(—74)
bo = sTAs, 4(22) +10(60) + (—10)(—74)
= 0.012643
0.67227 4 0.72284
s1 = T+ fso= | 092434 | +0.012643 | 10 | = | 1.05077
1.19331 —-10 1.06688
3 0 —1 0.72284 1.10164
As, = 0 4 —2 1.05077 | = | 2.06932
-1 -2 5 1.06688 2.51002
sty 0.72284(0.67227) + 1.05077(0.92434) + 1.06688(1.19331)
“= sTAs;  0.72284(1.10164) + 1.05077(2.06932) + 1.06688(2.51002)
= 0.48337
0.60504 0.72284 0.95444
Xy = X +ais; = 1.51261 | +0.48337 | 1.05077 | = 2.02052
—1.51261 1.06688 —0.99691
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Third and final iteration:

4 3 0 —1 0.95444
r, = b—Ax, = 10 | — 0 4 =2 2.02052
—10 -1 -2 5 —0.99691
0.13977
= | —0.07590
—0.01997
5, - _I‘gASn
s As;
~0.13977(1.10164) + (—0.07590)(2.06932) + (—0.01997)(2.51002)
- 0.72284(1.10164) + 1.05077(2.06932) + 1.06688(2.51002)
= 9.4201 x 1073
0.13977 0.72284
sy = ro+ 381 = | —0.07590 | + (9.4201 x 10~*) | 1.05077
—0.01997 1.06688
0.14658
= | —0.06600
| —0.00992
[ 3 0 -1 0.14658 0.44966
As, = 0 4 —2 —0.06600 | = | —0.24416
| -1 -2 5 —0.00992 —0.06418
_rlsy
@z = st As,
~0.13977(0.14658) + (—0.07590)(—0.06600) 4 (—0.01997)(—0.00992)
~0.14658(0.44966) + (—0.06600)(—0.24416) + (—0.00992)(—0.06418)
= 0.31084
0.95444 0.14658
X = Xy+ Qusy = 2.02052 | +0.31084 | —0.06600
—0.99691 —0.00992
1.0000
- 2.0000 | -
—1.0000
Problem 16

function problem2_3_16
A=[3-2 1 0

-2 4 -2 1
1-2 4 -2

= O O I

1
0
0
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0O 1-2 4-2 1

0O 0 1-2 4 -2

1 0 0 1-2 3];
b = [10 -8 10 10 -8 10]7;
x = zeros(length(b),1);

[x,numIter,omega] = gaussSeidel(@iterEgs,x)

function x = iterEqs(x,omega)
for i =1:length(b)
x(1) = (-dot(A(di,:),x) + A(i,i)*x(i)...
+ b(i))*omega/A(i,i)...
+ (1 - omega)*x(i);
end
end % function iterEgs

end % function problem2_3_16

x =
1.3000
-0.3000
4.2000
4.2000
-0.3000
1.3000

numIter =
34

omega =
1.3035

Problem 17

function x = p2_3_17(x,omega)
% Iteration formulas Eq. for Problem 17, Problem Set 2.3.
n = length(x);
x(1) = omegax(x(2) - x(n))/4 + (1-omega)*x(1);
for i = 2:n-1
x(1) = omegax(x(i-1) + x(i+1))/4 + (1l-omega)*x(i);
end
x(n) = omega *(1 - x(1) + x(n-1))/4 + (1-omega)*x(n);
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>> format short e
>> [x,numIter,omega] = gaussSeidel(@p2_3_17,zeros(20,1))
x =
-7.7350e-002
-2.0726e-002
-5.5535e-003
-1.4881e-003
-3.9872e-004
-1.0683e-004
-2.8617e-005
-7.6311e-006
-1.9078e-006
-1.2644e-011
.9078e-006
.6311e-006
.8616e-005
.0683e-004
.9872e-004
.4881e-003
.5535e-003
.0726e-002
.7350e-002
.8868e-001
numlter =
17

omega =

1.0977e+000

N NN, WL, NN -

It took 259 iterations in Example 2.17. This illustrates the profound effect
that diagonal dominance has on the rate of convergence in the Gauss-Seidel
method.

