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CHAPTER 2: MODELING OF SDOF 
SYSTEMS 

Short Answer Problems 

2.1 True: the differential equations are the same because the resultant of gravity and the 
static spring force is zero for the case of the hanging mass-spring-viscous damper system. 

2.2 False: The differential equation governing the motion of a SDOF linear system is 
second order. 

2.3 False: Springs in parallel have an equivalent stiffness that is the sum of the individual 
stiffnesses of these springs. 

2.4 False: The equivalent stiffness of a uniform simply supported beam at its middle is 
ସ଼ாூ

௅య . 

2.5 True: Viscous damping is often added to a system to add a linear term in the governing 
differential equation. 

2.6 False: When the equivalent systems method is used to derive the differential equation 
for a system with an angular coordinate used as the generalized coordinate the kinetic 
energy is used to derive the equivalent moment of inertia of the system. 

2.7 True: The equivalent systems method applied only to linear systems. 

2.8 False: The inertia effects of simply supported beam can be approximated by calculating 
the kinetic energy of the beam in terms of the velocity of the generalized coordinate and 
placing a particle of appropriate mass at the location whose displacement the generalized 
coordinate represents.  

2.9 False: The static deflection of the spring in the system of Fig. SP2.9 is ௠௚
ଶ௞

. 
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2.10 False: The springs in the system of Fig. SP2.10 are in parallel (the 
springs have the same displacement, x, and the resultant force on the FBD of 
the block is the sum of the spring forces). 

2.11 True: A shaft is an elastic member in which an angular displacement 
occurs when acted on by a torque. The angular displacement has a value of 
ߠ ൌ  .ሻܩܬሺ/ܮܶ

2.12 True: The equivalent viscous damping coefficient is calculated by 
comparing the energy dissipation in the combination of viscous dampers to 
that of an equivalent viscous damper. 

2.13 False: The added mass of a fluid entrained by a vibrating system is determined by 
calculating the kinetic energy developed in the fluid. 

2.14 False: If it is desired to calculate the reactions at the support 
of Fig SP2.14 the effects of the static spring force and gravity 
cancel and do need to be included on the FBD or in summing 
forces on the FBD (the cancelling of static spring forces with 
gravity only applies to the derivation of the differential equation). 

2.15 False: Gravity does not cancel with the static spring force in the system of Figure 
SP2.15 and hence the potential energy of both is included in potential 
energy calculations. (Assuming small ߠ the potential energy in the spring 

is ଵ
ଶ

݇ ቀଶ௅
ଷ

ቁߠ
ଶ
. The potential energy due to gravity assuming the datum is 

the pin support is ݉݃ ௅
଺

sin  .(ߠ

2.16 The small angle assumption is used to linearize nonlinear systems a 
priori. If the angular displacement is small it is assumed that sin ߠ ൎ
,ߠ cos ߠ ൎ 1, tan ߠ ൎ  .in derivation of the differential equation ߠ

2.17 FBD's are drawn at an arbitrary instant for derivation of differential 
equations. 

2.18 A quadratic form is form of kinetic energy equal to ଵ
ଶ

ሶݔ݉ ଶ when used to apply the 
equivalent systems method to derive a differential equation. The potential energy has a 
quadratic form of ଵ

ଶ
 .ଶݔ݇

2.19 The inertia effects of the spring in a mass-spring-viscous damper system can be 
approximated by adding a particle of 1/3 the mass of the spring to the point on the system 
where the spring is attached. 

2.20 Each spring in a parallel combination has the same displacement. 

2.21 The equivalent stiffness of a combination of springs is calculated by requiring the 
total potential energy of the combination when written in terms of the displacement of the 
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particle where the equivalent spring is to be attached is equal to the potential energy of a 
spring of equivalent stiffness placed at that location. 

2.22 The FBD is shown at an arbitrary instant. 

 

 

 

 

 

 

2.23 At an arbitrary instant the upper bar has rotated through an angle ߠ, measured positive 
clockwise. The lower bar has an angular displacement ߶, measure counterclockwise. The 
displacements of the particles must be the same where the rigid bar is attached, ௅

ଶ
ߠ ൌ ହ௅

଺
߶ 

or ߶ ൌ ଷ
ହ

 .The FBDs are shown at an arbitrary instant .ߠ

 

 

 

 

 

 

 

2.24 The equivalent systems method is used to derive the differential equation for linear 
SDOF systems. It can be used to model a linear SDOF system with an equivalent mass-
spring-viscous damper model. Using a linear displacement as the generalized coordinate 
the equivalent mass, the equivalent stiffness, the equivalent damping viscous damping 
coefficient and the equivalent force are determined using the kinetic energy, potential 
energy, energy dissipated by viscous dampers and the work done by non-conservative 
forces. 

2.25 Static spring forces not drawn on the FBD of external forces when they cancel with a 
source of potential energy for a linear system and the generalized coordinate is measured 
from the system's equilibrium position. 

2.26 No, the equivalent systems method cannot be used for a nonlinear system. 



Chapter 2: Modeling of SDOF Systems  
 

58 
 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 

 

2.27 Given: Springs of individual stiffness’s ݇ଵand ݇ଶplaced in series. The equivalent 
stiffness of the combination is ଵ

భ
ೖభ

ା భ
ೖమ

. 

2.28 Given: System of Figure SP2.28. The diagrams showing the reduction to a single 
spring of equivalent stiffness of ଼௞

ଷ
. 

 

 

 

 

 

 

 

2.29 Given: System of Figure 2.29.  The aluminum shaft is in 
series with the steel shaft (angular displacements add). The 
stiffness of the aluminum shaft is 

݇஺௟ ൌ ௃ಲ೗ீಲ೗
௅ಲ೗

ൌ
ഏ
మሺ଴.଴ଶሻర൫ସ଴ൈଵ଴వ൯

଴.ହ
ൌ  10ସ N·m/rad . Theݔ2.10

stiffness of the steel shaft is ݇ௌ௧ ൌ ௃ೄ೟ீೄ೟
௅ೄ೟

ൌ
ഏ
మሺ଴.଴ଵହሻర൫଼଴ൈଵ଴వ൯

଴.଺
ൌ

1.06 ൈ 10ସ N·m/rad. The equivalent stiffness is ݇௘௤ ൌ ଵ
ଵ/௞ಲ೗ାଵ/௞ೄ೟

ൌ 6.94 ൈ 10ଷ N·m/rad. 

2.30 Given: F = 300 N ∆ݔ ൌ1 mm. The stiffness of the element is ݇ ൌ ி
∆௫

ൌ ଷ଴଴ N
଴.଴଴ଵ ୫

ൌ 3 ൈ
10ହ N/m. 

2.31 Given: F=300 N ∆ݔ ൌ1 mm. The potential energy is ܸ ൌ ଵ
ଶ

݇ሺ∆ݔሻଶ ൌ ଵ
ଶ

ሺ3 ൈ
105 N/m20.001 m2ൌ0.15 J. 

2.32 Given: F=300 N ∆ݔ ൌ1 mm. The potential energy is the same for a compressive force 
as for a tensile force. The potential energy is 
ܸ ൌ ଵ

ଶ
݇ሺ∆ݔሻଶ ൌ ଵ

ଶ
ሺ3 ൈ 10ହ N/mሻଶሺ0.001 mሻଶ ൌ 0.15 J. 

2.33 Given: ݇௧ ൌ 250 N · ୫
୰ୟୢ

ߠ  ,  ൌ 2°. The potential energy developed in the spring is 

ܸ ൌ ଵ
ଶ

݇௧ߠଶ ൌ ଵ
ଶ

ቀ250 N · ୫
୰ୟୢ

ቁ ቀ2° ଶగ ௥௔ௗ
ଷ଺଴°

ቁ
ଶ

ൌ 0.153 J. 
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2.34 Given: G = 80 × 10ଽ N/mଶ L = 2.5 m , ௢ݎ ,௜ = 10 cmݎ ൌ 15 cm The polar moment of 
inertia is ܬ ൌ గ

ଶ
ሺݎ௢

ସ െ ௜ݎ
ସሻ ൌ గ

ଶ
ሾሺ0.15ሻସ െ ሺ0.1ሻସሿ ൌ 6.38x10ିସ mସ. The torsional stiffness 

of the shaft is ݇௧ ൌ ௃ீ
௅

ൌ ൫଺.ଷ଼ൈଵ଴షర ୫ర൯൫଼଴ൈଵ଴వ N/୫మ൯
ଶ.ହ ୫

ൌ 2.04 ൈ 10଻ N · m/rad.  

2.35 Given: G = 40 × 10ଽ N/mଶ, L ൌ 1.8 m, r = 25 cm. The polar moment of inertia is 
ܬ ൌ గ

ଶ
ସݎ ൌ గ

ଶ
ሺ0.25ሻସ ൌ 6.12 ൈ 10ିଷ mସ. The torsional stiffness of the shaft is ݇௧ ൌ ௃ீ

௅
ൌ

൫଺.ଵଷൈଵ଴షయ ୫ర൯൫ସ଴ൈଵ଴వ N/୫మ൯
ଵ.଼ ୫

ൌ 1.36 ൈ 10଼ N · m/rad.  

2.36 Given: E = 200 × 10ଽ N/mଶ, L ൌ 2.3 m, rectangular cross-section 5 cm × 6 cm. The 
longitudinal stiffness of the bar is ݇ ൌ ஺ா

௅
ൌ ሺ଴.଴ହ ୫ሻሺ଴.଴଺ ୫ሻ൫ଶ଴଴ൈଵ଴వ N/୫మ൯

ଶ.ଷ ୫
ൌ 2.61 ൈ

10଼ N/m. 

2.37 Given: E = 200 × 10ଽ N/mଶ, L = 10 ݉ߤ, beam of rectangular cross section of width 
݇ The stiffness of a cantilever beam at its end is .݉ߤand height 0.5 ݉ߤ1 ൌ ଷாூ

௅య ൌ
ଷ൫ଶ଴଴ൈଵ଴వ N/୫మ൯ሺଵ ఓ௠ሻሺ଴.ହ ఓ௠ሻయ/ଵଶ

ሺଵ଴ ఓ௠ሻయ  = 6.25 N/m. 

2.38 Given: k = 4000 N/m, m=20 kg. The static deflection of the spring is ∆௦ൌ ௠௚
௞

ൌ
ሺଶ଴ ୩୥ሻ൫ଽ.଼ଵ ୫/ୱమ൯

ସ଴଴଴ N/୫
ൌ 4.91 cm 

2.39 Given: ℓ ൌ10 cm, ߩ ൌ 2.3 g/cm, m = 150 g. The mass of the spring is ݉௦ ൌ ℓߩ ൌ
ሺ2.3 g/cmሻ ቀ ଵ ୩୥

ଵ଴଴଴ ୥
ቁ ቀଵ଴଴ ୡ୫

୫
ቁ ሺ0.1 mሻ ൌ 0.023 kg ൌ 23 g. The added mass is ݉௔ ൌ ௠ೞ

ଷ
ൌ

7.67 g. 

2.40 Given: System of Figure SP2.40. The inertia 
effects of the springs are approximated by adding a 
particle of mass ݉௦/3 to the center of the disk and a 
particle of mass ݉௦/3 to the suspended block. The 
total kinetic energy of the system is ܶ ൌ ௗܶ௜௦௞ ൅

௣ܶ௨௟௟௘௬ ൅ ௕ܶ௟௢௖௞ ൅ ௦ܶ௣௥௜௡௚ଵ ൅ ௦ܶ௣௥௜௡௚ଶ. The kinetic 
energy of the block and the second spring is  ௕ܶ௟௢௖௞ ൅

௦ܶ௣௥௜௡௚ଶ ൌ ଵ
ଶ

݉ଵݔሶ ଶ ൅ ଵ
ଶ

௠ೞ
ଷ

ሶݔ ଶThe angular displacement 
of the pulley is ߠ ൌ ௫

௥మ
 and its kinetic energy is 

௣ܶ௨௟௟௘௬ ൌ ଵ
ଶ

ܫ ቀ ௫ሶ
௥మ

ቁ
ଶ

ൌ ଵ
ଶ

ூ
௥మ

మ ሶݔ ଶ The displacement of the 

center of the disk is ݕ ൌ ߠଵݎ ൌ ௥భ
௥మ

 The disk rolls . ݔ
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without slipping, ௗܶ௜௦௞ ൌ ଵ
ଶ

ҧݒ݉ ଶ ൅ ଵ
ଶ

ܫ ҧ߱ ଶ ൌ ଵ
ଶ

݉ଶݕሶ ଶ ൅ ଵ
ଶ

ଵ
ଶ

݉ଶݕሶ ଶ ൌ ଵ
ଶ

ቀଷ
ଶ

݉ଶቁ ቀ௥భ
௥మ

ሶቁݔ
ଶ
. The 

kinetic energy of the first spring is ௦ܶ௣௥௜௡௚ଵ ൌ ଵ
ଶ

௠ೞ
ଷ

ሶݕ ଶ ൌ ଵ
ଶ

൤௠ೞ
ଷ

ቀ௥భ
௥మ

ቁ
ଶ

൨ ሶݔ ଶ. The total kinetic 

energy of the system is ܶ ൌ ଵ
ଶ

൤݉ଵ ൅ ௠ೞ
ଷ

൅ ூ
௥మ

మ ൅ ଷ
ଶ

݉ଶ ቀ௥భ
௥మ

ቁ
ଶ

൅ ௠ೞ
ଷ

ቀ௥భ
௥మ

ቁ
ଶ

൨ ሶݔ ଶ. 

2.41 Given: System of Figure SP2.41. The work done by 
the viscous dampers as the system rotates through an 
angle ߠ is 

ଵܹ՜ଶ ൌ െ ׬ ܿ ቀଶ௅
ଷ

ሶቁߠ ݀ ቀଶ௅
ଷ

ቁఏߠ
଴ െ ׬ ܿ ቀ௅

ଷ
ሶቁߠ ݀ ቀ௅

ଷ
ቁఏߠ

଴ െ

׬ ܿ ቀ௅
ଷ

ሶቁߠ ݀ ቀ௅
ଷ

ቁఏߠ
଴ ൌ െ ׬ ܿ ቀଶ௅మ

ଷ
ሶቁߠ ఏߠ݀

଴ ฺ ܿ௧௘௤ ൌ ଶ௅మ

ଷ
ܿ. 

 

2.42 (a) sin 0.05 = 0.05; (b) cos 0.05 = 1; (c) 1-cos 0.05 = 
ሺ0.05ሻଶ/2 = 0.00125;  (d) tan 0.05 = 0.05; (e) cot 0.05 = 1/tan 0.05 = 1/0.05 = 20; (f) sec 
0.05 = 1/cos 0.05 = 1; (g) csc 0.05 = 1/sin 0.05 = 20 

2.43 (a) sin 3° = 660/ߨ = 360/ߨ; (b) cos 3° = 1; (c) 1-cos 3° = ቀ గ
଺଴

ቁ
ଶ
; (d) tan 3° = 60/ߨ 

2.44 Given: System of Figure 2.44. The kinetic 
energy of the system is ܶ ൌ ଵ

ଶ
ሶଵ൯ଶߠଵ൫ܬ ൅

ଵ
ଶ

ଶܬ ቀ௡భ
௡మ

ሶଵቁߠ
ଶ

൅ ଵ
ଶ

ଷܬ ቀ௡భ௡య
௡మ௡ర

ሶଵቁߠ
ଶ

ൌ ଵ
ଶ

൤ܬଵ ൅

ቀ௡భ
௡మ

ቁ
ଶ

ଶܬ ൅ ቀ௡భ௡య
௡మ௡ర

ቁ
ଶ

ଷቃܬ ሶଵߠ ฺ ௘௤ܬ ൌ ଵܬ ൅

ቀ௡భ
௡మ

ቁ
ଶ

ଶܬ ൅ ቀ௡భ௡య
௡మ௡ర

ቁ
ଶ

 ଷܬ

 

 

2.45 (a)-(vi); (b)-(iii); (c)-(iv); (d)-(vii); (e)-(i); (f)-(iv); (g)-(v); (h)-(ii) 
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Chapter Problems  

2.1 Determine the equivalent stiffness 
of a linear spring when a SDOF mass-
spring model is used for the system 
shown in Figure P2.1 with x being the 
chosen generalized coordinate.  

Given: L = 2 m, E = 200 × 109 N/m2, I = 1.15 × 10-4 m4, m = 20 kg 

Find: keq 

Solution: The deflection of a pinned-pinned beam at its midspan is determined using Table 
D.2 with a = L/2, Z = L/2 as 

 
EI48

L2LZy
3

== )/(  

The equivalent stiffness is the reciprocal of the deflection, 

 

m
N101.38

(2m)

)m10)(1.15
m
N1048(20

48

8

3

44
2

9

3

×=

××
=

=

−

L
EIkeq

 

Problem 2.1 illustrates the determination of the equivalent stiffness of a structural member. 

 

2.2 Determine the equivalent stiffness of a linear 
spring when a SDOF mass-spring model is used for 
the systems shown in Figure P2.2 with x being the 
chosen generalized coordinate.  

Given: k, E, I, L 

Find: keq 

Solution: The cantilever beam behaves as a linear spring. The displacement of the end of 
the upper spring and the end of the cantilever beam are the same. Thus the beam is in 
parallel with the upper spring. The equivalent stiffness of the cantilever beam at its end is 
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 3b L
EI3k =  

Thus the equivalent stiffness of the beam and spring in parallel is 

 k
L
EI3k 3eq1

+=  

The total deflection of the system is the deflection of the beam plus the change in length of 
the lower spring. Thus the lower spring is in series with the beam and upper spring. Using 
the equation for a series combination of springs 

 

3

3

3

eq

eq

L
EI3k2

L
EI3kk

L
EI3k

1
k
1

1

k
1

k
1

1k

1

+

⎟
⎠
⎞

⎜
⎝
⎛ +

=

+
+

=

+
=

 

Problem 2.2 illustrates (a) principles for determining parallel and series combination of 
springs and (b) use of the formulas for series and parallel spring combinations. 

 

2.3 Determine the equivalent stiffness of a 
linear spring when a SDOF mass-spring 
model is used for the the system shown in 
Figure P2.3 with x being the chosen 
generalized coordinate.  

Given: Fixed-pinned beam with overhang, dimensions shown 

Find: keq. 

Solution: The 20 kg machine is placed at A on the beam. Using the displacement of A as 
the generalized coordinate, the equivalent stiffness is the reciprocal of the displacement at 
A due to a unit concentrated load at A. From Table D2, with a = 0.6m, z1 = 1.0 m, the 
displacement at A due to a unit concentrated load at A is 
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 ( ) 43

2

2

3

1 CaC
2
aC

6
aCazEIy +++==  (1) 

where 

  568
z
a1

2
1

z
a

2
3

2
3C

3

11
1 .−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−++−=   (2) 

  1680
z
a11

z
a1

2
zC

2

11

1
2 .=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=   (3) 

  0C3 =   (4) 

  0C4 =   (5) 

Substituting eqs.(2)-(5) in eq.(l) leads to 

 ( ) ( ) ( ) 01083
2
601680

6
6053860zEIy

23

...... =+−==  

Hence the equivalent stiffness is 

 ( ) EI392

EI
010830

1
60zy

1keq .... ==
=

=  

Problem 2.3 illustrates the concept of equivalent stiffness for a one degree of freedom 
model of a mass attached to a beam. The equations and entries of Table D2 are used to 
determine the equivalent stiffness. 

 

2.4 Determine the equivalent stiffness of a linear 
spring when a SDOF mass-spring model is used for 
the system shown in Figure P2.4 with x as the chosen 
generalized coordinate. 

 
Given: system shown 

Solution: The stiffness of the fixed-free beam is 

݇ଵ ൌ
ܫܧ3
ଷܮ ൌ

3ሺ210 ൈ 10ଽ N/mଶሻሺ6.1 ൈ 10ି଼ mସሻ
ሺ2.5 mሻଷ ൌ 2.50 ൈ 10ହ N/m 
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The stiffness of the pinned-pinned beam is 

݇ଶ ൌ
ܫܧ48

ଷܮ ൌ
48ሺ210 ൈ 10ଽ N/mଶሻሺ6.1 ൈ 10ି଼ mସሻ

ሺ2.5 mሻଷ ൌ 3.94 ൈ 10଺ N/m 

The equivalent stiffness is given by the model shown below. The upper beam acts in series 
with the upper spring (the displacements of the springs add to given the displacement of 
the midspan of the simply supported beam). The lower beam acts in series with the middle 
spring (their displacements add). The upper spring combination acts in parallel with the 
lower beam-spring combination. Both act in parallel with the spring below the mass. The 
equivalent stiffness of the upper beam and spring is 

݇ଵ,௘௤ ൌ
1

1
3.94 ൈ 10଺ ൅ 1

6 ൈ 10ସ

ൌ 7.11 ൈ 10ସ N/m 

The equivalent stiffness of the lower spring and beam is 

݇ଶ,௘௤ ൌ
1

1
2.5 ൈ 10ହ ൅ 1

1 ൈ 10ହ

ൌ 5.91 ൈ 10ସ N/m 

The equivalent stiffness of the combination is 

݇௘௤ ൌ 7.11 ൈ 10ସ N
m ൅ 5.91 ൈ 10ସ N

m ൅ 8 ൈ 10ସ N
m ൌ 2.10 ൈ 10ହN/m 

Problem 2.4 illustrates the equivalent stiffness of a combination of springs. 

 

2.5 Determine the equivalent stiffness of a linear 
spring when a SDOF mass-spring model is used 
for the system shown in Figure P2.5 with x as the 
chosen generalized coordinate. 

 

Given: system shown 

Given: ݇௘௤ 

Solution: The potential energy of a spring of equivalent stiffness located at the point whose 
displacement is x is 

ܸ ൌ
1
2 ݇௘௤ݔଶ 

The potential energy of the system, using x as a generalized coordinate, is 
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ܸ ൌ
1
2 ଶݔ3݇ ൅

1
2 ݇ ൬

5
3 ൰ݔ

ଶ

൅
1
2 ݇ሺ4ݔሻଶ ൌ

1
2 ൬

196
9 ݇൰  ଶݔ

Thus the equivalent stiffness is 

݇௘௤ ൌ
196

9 ݇ 

Problem 2.5 illustrates the equivalence of two systems of springs using potential energy. 

 

2.6 Determine the equivalent stiffness of a linear spring 
when a SDOF mass-spring model is used for the system 
shown in Figure P2.6 with x as the chosen generalized 
coordinate. 

 

Given: system shown 

Given: ݇௘௤ 

Solution: The potential energy of a spring of equivalent stiffness located at the point whose 
displacement is x is 

ܸ ൌ
1
2 ݇௘௤ݔଶ 

The potential energy of the system, using x as a generalized coordinate, is 

ܸ ൌ
1
2 ଶݔ݇ ൅

1
2 ଶݔ2݇ ൅

1
2 ݇ ቀ

ݔ
3ቁ

ଶ
ൌ

1
2 ൬

10
9 ݇൰  ଶݔ

Thus the equivalent stiffness is 

݇௘௤ ൌ
10
9 ݇ 

Problem 2.6 illustrates the equivalence of two systems of springs using potential energy. 