Problem 18

function Av = p2_3_18(v)

% Computes the product A*v in Problem 18, Problem Set 2.3.
n = length(v);

Av = zeros(n,1);

Av(1) = 4xv(1) - v(2) + v(n);

Av(2:n-1) = -v(1:n-2) + 4xv(2:n-1) - v(3:n);

Av(n) = -v(n-1) + 4xv(n) + v(1);
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% problem2_3_18

n = 20;

x = zeros(n,1);

b = zeros(n,1); b(n) = 100;
[x,numIter] = conjGrad(@p2_3_18,x,b)

>> x =
=7.7350e+000
-2.0726e+000
-5.5535e-001
-1.4881e-001
-3.9872e-002
-1.0683e-002
-2.8616e-003
-7.6311e-004
-1.9078e-004
0
.9078e-004
.6311e-004
.8616e-003
.0683e-002
.9872e-002
.4881e-001
.5535e-001
.0726e+000
.7350e+000
.8868e+001
numlter =
10

N NN, WL, NN -

Problem 19

function Av = p2_3_19(v)
% Computes the product Axv in Problem 19, Problem Set 2.3.
Av = zeros(9,1);

Av(1l) = - 4.0%v(1) + v(2) + v(4);

Av(2) = v(1l) - 4.0%xv(2) + v(3) + v(b);

Av(3) = v(2) - 4.0%v(3) + v(6);

Av(4) = v(1) - 4.0xv(4) + v(5) + v(7);

Av(5) = v(2) + v(4) - 4.0%xv(5) + v(6) + v(8);

Av(B6) = v(3) + v(5) - 4.0%v(6) + v(9);
4

Av(7) = v(4) - 4.0%v(7) + v(8);
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Av(8)
Av(9)

v(5) + v(7) - 4.0%v(8) + v(9);
v(6) + v(8) - 4.0%xv(9);

The equations are solved with the commands

>> b -[0 0 100 0 0 100 200 200 300]’;
>> x = zeros(9,1);
>> [x,numIter] = conjGrad(@p2_3_19,x,b)

The result is

x =
21.4286
38.3929
57.1429
47.3214
75.0000
90.1786
92.8571

124.1071
128.5714

numlter =
5

Problem 20

(a) The equations can be written as

1 = 0.6z9+ 16

o = 0.5x1 + 0.525

r3 = 0.529 + 0.5z4

gy = 0.523+0.52z5 — 10

rs = 0.6x4

% problem2_3_20
epsilon = 0.0001; 7% Required precision
x = zeros(5,1);

for i = 1:100 %100 iteration should be enough
x01d = x;
x(1) = 0.6%x(2) + 16;
x(2) = 0.5%(x(1) + x(3));
x(3) = 0.5%(x(2) + x(4));
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x(4) = 0.5%(x(3) + x(5)) - 10;
x(5) = 0.6*x(4);
dx = sqrt(dot((x - x01d),(x - x01d)));
if dx < epsilon
numlter = i
displacements = x
return

end
end
error(’Too many iterations’)

numIter =
49

displacements =
20.7144
7.8573
-4.9998
-17.8570
-10.7142

(b) The function that returns improved x is:

function x = p2_3_21(x,omega)

%Iteration formulas for Prob. 2.3.21

x(1) = omegax(0.6*x(2) + 16) + (1 - omega)*x(1);

x(2) = omegax(0.5%(x(1) x(3))) + (1 - omega)*x(2);

x(3) = omegax(0.5%(x(2) + x(4))) + (1 - omega)*x(3);

x(4) = omegax(0.5%(x(3) + x(5)) - 10) + (1 - omega)*x(4);
x(5) omegax* (0.6%*x(4)) (1 - omega)*x(5);

+ + + +

The MATLAB command
>> [x,numIter,omega] = gaussSeidel(@p2_3_21,zeros(5,1),100,0.0001)
produces the following results:

x =
20.7143
7.8572
-5.0000
-17.8571
-10.7143

numIter =
25
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omega =
1.3824

We see that relaxation about halves the number of required iterarions.

Problem 21

The following function supplies the product Av:

function Av = p2_3_21(v)

%Iteration formulas for Prob. 2.3.21
Av = zeros(5,1);

Av(1l) = -bxv(1) + 3*xv(2);

Av(2) = 3*xv(1) - 6xv(2) + 3*v(3);
Av(3) = 3xv(2) - 6%v(3) + 3*xv(4);
Av(4) = 3*xv(3) - 6xv(4) + 3*v(5);
Av(5) = 3xv(4) - 5xv(5);

The MATLAB commands that produce the solution are

>> b = zeros(5,1); b(1) = -80; b(4) = 60;

>> [x,numIter] = conjGrad(@p2_3_21,zeros(5,1),b,0.0001)

x =
20.7143
7.8571
-5.0000
-17.8571
-10.7143

numIter =
5

PROBLEM 21
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