 

2.7 Determine the equivalent stiffness of a 
linear spring when a SDOF mass-spring 
model is used for the system shown in 
Figure P2.7 with x as the chosen 
generalized coordinate. 
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Given: system shown 

Given: ݇௘௤ 

Solution: The potential energy of a spring of equivalent stiffness located at the point whose 
displacement is x is 

ܸ ൌ
1
2 ݇௘௤ݔଶ 

The angular displacement of the upper bar is ߠ, measured positive clockwise. The angular 
displacement of the lower bar is ߶, measured positive counterclockwise. The particles 
attached to the rigid link have the same displacement 

ܮ2
3 ߠ ൌ  ߶ܮ

Noting that   

ݔ ൌ
ܮ4
3 ߶ 

thus 

ߠ ൌ
9

ܮ8  ݔ

The potential energy of the system, using x as a generalized coordinate, is 

ܸ ൌ
1
2 ଶݔ݇ ൅

1
2 ݇ ൬

ݔ3
8 ൰

ଶ

൅
1
2 ݇ ൬

ݔ3
4 ൰

ଶ

൅
1
2 2݇ ൬

ݔ3
8 ൰ ൌ

1
2 ൬

127݇
64 ൰  ଶݔ

Thus the equivalent stiffness is 

݇௘௤ ൌ
127
64 ݇ 

Problem 2.7 illustrates the equivalence of two systems of springs using potential energy. 

 

2.8 Determine the equivalent stiffness of a 
linear spring when a SDOF mass-spring 
model is used for the system shown in Figure 
P2.8 with x as the chosen generalized 
coordinate. 

 

Given: system shown 
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Given: ݇௘௤ 

Solution: The potential energy of a spring of equivalent stiffness located at the point whose 
displacement is x is 

ܸ ൌ
1
2 ݇௘௤ݔଶ 

The spring attached to the disk and around the pulley has a displacement of 3x, x from the 
displacement of the mass center and 2x (assuming no slip between the disk and the 
surface) from the angular rotation of the disk. The potential energy of the system, using x 
as a generalized coordinate, is 

ܸ ൌ
1
2 ଶݔ3݇ ൅

1
2 ݇ሺ3ݔሻଶ ൌ

1
2

ሺ12݇ሻݔଶ 

Thus the equivalent stiffness is 

݇௘௤ ൌ 12݇ 

Problem 2.8 illustrates the equivalence of two systems of springs using potential energy. 

 

2.9 Two helical coil springs are made from a steel  ሺE ൌ 200 ൈ 10ଽN/mଶሻ bar of radius 20 
mm. One spring has a coil diameter of 7 cm; the other has a coil diameter of 10 cm. The 
springs have 20 turns each. The spring with the smaller coil diameter is placed inside the 
spring with the larger coil diameter. What is the equivalent stiffness of the assembly? 

Given:  E ൌ 200 ൈ 10ଽN/mଶ (or ܩ ൌ 80 ൈ 10ଽ N/mଶሻ, r = 20 mm, ݀ଵ ൌ 7 cm, ݀ଶ ൌ
10 cm, ଵܰ ൌ ଶܰ ൌ 20 

Find: ݇௘௤ 

Solution: The stiffness of the inner spring is 

݇ଵ ൌ
ସ݀ܩ

ଷݎ64ܰ ൌ
ሺ80 ൈ 10ଽ N/mଶሻሺ0.07 mሻସ

64ሺ20ሻሺ0.02ሻଷ ൌ 1.88 ൈ 10଼ N/m 

The stiffness of the outer spring is 

݇ଵ ൌ
ସ݀ܩ

ଷݎ64ܰ ൌ
ሺ80 ൈ 10ଽ N/mଶሻሺ0.10 mሻସ

64ሺ20ሻሺ0.02ሻଷ ൌ 7.81 ൈ 10଼ N/m 

The springs act in parallel, the displacements are the same and the force on the block is the 
sum of the forces in the springs. Thus 

݇௘௤ ൌ ݇ଵ ൅ ݇ଶ ൌ 1.88 ൈ 10଼ N
m ൅ 7.81 ൈ 10଼ N

m ൌ 9.69 ൈ 10଼ N
m 
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Problem 2.9 illustrates springs acting in parallel. 

 

2.10 A thin disk attached to the end of 
an elastic beam has three uncoupled 
modes of vibration. The longitudinal 
motion, the transverse motion, and the 
torsional oscillations are kinematically independent. Calculate the following of Figure 
P2.10. (a) The longitudinal stiffness; (b) The transverse stiffness; (c) The torsional stiffness 
 
 
Given: L = 65 cm, r = 10 mm, E = 200 × 109 N/m2, G = 80 × 109 N/m2 

Find: kl, kθ, and ky 

Solution: The geometric properties of the beam are 

 

( )

( )

( ) 4944

4844

2422

m107.58m0.01
44

m101.57m0.01
22

m103.14m0.01π

−

−

−

×===

×===

×===

ππ

ππ
π

rI

rJ

rA

 

(a) The longitudinal stiffness is 

 
( )

m
N109.67

m0.65
m
N10200m103.14

7
2

924

×=
⎟
⎠
⎞

⎜
⎝
⎛ ××

==

−

L
AEkl  

(b) The transverse stiffness is 

 
( )

( ) m
N101.72

m0.65

m107.85
m
N102003

3 4
3

49
2

9

3 ×=
×⎟

⎠
⎞

⎜
⎝
⎛ ×

==

−

L
EIky  

 

(c) The torsional stiffness is 

 
( )

rad
mN1930

m0.65
m
N1080m101.57 2

948

⋅
=

⎟
⎠
⎞

⎜
⎝
⎛ ××

==

−

L
JGkθ  

Problem 2.10 illustrates three independent modes of vibration of a cantilever beam. 
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2.11 Find the equivalent stiffness of the springs in Figure 
P2.11 in the x direction. 

 

Given: springs shown 

Find: ݇௫ 

Solution: A FBD of the particle at an arbitrary instant is shown 

 

 

 

 

Summing forces on the FBD in the x direction leads to 

௫ܨ ൌ െ4 ൈ 10ହݔሺ0.866ሻ െ 3 ൈ 10ହݔሺ0.707ሻ െ 5 ൈ 10ହݔሺ0.707ሻ ൌ െ9.12 ൈ 10ହݔ 

Hence the equivalent stiffness in the x direction is  

݇௫ ൌ 9.12 ൈ 10ହ  
N
m 

Problem 2.11 illustrates the determination of an equivalent stiffness when springs act on a 
particle at different angles. 

 

2.12 A bimetallic strip used as a MEMS 
sensor is shown in Figure P2.12. The strip has 
a length of 20 ݉ߤ. The width of the strip is 1 
 m. It has an upper layer made of steelߤ
ሺܧ ൌ 210 ൈ 10ଽ N/mଶሻ and a lower layer 
made of aluminum ሺܧ ൌ 80 ൈ 10ଽ N/mଶሻ. 
Each layer is 0.1 ߤm thick. Determine the equivalent stiffness of the strip in the axial 
direction. 

Given: L = 20 ߤm, w = 1 ߤm, ܧ௦௧ ൌ 210 ൈ 10ଽ N/mଶ, ܧ஺௟ ൌ 80 ൈ 10ଽ N/mଶ, t = 0.1 ߤm 

Find: ݇௘௤ 
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Solution: The two layers behave as longitudinal springs in parallel. The layers have the 
same displacement and the forces from the layers add. The equivalent stiffness of a 
longitudinal spring is 

݇ ൌ
ܣܧ
ܮ  

The strips have the same area and same length. The equivalent stiffness is the sum of the 
individual stiffnesses thus 

݇௘௤ ൌ ሺܧௌ௧ ൅ ஺௟ሻܧ
ݐݓ
ܮ ൌ ൬210 ൈ 10ଽ N

mଶ ൅ 80 ൈ 10ଽ N/mଶ൰
ሺ1 μmሻሺ0.1 μmሻ

20 μm ൌ 1450 
N
m 

Problem 2.12 illustrates equivalent stiffness of spring in series. 

 

2.13 A gas spring consists of a piston of area A moving in a cylinder of gas. As the piston 
moves, the gas expands and contracts, changing the pressure exerted on the piston. The 
process occurs adiabatically (without heat transfer) so that 

݌ ൌ  ఊߩܥ

where p is the gas pressure, ߩ is the gas density, ߛ is the constant ratio of specific heats, 
and C is a constant dependent on the initial state. Consider a spring when the initial 
pressure is ݌଴ and the initial temperature is ଴ܶ. At this pressure, the height of the gas 
column in the cylinder is h. Let ܨ ൌ ܣ଴ߩ ൅  be the pressure force acting on the piston ܨߜ
when it has displaced a distance x into the gas from its initial height. 

(a) Determine the relation between ܨߜ and x. 

(b) Linearize the relationship of part (a) to approximate the air spring by a linear spring. 
What is the equivalent stiffness of the spring? 

(c) What is the required piston area for an air spring (ߛ ൌ 1.4ሻ to have a stiffness of 300 
N·m for a pressure of 150 kPa (absolute) with h = 30 cm. 

 

Given:  ܣ, ,଴݌ ଴ܶ, ݄, ଴݌ ,k=300 N/m (c) ߛ ൌ 150 kPa, h=0.3 m, ߛ ൌ 1.4 

Find: (a) ܨߜ and x relation (b) k (c) A 

Solution: (a) The ideal gas law is used to find the density in the initial state 

݌ ൌ ܴܶߩ ฺ ଴ߩ ൌ
଴݌

ܴ ଴ܶ
 

The initial volume of gas in the spring is 
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଴ܸ ൌ  ݄ܣ

The total mass of the air is 

݉ ൌ ௢ߩ ଴ܸ ൌ
݄ܣ଴݌
ܴ ଴ܶ

 

When the piston has moved a distance x from its equilibrium position at an arbitrary time 

ܸ ൌ ሺ݄ܣ െ  ሻݔ

Since the total mass of the gas is constant the density becomes 

ߩ ൌ
݉
ܸ ൌ

଴݄݌
ܴ ଴ܶሺ݄ െ  ሻݔ

The initial state is defined by 

଴݌ ൌ ௢ߩܥ
ఊ ฺ ܥ ൌ

଴݌

଴ߩ
ఊ ൌ ଴݌

ఊିଵሺܴ ଴ܶሻఊ 

At an arbitrary time 

݌ ൌ ଴݌
ఊିଵሺܴ ଴ܶሻఊ ൬

଴݄݌
ܴ ଴ܶሺ݄ െ ሻ൰ݔ

ఊ

ൌ ଴݌ ൬
݄

݄ െ ൰ݔ
ఊ

 

(b) The force exerted on the piston is ܣ݌ ൌ ܣ଴݌ ൅   Thus .ܨߜ

ܨߜ ൌ ܣ଴݌ ቈ൬
݄

݄ െ ൰ݔ
ఊ

െ 1቉ 

But from a binomial expansion 

൬
݄

݄ െ ൰ݔ
ఊ

ൌ ݄ ቀ1 െ
ݔ
݄ቁ

ିఊ
ൌ ݄ ൤1 ൅

ݔ
݄ ൅ ܱ ൬ቀ

ݔ
݄ቁ

ଶ
൰൨ 

Thus  

݇௘௤ ൌ
ܨߜ
ݔ ൌ

ܣ଴݌ߛ
݄  

(c) Solving for A and substituting given values 

ܣ ൌ
݇௘௤݄
଴݌ߛ

ൌ
ሺ300 N/mሻሺ0.3 mሻ

1.4 ሺ150000 N/mଶሻ ൌ 4.29 ൈ 10ିସ mଶ 

Problem 2.13 illustrates the linearized stiffness for an air spring. 
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mg =

F =

Lhr

Ldr ( 1+d/h)

ρ

ρθ

wg

2.14 A wedge is floating stably on an interface 
between a liquid of mass density ρ, as shown in 
Figure P2.14. Let x be the displacement of the 
wedge’s mass center when it is disturbed from 
equilibrium.  (a)  What is the buoyant force 
acting on the wedge? (b) What is the work done 
by the buoyant force as the mass center of the 
wedge moves from x1 and x2? (c) What is the 
equivalent stiffness of the spring if the motion of 
the mass center of the wedge is modeled by a mass attached to a linear spring?  

Given:  ρ, ρw, r, L, h 

Find:  FB, W, linear system 

 

Solution:  (a) Consider a free-body diagram of the wedge as it 
floats in equilibrium on the free surface. Let d be the depth of the 
wedge into the liquid. In this state the buoyant force must 
balance with the gravity force 

 

⎟
⎠
⎞

⎜
⎝
⎛ +=

=⎟
⎠
⎞

⎜
⎝
⎛ +

=−

h
d1dh

gLhr
h
d1Ldr

0WF

w

w

B

ρρ

ρρ

 (1) 

Now consider the wedge as it oscillates on the free surface. The buoyant force at an 
arbitrary time is 

 
( )

⎥
⎦

⎤
⎢
⎣

⎡
+++⎟

⎠
⎞

⎜
⎝
⎛ +=

⎟
⎠
⎞

⎜
⎝
⎛ +
++=

h
xxx

h
d2

h
d1dgLr

h
xd1rxdgLF

2

B

ρ

ρ
 

(b) The work done by the buoyant force as the center of mass moves between x1 and x2 
is 

 

dx
h
xxx

h
d2

h
d1dgLr

dxFW

2x

x

x

x
B21

2

1

2

1

⎥
⎦

⎤
⎢
⎣

⎡
+++⎟

⎠
⎞

⎜
⎝
⎛ +

==

∫

∫→

ρ
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 ( ) ( ) ( ) ( )⎥
⎦

⎤
⎢
⎣

⎡
−+−+−+−⎟

⎠
⎞

⎜
⎝
⎛ +=→

3
1

3
2

2
1

2
2

2
1

2
21221 xx

h3
1xx

2
1xx

h
dxx

h
d1dgLrW ρ  

(c)The system cannot be modeled as a mass attached to a linear spring. The buoyant force 
is conservative. However when its potential energy function is formulated, it is not a 
quadratic function of the generalized coordinate. 

Problem 2.14 illustrates the nonlinear oscillations of a wedge on the interface between a 
liquid and a gas. 

 
2.15 Consider a solid circular shaft of 
length L and radius c made of an 
elastoplastic material whose shear stress–
shear strain diagram is shown in Figure 
P2.15(a). If the applied torque is such 
that the shear stress at the outer radius of 
the shaft is less than τp, a linear 
relationship between the torque and angular displacement exists. When the applied torque 
is large enough to cause plastic behavior, a plastic shell is developed around an elastic core 
of radius r < c, as shown in Figure P2.15(b). Let  

ܶ ൌ గఛ೛௖మ

ଶ
൅  (1)     ܶߜ

be the applied torque which results in an angular displacement of  

θδ
τ

θ +=
cG

Lp

      
(2) 

(a) The shear strain at the outer radius of the shaft is related to the angular displacement 

c
Lcγθ =

      
(3)

  
The shear strain distribution is linear over a given cross section. Show that this implies  

ߠ ൌ ௅ఛ೛

௥ீ
       (4) 

(b) The torque is the resultant moment of the shear stress distribution over the cross section 
of the shaft, 

ρπτρ d2T
c

0

2∫=
 

(5) 

Use this to relate the torque to the radius of the elastic core. 

(c) Determine the relationship between δT and δθ. 

(d) Approximate the stiffness of the shaft by a linear torsional spring. What is the 
equivalent torsional stiffness? 
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c

r

pτ

Given: stress-strain diagram,  τ > τp 

Find: Show eq. (4), linear approximation to stiffness 

Solution: (a) The shear stress is linear in the elastic core and at ρ = r, γ = τp /G. The shear 
strain is linear throughout the cross section. Thus 

 
rG

pρτ
γ =  (6) 

Then evaluating eq. (6) at ρ = c and using eq. (3) 

 

rG
L

L
c

rG
C

p

p
c

τ
θ

θτ
γ

=

==
 

(b) The shear stress distribution over the cross section 
is shown. The resisting torque is the resultant 
moment of the shear stress distribution. But 

⎪⎩

⎪
⎨
⎧

≤≤

≤≤
=

cr

r0
r

p

p

ρτ

ρρτ
τ

,

,
 

Hence from eq.(5) 

 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

+⎟
⎠
⎞

⎜
⎝
⎛= ∫∫

12
r

3
c2

d2d2
r

T

33

p

2
c

x
p

2
p

r

0
p

πτ

ρπρτρρπτρτ
 (7) 

(c) Equating the torques from eq. (1) and eq. (7) 

 ( )

3
1

p

3

33p

3

p

33

p

T6cr

rc
6

T

T
2
c

12
r

3
c2

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

−=

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

πτ
δ

τ
πδ

δπτπτ

  (8) 

Equating the angular displacement. from eqs. (2) and (4)  
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rG

L
cG

L pp τ
δθ

τ
=+  (9) 

Substituting eq.(8) into eq.(9) 

 
3
1

p

3

pp

T6cG

L
cG

L

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

=+

πτ
δ

τ
δθ

τ
 (10) 

(d) Note that 

 
3
1

3
P

3
1

P

3

c
T61

c
1T6c

−−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

πτ
δ

πτ
δ  

Then using the binomial theorem assuming small δT and keeping only the first two terms 
leads to 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

−

3
P

3
1

P

3

c
T21

c
1T6c

πτ
δ

πτ
δ  (11) 

Substituting eq.(11) in eq. (10) leads to 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=+ 3

P

PP

c
T21

cG
L

cG
L

πτ
δτδθτ

 

or 

 

L
JG

L2
GcT

Gc
TL2

4

4

==

=

π
δθ
δ

π
δδθ

 

The above approximation neglected terms involving powers of δT when the binomial 
expansion was performed. Thus, a linear approximation to the stiffness is the same as the 
linear stiffness. 

Problem 2.15 illustrates a linear approximation to torsional stiffness for an elastoplastic 
material when the elastic shear stress is exceeded. 
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2.16 A bar of length L and cross-sectional area A is made of a material whose stress-strain 
diagram is shown in Figure P2.16. If the internal force developed in the bar is such that σ < 
σp, then the bar’s stiffness for a SDOF model is  

 
L

AEk =  

Consider the case when σ > σp.  Let P = σpA + δP be the 

applied load which results in a deflection ∆ൌ ఙ೛௅
ா

൅  .∆ߜ

(a) The work done by the applied force is equal to the 
strain energy developed in the bar. The strain energy per 
unit volume is the area under the stress–strain curve. Use 
this information to relate δP to δΔ. 

(b) What is the equivalent stiffness when the bar is approximated as a linear spring for σ > 
σp? 

Given:  stress-strain curve, δP, E, σp 

Find: δΔ = f (δP), linear stiffness approximation 

Solution:  The work done by application of a force P, resulting in a deflection Δ is 

 Δ= P
2
1W  (1) 

When the stress exceeds the proportional limit, the work is written as 

 ( ) ⎟
⎠
⎞

⎜
⎝
⎛ Δ++= δσδσ

E
LPA

2
1W P

P  

The work is also the area under the P- Δcurve. 

( ) ( ) ∈∈+⎟
⎠
⎞

⎜
⎝
⎛= ∫

Δ
+

dALf
E
LA

2
1W

LE

E

PP

P

P

δσ

σ

σσ  (2) 

Equating the work from eqs.(1) and (2) leads to 

 ( ) ∈∈=Δ++ ∫
Δ

+

dALfP
2
1AA

2
1

E
LP

2
1 LE

E

PP

P

P

δσ

σ

δδδσσδ  (3) 

σ 
σ 

δ

δΔ 

p 
p 
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E
L A 1 

2 

L 
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(b) If δΔ is small, then so is δP. Hence the term with their product is much smaller than the 
other terms in eq. (3) and is neglected. In addition the mean value theorem is used to 
approximate the integral 

 ( ) ( )∈Δ
∈=∈∫

Δ
+

~ALf
L

dALf
LE

E

P

P

δ
δσ

σ

 

where 

 
EEE

PP δσσ Δ
+≤∈≤~   

Then eq. (5) becomes 

 ( )∈Δ=Δ+Δ+ ~fAP
2
1A

2
1

E
LP

2
1

PP δδδδσσδ   

Dividing by δΔ leads to 

 ( )∈+−=
Δ

~f
L

AE2
L

AEP

Pσδ
δ   

If the limit as δΔ →0 is taken then 

 
( ) P

P

f
E
σ

σ

→∈

→∈

~

~
 

and 

 
L

AEP
→

Δδ
δ  

Problem 2.16 illustrates the linear approximation to the stiffness when the elastic strength 
is exceed for a bar undergoing longitudinal oscillations. 

 

2.17 Calculate the static deflection of the spring in the 
system of Figure P2.17.  
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mg
O

Oy

x

STK(a sinθ δ )

STθ

Given: k, m1, m2,  r1, r2 

Find: ΔST 

Solution: Summing moments about the center of the pulley using the free body diagram of 
the system when it is equilibrium, 

 

1

21
ST

1ST21

0

kr
grm

rkgrm
0M

=Δ

Δ−=

=∑
 

Problem 2.17 illustrates calculation of the static deflection of a 
spring. 

 

 2.18 Determine the static deflection of the spring in the system 
of Figure P2.18.  

 

Given: L = 1.6 m, a = 1.2 m, m = 20 kg, k = 5 × 103 N/m, spring 
is stretched 20 mm when bar is vertical. 

Find: ΔST. 

Solution: A free body diagram of the bar in its static equilibrium 
position is shown. It is assumed the spring force is horizontal. 
The equilibrium position is defined by θST, the clockwise angle 
made by the bar with the vertical. Summing moments about the support 
 0M 0 =∑  

leads to 

 ( ) 0aak
2
Lamg STSTST =−+⎟
⎠
⎞

⎜
⎝
⎛ −− ... cossinsin θδθθ  

Substituting given values and rearranging leads to 

 5317491 STST .sin.tan .. −= θθ  

The above equation is solved by trial and error for θST. yielding 

 rad0.01680.965 o
. ==STθ  

m g

m

R

1

p
ΔK ST
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The static deflection in the spring is given by 

 0.22mmsin .. =−=Δ δθSTST a  

Problem 2.18 illustrates the application of the equations of equilibrium to determine the 
static equilibrium position for a given system. The assumption that the spring force is 
horizontal is good, in light of the result. Equation (1) was solved by trial and error. An 
alternate method is to approximate tanθ  by θ  and sinθ  by θ. 

 

2.19 A simplified SDOF model of a vehicle suspension system is shown in Figure P2.19. 
The mass of the vehicle is 500 kg. The suspension spring has a stiffness of 100,000 N/m. 
The wheel is modeled as a spring placed in series with the suspension spring. When the 
vehicle is empty, its static deflection is measured as 5 cm.  

(a) Determine the equivalent stiffness of the wheel 
(b) Determine the equivalent stiffness of the spring combination 
 
 

Given: m = 500 kg, ks = 100,000 N/m, δ = 5 cm 

Find: (a) kw   (b) keq 

Solution: (a) The wheel is in series with the suspension spring. The force developed in 
each spring is the same while the total displacement of the series combination is the sum of 
the displacements of the individual springs. When the system is in equilibrium, the springs 
are subject to the empty weight of the vehicle. Hence the force developed in each spring is 
equal to the weight of the vehicle W = mg = (500 kg)(9.81 m/s2) = 4.905 × 103 N. The total 
displacement in the two springs is 5 cm, 

cm 5=+ sw δδ  

But the force developed in a linear spring is kδ. Thus 

cm 5=+
ws k

mg
k
mg  

Solving for kw leads to 

N/m 1016.5

N/m 000,100
1

N 10905.4
m 05.011

6

3

×=

−
×

=−=

w

sw

k

kmgk
δ

 

(b) The equivalent stiffness of the series combination is 
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N/m 1063.9

N/m 1016.5
1

N/m 101
1

1
11

1

4

65

×=

×
+

×

=
+

=

eq

ws

eq

k

kk

k
 

Problem 2.19 illustrates the equivalent stiffness of two springs placed in series. 

 

2.20 The spring of the system in Figure P2.20 is unstretched in the position shown. What is 
the deflection of the spring when the system is in 
equilibrium? 

 

Given: m = 150 kg, k = 2000 N/m,  
E = 210 × 10ଽ N/mଶ, I = 8.2 × 10ି଻ mସ, L = 3 m 

Find: ∆௦௧ 

Solution: The system behaves as two springs in parallel. The beam has the same 
displacement as the spring. The equivalent stiffness is 

݇௘௤ ൌ ݇௕ ൅ ݇ ൌ
ܫܧ3
ଷܮ ൅ ݇ ൌ

3ሺ210 ൈ 10ଽ N/mଶሻሺ8.2 ൈ 10ି଻ mସሻ
ሺ3 mሻଷ ൅ 2000

N
m

ൌ 2.11 ൈ 10ସ N/m 

The static deflection of the system is 

∆௦௧ൌ
݉݃
݇௘௤

ൌ
ሺ150 kgሻሺ9.81 m/sଶሻ

2.11 ൈ 10ସ N/m
ൌ 6.97 cm 

Problem 2.20 illustrates springs in parallel and static deflection. 

 

2.21 Determine the static deflection of the spring in the 
system of Figure P2.21. 

 

Given: m, k, E, I, L 

Find: ∆௦௧ 

Solution: The system behaves as two springs in parallel. The beam has the same 
displacement as the spring. The equivalent stiffness is 

݇௘௤ ൌ ݇௕ ൅ ݇ ൌ
ܫܧ48

ଷܮ ൅ ݇ 
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The static deflection is 

∆௦௧ൌ
݉݃
݇௘௤

ൌ
݉݃

ܫܧ48
ଷܮ ൅ ݇

ൌ
ଷܮ݃݉

ܫܧ48 ൅  ଷܮ݇

Problem 2.21 illustrates the concepts of springs in parallel and static deflection of springs. 

 

2.22 Determine the static deflections in each of 
the springs in the system of Figure P2.22. 

 

Given: ݇ଵ ൌ 1 ൈ 10ହ N/m, ݇ଶ ൌ 2 ൈ 10ହ N/m,  
m = 4 kg, a = 0.4 m, b = 0.2 m 

Find: ∆௦௧ଵ, ∆௦௧ଶ 

Solution: A FBD of the system is shown when the system is in equilibrium 

 

 

 

Summing forces on the FBD leads to 

෍ ܨ ൌ 0 ൌ ݇ଵ∆௦௧ଵ ൅ ݇ଶ∆௦௧ଶ െ ݉݃ 

Summing moments about the mass center yields 

෍ ீܯ ൌ 0 ൌ െ݇ଵ∆௦௧ଵሺܽሻ ൅ ݇ଶ∆௦௧ଶሺܾሻ 

Solution of the equations leads to 

∆௦௧ଵൌ
݉݃

݇ଵ ቀ1 ൅ ܽ
ܾቁ

ൌ
ሺ4 kgሻሺ9.81 m/sଶሻ

ሺ1 ൈ 10ହ N/mሻ ቀ1 ൅ 0.4 m
0.2 mቁ

ൌ 0.131 mm 

∆௦௧ଶൌ
݉݃

݇ଶ ቀ1 ൅ ܾ
ܽቁ

ൌ
ሺ4 kgሻሺ9.81 m/sଶሻ

ሺ2 ൈ 10ହ N/mሻ ቀ1 ൅ 0.2 m
0.4 mቁ

ൌ 0.131 mm 

Problem 2.22 illustrates the determination of static deflections from the equations of static 
equilibrium. 
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2.23 A 30 kg compressor sits on four springs, each of stiffness 1 × 10ସ N/m. What is the 
static deflection of each spring? 

Given: m = 30 kg, ݇ ൌ 1 ൈ 10ହ N/m, n = 4 

Find: ∆௦௧ 

Solution: The compressor sits on four identical springs. Thus the equivalent stiffness of the 
springs is that of four springs in parallel or  

݇௘௤ ൌ 4݇ ൌ 4ሺ1 ൈ 10ହ N/mሻ ൌ 4 ൈ 10ହ N/m 

The static deflection of the compressor is 

∆௦௧ൌ
݉݃
݇௘௤

ൌ
ሺ30 kgሻሺ9.81 m/sଶሻ

4 ൈ 10ହ N/m
ൌ 0.736 mm 

Problem 2.23 illustrates the static deflection of a machine mounted on four springs in 
parallel. 

 

2.24 The propeller of a ship is a tapered circular cylinder, as shown in Figure P2.24. When 
installed in the ship, one end of the propeller is constrained from longitudinal motion 
relative to the ship while a 500-kg propeller mass is attached to its other end. (a) Determine 
the equivalent longitudinal stiffness of the shaft for a SDOF model. (b) Assuming a linear 
displacement function along the shaft, determine the equivalent mass of the shaft to use in 
a SDOF model. 

Given: r0 = 30 cm, r1 = 20 cm, E = 210 
× 109 N/m2, mp = 500 kg,  

ρ = 7350 kg/m3, L = 10 m  

Find: keq, meq 

Solution: The equivalent system is that of a mass meq attached to a linear spring of stiffness 
keq . The equivalent mass is calculated to include inertia effects of the shaft. 

The equivalent stiffness is the reciprocal of the deflection at the end of the shaft due to the 
application of a unit force. From strength of materials, the change in length of the shaft due 
to a unit load is 

  ∫=
L

0 AE
dxδ  

Let x be a coordinate along the axis of the shaft, measured from its fixed end. Then 
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  ( ) x01030x
L

rrrxr 10
0 .. −=

−
−=  

is the local radius of the shaft. Thus 

  ( ) E
0553

Ex01030
dxL

0
2

.
..

=
−

= ∫πδ  

Hence the equivalent stiffness is 

 
m
N103.96

05.53
9×==

Ekeq  

Let u(x) represent the displacement of a particle in the cross section a distance x from the 
fixed end due to a load P applied at the end. From strength of materials 

 

( )
( )

E
P

x
x

xE
dxP

AE
dxPxu

xx

π

π

3
10

01.03.0

01.03.00
2

0

−
=

−
== ∫∫

 

Let z = u(L), then 

 

( )
x01030

x
50
zxu

50
z

E3
P10

E3
P1050

E3
P10

20
10z

..

.

−
=

=

==

π

ππ

 

Consider a differential element of mass dm = ρAdx, located a distance x from the fixed 
end. The kinetic energy of the differential element is 

  ( ) ( )dxxAxu
2
1dT 2 ρ&=  

The total kinetic energy of the shaft is 
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( ) ( )

( )

( )

( ) 2

2

10

0

2
2

2
210

0

2
0

2

kg3288
2
1

25003
1000

2
1
5000

01.03.0
01.03.0502

2
1

z

z

dxxz

dx
x

xz

dxxAxuT

m

m

L

&

&

&

&

&

=

=

=

−⎟
⎠
⎞

⎜
⎝
⎛

−
⎟
⎠
⎞

⎜
⎝
⎛=

=

∫

∫

∫

πρ

ρπ

πρ

ρ

 

Hence the equivalent mass is 3288 kg. 

Problem 2.24 illustrates the modeling of a non-uniform structural element using one-
degree-of-freedom 

 

2.25 (a) Determine the equivalent 
torsional stiffness of the propeller 
shaft of Problem 2.24. (b) Determine 
an equivalent moment of inertia of 
the shaft to be placed on the end of 
the shaft for a SDOF model of 
torsional oscillations.  
 
Given: r0 = 30 cm, r1 = 20 cm, E = 80 × 109 N/m2, mp = 500 kg,  ρ = 7350 kg/m3, L = 10 m
  
Find: kteq, Ieq 

Solution: The equivalent system is that of a disk of moment of inertia Ieq attached to a 
torsional spring of stiffness kteq . The equivalent mass is calculated to include inertia effects 
of the shaft. 

The equivalent stiffness is the reciprocal of the deflection at the end of the shaft due to the 
application of a unit force. From strength of materials, the change in length of the shaft due 
to a unit load is 

  ∫=
L

JG
dx

0

θ  

Let x be a coordinate along the axis of the shaft, measured from its fixed end. Then 
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  ( ) x01030x
L

rrrxr 10
0 .. −=

−
−=  

is the local radius of the shaft. Thus the moment of inertia of the shaft is ܬሺݔሻ ൌ గ
ଶ

 ሻݔସሺݎ

  ( ) GGx
dxL 1866

01.03.0
2

0
4 =

−
= ∫ πθ  

Hence the equivalent stiffness is 

  m/radN104.28
1866

7 ⋅×==
Gkeq  

Let ߠ(x) represent the displacement of a particle in the cross section a distance x from the 
fixed end due to a moment M applied at the end. From strength of materials 

 

( )
( )

( ) G
M

x

xG
dxM

JG
dxMx

xx

π

π
θ

3
20

3.0
1

01.03.0
1

01.03.0
2

33

0
4

0

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
=

−
== ∫∫

 

Let z = ߠ(L), then 

 

( )
( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

−
=

=

33 3.0
1

01.03.0
1

96.87

3
2096.87

x
zx

G
MPz

θ

π
 

Consider a differential element of mass, located a distance x from the fixed end. The 
kinetic energy of the differential element is 

  ( ) ( )dxxJxdT ρθ 2

2
1 &=  

The total kinetic energy of the shaft is 

  ܶ ൌ ଵ
ଶ ׬ ቀ ௭ሶ

଼଻.ଽ଺
ቁ

ଶ
ቂ ଵ

ሺ଴.ଷି଴.଴ଵ௫ሻల െ ଶ
଴.ଷయሺ଴.ଷି଴.଴ଵ௫ሻయ ൅ ଵ

଴.ଷలቃ௅
଴ ߩ గ

ଶ
ሺ0.3 െ  ݔሻସ݀ݔ0.01

The equivalent moment of inertia is determined from  

ܶ ൌ
1
2

ሶଶݖ௘௤ܫ ൌ
1
2

ሺ392.5 kg · mଶሻݖሶଶ 
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x

m m, ,K Ks s1 21 2

Problem 2.25 illustrates the modeling of a non-uniform structural element using one-
degree-of-freedom 

 

2.26 A tightly wound helical coil spring is made from an 1.88-mm diameter bar made from 
0.2 percent hardened steel (G = 80 × 109 N/m2, ρ = 7600 kg/m3). The spring has a coil 
diameter of 1.6 cm with 80 active coils. Calculate (a) the stiffness of the spring, (b) the 
static deflection when a 100 g particle is hung from the spring, and (b) (c) the equivalent 
mass of the spring for a SDOF model. 
 
Given: G = 80 × 109 N/m2, ρ = 7600 kg/m3, D = 1.88 mm, r = 8 mm, N = 80, m = 100 g 

Find: (a) Δst (b) meq 

Solution: The stiffness of the helical coil spring is 

N/m 2.381
)m 008.0)(80(64

)m 00188.0)(N/m 1080(
64

3

429

3

4

=

×
=

=

k

k

Nr
GDk

 

When the 100-g particle is hung from the spring its static deflection is 

mm 8.3==Δ
k

mg
st  

(b) The total mass of the spring is 

g 8.77
4
1)2( 2

=

=

s

s

m

DNrm ππρ
 

The equivalent mass of the system is 

g 9.125
3
1

=

+=

eq

seq

m

mmm
 

Problem 2.26 illustrates (a) the stiffness of a helical coil 
spring, (b) the static deflection of a spring, and (c) the 
equivalent mass of a spring used to approximate its 
inertia effects. 
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x
m

3
s1

2.27 One end of a spring of mass ms1 and stiffness k1 is connected to a fixed wall, while the 
other end is connected to a spring of mass ms2 and stiffness k2. The other end of the second 
spring is connected to a particle of mass m. Determine the equivalent mass of these two 
springs. 

 

Given: k1, ms1, k2, ms2 

Find: meq  

Solution: Let x be the displacement of the block to which the series combination of springs 
is attached. The inertia effects of the left spring can be approximated by placing a particle 
of mass ms1/3 at the joint between the two springs. Define a coordinate z1, measured along 
the axis of the left spring and a coordinate z2,  measured along the axis of the right spring. 
Let u1(z1) be the displacement function the left spring and u2(z2) be the displacement 
function in the right spring. It is assumed that the springs are linear and the displacements 
are linear, 

 
( )
( ) dczzu

bazzu

222

111

+=
+=

  (1) 

where the constants a, b, c, and d are determined from the following conditions 

(a) Since the left end of the left spring is attached to the wall 

  ( ) 00u1 =  

This immediately yields b = 0. 

(b) The right end of the right spring is attached to the block which has a displacement x 

  ( ) xu 22 =l   (2) 

where l2  is the unstretched length of the right spring. 

(c) The displacement is continuous at the intersection between the two springs. 

  ( ) ( )0uu 211 =l   (3) 

where l1 is the unstretched length of  the left spring. 

(d) Since the springs are in series, the forces developed in the springs must be the same. 

  ( ) ( ) ( )[ ]0uukuk 2222111 −= ll   (4) 

Using eq. (2)-(4) in eq. (l) leads to  
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md s2
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1
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1

kk
xkd
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kxc
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=

+
=

+
=

l
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The kinetic energy of the left spring is 

  ( ) 2
2

21

21s
2

2
1

1s
1 x

kk
k

3
m

2
1u

3
m

2
1T &l& ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

==  

Thus the contribution to the equivalent mass from the left spring is 

 
2

21

21s
1eq kk

k
3

mm ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

=  

The displacement function in the right spring becomes 

  ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

+
= 2

2
1

21
22 kzk

kk
xzu

l
 

Consider a differential element of length dz2 in the right spring, a distance z2 from the 
spring’s left end. The kinetic energy of the element is 

  22
2

2
2

2s
2 dzzum

2
1dT )(&
l

=  

The total kinetic energy of the spring is 

 
( )

( )
( )2211

3
2

3
212s

2
0

2

2
2

12
21

2

2

2s
2

kkk
kkk

3
m

2
1

dzkzk
kk

xm
2
1T

2

+
−+

=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

+
= ∫

l

l

&

l
 

Hence the equivalent mass of the series spring combination is 

  ( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++

+
=

3

1

2

3

1

2
2s

2
11s

2
22

21
eq k

k
k
k1mkmk

kk3
1m  

Problem 2.27 illustrates the equivalent mass of springs in series. 
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2.28 A block of mass m is connected to two identical springs in series. Each spring has a 
mass m and a stiffness k. Determine the equivalent mass of the two springs at the mass. 

Given: Two identical springs in series 

Find: ݉௘௤ 

Solution:  Let x be the displacement of the block to which the series combination of 
springs is attached. The inertia effects of the left spring can be approximated by placing a 
particle of mass ms1/3 at the joint between the two springs. Define a coordinate z1, 
measured along the axis of the left spring and a coordinate z2, measured along the axis of 
the right spring. Let u1(z1) be the displacement function the left spring and u2(z2) be the 
displacement function in the right spring. It is assumed that the springs are linear and the 
displacements are linear, 

 
( )
( ) dczzu

bazzu

222

111

+=
+=

  (1) 

where the constants a, b, c, and d are determined from the following conditions 

(a) Since the left end of the left spring is attached to the wall 

  ( ) 00u1 =  

This immediately yields b = 0. 

(b) The right end of the right spring is attached to the block which has a displacement x 

  ( ) xu =l2   (2) 

where l2  is the unstretched length of the right spring. 

(c) The displacement is continuous at the intersection between the two springs. 

  ( ) ( )021 uu =l   (3) 

where l1 is the unstretched length of  the left spring. 

(d) Since the springs are in series, the forces developed in the springs must be the same. 

  ( ) ( ) ( )[ ]0221 uukku −= ll   (4) 

Using eqs. (2)-(4) in eq. (l) leads to  

ሻݖଶሺݑ ൌ
ݔ2
3ℓ

ݖ ൅
ݔ
3
 

The kinetic energy of the second spring is 
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ܶ ൌ
1
2

න ሶݑ ଶଶ
ℓ

଴

݉ଶ

ℓ
ݖ݀ ൌ

ሶݔ ଶ݉௦

18ℓ
න ൬

ݖ2
ℓ

൅ 1൰
ଶℓ

଴
ݖ݀ ൌ

1
2

൬
13
27

݉௦൰ ሶݔ ଶ 

The total kinetic energy is 

ܶ ൌ
1
2

ቀ
݉௦

3
ቁ ൬

ሶݔ
3

൰
ଶ

൅
1
2

൬
13
27

݉௦൰ ሶݔ ଶ ൌ
1
2

൬
14
27

݉௦൰ ሶݔ ଶ 

Thus  

݉௘௤ ൌ
14
27

݉௦ 

Problem 2.28 illustrates the calculation of the equivalent mass of a system. 

 

2.29 Show that the inertia effects of a torsional shaft of polar mass moment of inertia J can 
be approximated by adding a thin disk of moment of inertia J/3 at the end of the shaft. 

Given: J 

Find: ܫ௘௤ 

Solution: The angular displacement due to a moment M applied at the end of the shaft 
varies over the length of the shaft according to 

߶ ൌ
ݔܯ
ܩܬ

 

At the end of the shaft ߶ሺܮሻ ൌ ߠ ൌ ெ௅
௃ீ

. Thus the moment at the end of the shaft is ܯ ൌ ఏ௃ீ
௅

 
and  

߶ ൌ
ݔߠ
ܮ
 

The differential element of the shaft is ݀ܫ ൌ ௃
௅

 where J is the polar mass moment of ݔ݀
inertia of the shaft. The kinetic energy is 

ܶ ൌ
1
2

න ߶ሶ ଶ݀ܫ
௟

଴
ൌ

1
2

න ൬
ሶݔߠ
ܮ

൰
ଶ௅

଴

ܬ
ܮ

ݔ݀ ൌ
1
2

ܬ
3

ሶݔ ଶ 

The kinetic energy of the shaft has the form ܶ ൌ ଵ
ଶ

ሶߠ௘௤ܫ ଶ. Hence 

௘௤ܫ ൌ
ܬ
3
 

Problem 2.29 illustrates the equivalent moment of inertia of a shaft using a SDOF model of 
the shaft. 
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L/2

E,I m

L/2

 

2.30 Use the static displacement of a simply supported beam 
to determine the mass of a particle that should be added at the 
midspan of the beam to approximate inertia effects in the 
beam. 

Given: m = 20 kg, mb = 12 kg, E = 200 × 109  N/m2, 
I = 1.15 × 10-4 m4, L = 2 m 

Find: meq 

Solution: the inertia effects of the beam are approximated by placing a particle of 
appropriate mass at the location of the block. The mass of the particle is determined by 
equating the kinetic energy of the beam to the kinetic energy of a particle placed at the 
location of the block. The kinetic energy of the beam is approximated using the static beam 
deflection equation. For a pinned-pinned beam, the deflection equation valid between the 
left support and the location of the block is obtained using Table D.2. In using Table D.2, 
set a = L/2. Note that Table D.2 gives results for unit loads which can be multiplied by the 
magnitude of the applied load to attain the deflection due to any concentrated load. Thus 
the deflection of a pinned-pinned beam due to a concentrated load P applied at a = L/2 is 

  ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−=

16
zL

12
z

EI
Pzy

23

 

Let w be the deflection of the block, located at z = L/2. Thus 

 
( )

3

3

L
z48

EI
P

EI48
PL2Lyw

=

==
 

Hence 

  ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= 2

2

L
z43

L
wzzy  

Consider a differential element of mass dm = ρAdz. The kinetic energy of the differential 
mass is 

  ( ) Adzzy
2
1dT 2

b ρ&=  

Since the beam is symmetric about its midspan the kinetic energy of the mass to the right 
of the midspan is equivalent to the kinetic energy of the mass to the left of the midspan.  
Thus the total kinetic energy of the beam is  
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L
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L
zwA2

2
1

dT2T

2

2
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∫

∫
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Evaluation of the integral yields 

  ( ) ( ) 2
b

2
b wm4920

2
1wAL4920

2
1T .. == ρ  

Hence the equivalent mass is 

  bm4860mm .+=  

Problem 2.30 illustrates determination of the equivalent mass of a pinned-pinned beam. 

 

2.31 Determine the equivalent mass or equivalent 
moment of inertia of the system shown in Figure P2.31 
when the indicated generalized coordinate is used. 

 

Given: x, m, r 

Find: ݉௘௤ 

Solution: The kinetic energy of the system is the kinetic energy of the hanging block plus 
the kinetic energy of the sphere. The velocity of the mass center of the sphere is related to 
the velocity of the block by  

௦ݒ ൌ
ሶݔ
2
 

The total kinetic energy of the system assuming no slip between the sphere and the surface 
௦ݒ) ൌ ௦߱) and knowing that the moment of inertia of a sphere is ଶݎ

ହ
௦ݎ݉

ଶ 

ܶ ൌ
1
2

ሶݔ݉ ଶ ൅
1
2

݉ ൬
ሶݔ
2

൰
ଶ

൅
1
2

൬
2
5

௦ݎ݉
ଶ൰ ൬

ሶݔ
௦ݎ2

൰ ൌ
1
2

൬
27
20

݉൰ ሶݔ ଶ 

The kinetic energy of the system is related to the equivalent mass by ܶ ൌ ଵ
ଶ

݉௘௤ݔሶ ଶ. Thus 

݉௘௤ ൌ
27
20

݉ 

Problem 2.31 illustrates the equivalent mass of a system. 
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2.32 Determine the equivalent mass or equivalent 
moment of inertia of the system shown in Figure 
P2.32 when the indicated generalized coordinate 
is used. 

 

Given: x, m, L 

Find: ݉௘௤ 

Solution: The total kinetic energy of the system is 

ܶ ൌ
1
2

ሶݔ2݉ ଶ ൅
1
2

ሶݕ݉ ଶ ൅
1
2

ሶଶݖ݉ ൅
1
2

ሶߠܫ ଶ 

where y is the displacement of the cart of mass m, z is the displacement of the mass center 
of the bar and ߠ measures the angular rotation of the bar. Kinematics is employed to obtain 
that if x is the displacement of the cart of mass 2m then assuming small ߠ 

ܮ2
3

ߠ ൌ  ݔ

ܮ
3

ߠ ൌ ݕ ൌ
ݔ
2
 

ܮ
6

ߠ ൌ ݖ ൌ
ݔ
4
 

Thus the kinetic energy becomes noting that ܫ ൌ ଵ
ଵଶ

 ଶܮ݉

ܶ ൌ
1
2

ሶݔ2݉ ଶ ൅
1
2

݉ ቀ
ݔ
2

ቁ
ሶ ଶ

൅
1
2

݉ ൬
ሶݔ
4

൰
ଶ

൅
1
2

൬
1

12
ଶ൰ܮ݉ ൬

ሶݔ3
ܮ2

൰
ଶ

ൌ
1
2

൬
5݉
2

൰ ሶݔ ଶ 

The kinetic energy of the system is related to the equivalent mass by ܶ ൌ ଵ
ଶ

݉௘௤ݔሶ ଶ. Thus 

݉௘௤ ൌ
5
2

݉ 

Problem 2.32 illustrates the equivalent mass of a SDOF system. 

 

2.33 Determine the equivalent mass or equivalent moment of 
inertia of the system shown in Figure P2.33 when the 
indicated generalized coordinate is used. 
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Given: m, L, ߠ 

Find: ܫ௘௤ 

Solution: The relative velocity equation is used to relate the angular velocity of bar BC and 
the velocity of the collar at C to the angular velocity of bar AB. 

஻ܞ ൌ ܓሶߠ ൈ ሺcosܮ ߠ  ܑ ൅ sin ߠ ሻܒ ൌ െߠܮሶ sin ߠ ܑ ൅ ሶߠܮ cos ߠ  ܒ

v௖ ൌ ஻ܞ ൅ ߱஻஼ܓ ൈ
ܮ
2

ሺcos ߚ ܑ െ sin ߚ ሻܒ

ൌ ൬െߠܮሶ sin ߠ ൅ ߱஻஼
ܮ
2

sin ൰ߚ ܑ ൅ ൬ߠܮሶ cos ߠ ൅ ߱஻஼
ܮ
2

cos ൰ߚ  ܒ

The law of sines is used to determine that  

sin ߚ ൌ 2 sin  ߠ

Then  

cos ߚ ൌ ඥ1 െ 4 sinଶ  ߠ

Setting the j component to zero leads to 

߱஻஼ ൌ
ሶߠ2 cos ߠ

cos ߚ
 

The x component leads to 

஼ݒ ൌ െߠܮሶ sin ߠ ൅ ߱஻஼
ܮ
2

sin ߚ ൌ ሶሺെsinߠܮ ߠ ൅ cos ߠ tan  ሻߚ

The relative velocity equation is used between particle B and the mass center of bar BC 
leading to 

ത஻஼ܞ ൌ ൬െߠܮሶ sin ߠ ൅ ߱஻஼
ܮ
4

sin ൰ߚ ܑ ൅ ൬ߠܮሶ cos ߠ ൅ ߱஻஼
ܮ
4

cos ൰ߚ  ܒ

The kinetic energy of the system is 

ܶ ൌ
1
2

݉ ൬
ܮ
2

ሶ൰ߠ
ଶ

൅
1
2

൬
1

12
ଶ൰ܮ݉ ሶߠ ଶ

൅
1
2

݉ ቈ൬െߠܮሶ sin ߠ ൅ ߱஻஼
ܮ
4

sin ൰ߚ
ଶ

൅ ൬ߠܮሶ cos ߠ ൅ ߱஻஼
ܮ
4

cos ൰ߚ
ଶ

቉

൅
1
2

൬
1

12
ଶ൰ܮ݉ ሶሺെsinߠܮൣ ߠ ൅ cos ߠ tan ሻ൧ଶߚ

 

The equivalent moment of inertia is calculated for a linear system by ܶ ൌ ଵ
ଶ

ሶߠ௘௤ܫ ଶ. This 
system is linear only for small ߠ. 
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Problem 2.33 illustrates that the concept of equivalent mass does not work for nonlinear 
systems. 

 

2.34 Determine the equivalent mass or 
equivalent moment of inertia of the system 
shown in Figure 2.34 when the indicated 
generalized coordinate is used. 

 

Given: system shown 

Find: ܫ௘௤ 

Solution: The total kinetic energy of the system is 

ܶ ൌ
1
2

ҧ஺஻ݒ݉
ଶ ൅

1
2

൬
1

12
ଶ൰ܮ݉ ሶߠ ଶ ൅

1
2

ҧ஼஽ݒ݉
ଶ ൅

1
2

൬
1

12
ଶ൰ܮ݉ ߶ሶ஼஽

ଶ ൅
1
2

ாݒ݉
ଶ 

where ߶ is the angle made by the lower bar with the horizontal. The displacement of the 
particle on the upper bar that is connected to the rigid link in the same as the displacement 
of the lower bar that is connected to the link 

ߠܮ ൌ
ܮ4
5

߶ ฺ ߶ ൌ
5
4

 ߠ

Substituting into the kinetic energy leads to 

ܶ ൌ
1
2

݉ ൬
ܮ
2

ሶ൰ߠ
ଶ

൅
1
2

൬
1

12
ଶ൰ܮ݉ ሶߠ ଶ ൅

1
2

݉ ൤
ܮ
2

൬
5
4

ሶ൰൨ߠ
ଶ

൅
1
2

൬
1

12
ଶ൰ܮ݉ ൬

5
4

ሶ൰ߠ
ଶ

൅
1
2

݉ ൤
ܮ
3

൬
5
4

ሶ൰൨ߠ
ଶ

ൌ
1
2

൬
37
36

ଶ൰ܮ݉ ሶߠ ଶ 

The equivalent moment of inertia when ߠis used as the generalized coordinate is 

௘௤ܫ ൌ
37
36

 ଶܮ݉

Problem 2.34 illustrates calculation of an equivalent moment of inertia. 

 

2.35 Determine the equivalent mass or equivalent moment of inertia of the system shown 
in Figure P2.35 when the indicated generalized coordinate is used. 
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Given: shafting system with rotors 

Find: ܬ௘௤ 

Given: The relation between the angular 
velocities of the shafts is given by the gear 
equation 

߱ଶ ൌ
݊ଵ

݊ଶ
߱ଵ 

߱ଷ ൌ
݊ଷ

݊ସ
߱ଶ ൌ

݊ଷ

݊ସ

݊ଵ

݊ଶ
߱ଵ 

The kinetic energy of the shafting system is 

ܶ ൌ
1
2

ሺܬଵ ൅ ܬீ ଵሻ߱ଵ
ଶ ൅

1
2

ሺீܬ ଶ ൅ ௥ܬ ൅ ܬீ ଷሻ ൬
݊ଵ

݊ଶ
߱ଵ൰

ଶ
൅

1
2

ܬீ ସ ൬
݊ଷ

݊ସ

݊ଵ

݊ଶ
߱ଵ൰

ଶ

ൌ
1
2

ቈሺܬଵ ൅ ܬீ ଵሻ ൅ ሺீܬ ଶ ൅ ௥ܬ ൅ ܬீ ଷሻ ൬
݊ଵ

݊ଶ
൰

ଶ
൅ ܬீ ସ ൬

݊ଷ

݊ସ

݊ଵ

݊ଶ
൰

ଶ
቉ ߱ଵ

ଶ 

The equivalent moment of inertia is 

௘௤ܬ ൌ ሺܬଵ ൅ ܬீ ଵሻ ൅ ሺீܬ ଶ ൅ ௥ܬ ൅ ܬீ ଷሻ ൬
݊ଵ

݊ଶ
൰

ଶ
൅ ܬீ ସ ൬

݊ଷ

݊ସ

݊ଵ

݊ଶ
൰

ଶ
 

Problem 2.35 illustrates calculation of an equivalent moment of inertia of a shafting 
system. 

 

2.36 Determine the kinetic energy of the 
system of Figure P2.36 at an arbitrary instant 
in terms of x&  including inertia effects of the 
springs. 

 

Given: system shown with x as generalized 
coordinate 

Find: T 

Solution: Let θ be the clockwise angular displacement of the pulley and let x1 be the 
displacement of the center of the disk, both measured from the equilibrium position of the 
system. Inertia effects of a spring are approximated by imagining a particle of one-third of 
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the mass of the spring at the location where the spring is attached to the system. The 
kinetic energy of the system at an arbitrary instant is 

2
1

2222
1
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3
1

2
1

3
1

2
12

2
1

2
12

2
1

2
1

2
1 xmxmmrxmIxmT ssDDp &&&&& +++++= ωθ  

Kinematics leads to 

2

2

1
xx

r
x

=

=θ
 

Since the disk rolls without slip 
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x
r
x

2
1 &&
==ω  

Substitution into the expression for kinetic energy leads to 
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Problem 2.36 illustrates the determination of the kinetic energy of a one-degree-of-freedom 
system at an arbitrary instant in terms of a chosen generalized coordinate and the 
approximation for inertia effects of springs. 

 

2.37 The time-dependent displacement of the 
block of mass m of Figure P2.36 is

m )4sin(03.0)( 35.1 tetx t−= . Determine the 
time-dependent force in the viscous damper if 
c = 125 N·s/m. 

 

Given: x(t), c = 125 N·s/m 

Find: F 
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Solution: The viscous damper is attached to the center of the disk. If x1 is the displacement 
of the center of the disk, then kinematics leads to x1 = x/2. The force developed in the 
viscous damper is 

[ ]

N ))4cos(4)4sin(45.1(875.1

))4cos(4)4sin(35.1()03.0(
2

s/m-N 125

))4cos(4)4sin(35.1()03.0(
2

2

35.1

35.1

35.1

1

tteF

tteF

ttecF

xcxcF

t

t

t

+−=

+−=

+−=

==

−

−

−

&&

 

Problem 2.37 illustrates the force developed in a viscous damper. 

 

2.38 Calculate the work done by the viscous 
damper of Problem 2.37 between t = 0 and t = 1 
s. 

 

Given: x(t), c=125 N-s/m, 0 < t < 1 s 

Find: W 

 

Solution: The time dependent force in the viscous damper is determined in Chapter 
Problem 2.37 as 
The work done by the force is 

∫−= 1 )( dxtFW  

where x1 is the displacement of the point in the system where the viscous damper is 
attached. It is noted that 

m 4sin015.0)(
2
1)( 35.1

1 tetxtx t−==  

Using the chain rule for differentials  

dtxdt
dt
dxdx 1

1
1 &==  

It is noted that xcF &= . Thus  

N ))4cos(4)4sin(45.1(875.1 35.1 tteF t +−= −
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τdm = rdA

dA
r

dt 2
1∫−= xcW &  

m-N0.004211W

dt )4(sin0281.0 2
1

0

7.2

−=

−= ∫ − teW t

 

Problem 2.38 illustrates the work done by a viscous damping force. 

 

2.39 Determine the torsional viscous-damping coefficient for the torsional viscous damper 
of Figure P2.39. Assume a linear velocity profile between the bottom of the dish and the 
disk. 

 

Given: θ, h, ρ, μ 

Find: ct 

Solution: Assume the disk is rotating with an 
angular velocityθ& . The velocity of a particle on 
the disk, a distance r away from the axis of 
rotation is 

  θ&rv=  

Solution: Assume the disk is rotating with an angular velocityθ& . The velocity of a particle 
on the disk, a distance r away from the axis of rotation is 

  θ&rv=  

A velocity gradient exists in the fluid due to the rotation of the plate. Assume the depth of 
the plate is small enough such that the fluid velocity profile is linear between the bottom of 
the dish and the disk. The no-slip condition implies that a fluid particle adjacent to the 
disk, a distance r from the center of rotation has a velocity rθ  while a fluid particle 
adjacent to the bottom of the dish has zero velocity. Hence the velocity gradient is 

 
h

r
dy
dv θ&

=  

 
The velocity gradient leads to a shear stress from the fluid on the 
dish. The shear stress is calculated using Newton’s viscosity 
law as 
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h
r

dy
dv θμμτ

&
==  

The resisting moment acting on the disk due to the shear stress distribution is  

 

( )

θπμ

θθμ

θττ

π

π

&

&

h2
R

drdr
h

drdrrdArM

4

3
2

0

R

0

2

0

R

0

=

=

==

∫ ∫

∫ ∫∫

 

Hence the torsional damping coefficient is  

 
h2
RC

4

t
πμ

=  

Problem 2.39 illustrates a type of torsional viscous 
damper. 

 

2.40 Determine the torsional viscous-damping 
coefficient for the torsional viscous damper of Figure 
P2.40. Assume a linear velocity profile in the liquid 
between the fixed surface and the rotating cone.  

Given: h, d, r, ρ, μ  

Find: ct 

Solution: Let y be a coordinate measured from the tip of the cone, positive upward. 
Assume the cone is rotating with an angular velocity θ& . The velocity of a particle on the 
outer surface of the cone is 

  ( )θ&yRv =  

where R(y) is the distance from the surface to the axis of the cone. From geometry 

  ( )
h
ryyR =  

Hence, 

 
h

ryv θ&
=  
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Assume that d is small enough such that the velocity distribution in the fluid is linear. Let z 
be a coordinate normal to the surface of the cone. Then using the no-slip condition between 
the fluid and the cone’s surface and between the fluid and the fixed surface gives 

  ( )
d
z

h
ryzv θ&

=  

The velocity gradient produces a shear stress on the surface of the cone. Using Newton’s 
viscosity law 

 
hd
ry

dz
dv θμμτ

&
==  

 

Consider a differential slice of the cone of thickness dy. The 
shear stress acts around the surface of the slice, causing a 
resisting moment about the center of the cone of 

 

( )( )

dy
dh

yr2
dyyR2ydM

2

32 θμπ

τπ
&

=

=
 

Thus the total resisting moment is 

 

θμπ

θμπ

&

&

d2
hr

dyy
dh

r2dMM

22

h

0

3
2

2

=

== ∫ ∫
 

Hence the torsional viscous damping coefficient for this configuration is 

 
d2

hrc
22

t
μπ

=  

Problem 2.40 illustrates determination of the torsional viscous damping coefficient for a 
specific configuration. 

 
2.41 Shock absorbers and other forms of viscous dampers use a piston moving in a 
cylinder of viscous liquid as illustrated in Figure P2.41. For this configuration the force 
developed on the piston is the sum of the viscous forces acting on the side of the piston and 
the force due to the pressure difference between the top and bottom surfaces of the piston. 

R(y)
dy
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(a) Assume the piston movers with a constant velocity 
vp. Draw a free-body diagram of the piston and 
mathematically relate the damping force, the viscous 
force, and the pressure force. 

(b) Assume steady flow between the side of the piston 
and the side of the cylinder. Show that the equation 
governing the velocity profile between the piston and 
the cylinder is 

 
ௗ௣
ௗ௫

ൌ ߤ డమ௩
డ௥మ   (1)

   

(c) Assume the vertical pressure gradient is constant. Use the preceding results to 
determine the velocity profile in terms of the damping force and the shear stress on the side 
of the piston. 

(d) Use the results of part (c) to determine the wall shear stress in terms of the damping 
force. 

(e) Note that the flow rate between the piston and the cylinder is equal to the rate at which 
the liquid is displaced by the piston. Use this information to determine the damping force 
in terms of the velocity and thus the damping coefficient. 

(f) Use the results of part (e) to design a shock absorber for a motorcycle that uses SAE 
1040 oil and requires a damping coefficient of 1000 N·m/s. 
 
Given: vp, d, D, h, μ, ρ,  (f) SAE 1040 oil, c = 1000 N·m/s 
Find: (a) - (e) ceq, (f) design damper 

Solution: (a) The free body diagram of the piston at an arbitrary instant shown below 
illustrates the pressure force acting on the upper top and bottom surfaces of the piston, the 
viscous force which is the resultant of the shear stress distribution acting around the 
circumference of the piston, and the reaction force in the piston rod. 

F

F

F

P D

Dh

4
π

πτ

=

=

pu

v w

u
2

4
DPF

2

P
π

ll =  

Assuming the inertia force of the piston is small, summation of forces acting on the piston 
leads to 

  vpup FFFF +−= l  

where 



Chapter 2: Modeling of SDOF Systems 

103 
 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 
 

 
( )

DhF
4

DppFF

wv

2

upup

πτ

π

=

−=− ll  

Hence 

  ( ) Dh
4

DppF w

2

u πτπ +−= l  

(b) Consider a differential ring of height dx and thickness dr, a distance r from the center of 
the position. Consider a free body diagram of the element 

rr

x xp pp p

drdr

dx dx

r

p p

r
ττ τ τ δτδτ

d d

δδ

d d

++

+ +  

Summation of forces acting of the element leads to 

 

( ) ( )

rdx
dp

0dxr2dr
r

drr2pdx
dx
dpp

∂
∂
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=⎟
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⎞

⎜
⎝
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τ
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If the fluid is Newtonian 

 
r
v
∂
∂

−= μτ  

where v( r, x) is the velocity distribution in the fluid. Thus 

  2

2

r
v

dx
dp

∂
∂

=μ  

(c) Assume dp/dx = C, a constant. Then from the preceding equation 

  21
2 crcr

2
cv ++=
μ

 

where c1  and c2  are constants of integration. The boundary conditions are 

 
( )
( ) 0dRv

v2DRv
=+
==

  

Application of the boundary conditions leads to 
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Using Newton’s viscosity law 
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Note that since the pressure is constant 

 
h

pp
dx
dp u−

= l  

Hence the damping force becomes 
 

  2

2

w d2
hDv

d2
D1DhF πμπτ −⎟
⎠
⎞

⎜
⎝
⎛ +=  

(d) Note that the flow rate must be equal to the velocity of the piston times the area of the 
piston 

  v
4

DQ
2

π=  

The flow rate is also calculated by 
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Equating Q from the previous two equations and solving for the wall shear stress leads to 

 
( )

( )d8Dd2
d12dD2D3v

2

22

w −
−−

=
μτ  

and leads to 

 
( )

( ) v
d8Dd4

d24dDD3hDF 3

323

−
−−

=
πμ

 

which leads to the damping coefficient 
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 ( )
( )d8Dd4

d24dDD3Dhc 3

323

−
−−

=
μπ

 

If D>>d, the preceding equation is approximated by 

  3

3

d4
hD3c πμ

=  

Corrections to the above equation in powers of d/D can be obtained by expanding the 
reciprocal of the denominator in powers of d/D using a binomial expansion, multiplying by 
the numerator, simplifying and collecting coefficients on like powers of d/D. 

(e) The viscosity of SAE 1040 oil is approximately 0.4 N·s / m2  

Assume h = 0.5 mm and d = 10 mm. Then setting c = 1000 N·s/m and assuming D >> d 
leads to 

 

( )
( )

( )
m0.374

3
01.04
0005.04.01000 3

3

=

=

D

Dπ
 

Problem 2.41 illustrates (a) the derivation of the viscous damping coefficient for a piston-
cylinder dashpot, and (b) the use of the equation for the viscous damping coefficient to 
design a viscous damper for a given situation. 

 

2.42 Derive the differential equation governing 
the motion of the one degree-of-freedom system 
by applying the appropriate form(s) of Newton’s 
laws to the appropriate free-body diagrams. Use 
the generalized coordinates shown in Figure 
P2.42. Linearize nonlinear differential equations 
by assuming small displacements.  

Given: x as generalized coordinate, m, k 

Find: differential equation 

Solution: Free-body diagrams of the system at an arbitrary time are shown below. 
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Summing forces acting on the block 

  ( ) ( )
effext FF ∑∑ =  

gives 

 

0x
m
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0kx3xm
xmkx2kx

=+

=+
=−−

&&

&&

&&

 

Problem 2.42 illustrates application of Newton’s law to derive the differential equation 
governing free vibration of a one-degree-of-freedom system.  

 

2.43 Derive the differential equation governing the 
motion of the one degree-of-freedom system by 
applying the appropriate form(s) of Newton’s laws to 
the appropriate free-body diagrams. Use the generalized 
coordinates shown in Figure P2.43. Linearize nonlinear 
differential equations by assuming small displacements.  

Given: x as generalized coordinate, k, m, I, r 

Find: differential equation 

Solution: Since x is measured from the system’s equilibrium position, gravity cancels with 
the static spring forces in the governing differential equation. Thus, for purposes of 
deriving the differential equation, both are ignored. It is assumed there is no slip between 
the cable and the pulley. Thus the angular rotation of the pulley is kinematically related to 
the displacement of the block by 

 
r2
x

=θ  

Free-body diagrams of the system are shown below at an arbitrary instant. 
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Summing moments about the center of the pulley 
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leads to 
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Problem 2.43 illustrates application of Newton’s law to derive the differential equation 
governing free vibration of a one-degree-of- freedom system. This problem also illustrates 
the benefits of using external and effective forces. Use of this method allows one free-body 
diagram to be drawn showing all effective forces. If this method were not used, one free-
body diagram for the block and one free-body diagram of the pulley must be drawn. These 
free-body diagrams expose the tension in the pulley cable. Application of Newton’s laws 
to the free-body diagrams yield equations involving the unknown tension. The tension 
must be eliminated between the equations in order to derive the differential equation. 

 

2.44 Derive the differential equation governing the motion of 
the one degree-of-freedom system by applying the appropriate 
form(s) of Newton’s laws to the appropriate free-body 
diagrams. Use the generalized coordinates shown in Figure 
P2.44. Linearize nonlinear differential equations by assuming 
small displacements.  

Given: k, L ,m, c 

Find: differential equation 
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Solution: The small angle assumption is used. Free-body diagrams of the bar at an arbitrary 
instant are shown below. 

 

Summing moments about the point of support 
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leads to  
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Problem 2.44 illustrates application of Newton’s law to derive the differential equation 
governing the free vibrations of a one-degree-of-freed- linear system with viscous 
damping. 

 

2.45 Derive the differential equation governing 
the motion of the one degree-of-freedom system 
by applying the appropriate form(s) of Newton’s 
laws to the appropriate free-body diagrams. Use 
the generalized coordinates shown in Figure 
P2.45. Linearize nonlinear differential equations 
by assuming small displacements.  
 

Given: m, c, k, L, θ as generalized coordinate 

Find: differential equation 

Solution: The small angle assumption is used. It is also noted that gravity, which causes 
static spring forces, causes with these static spring forces in the governing differential 
equation and hence both are ignored. Free-body diagrams of the bar at an arbitrary instant 
are shown below. 
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Summing moments about the point of support, 

  ( ) ( )
effoexto MM ∑∑ =  

leads to 
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Problem 2.45 illustrates application of Newton’s law to derive the differential equation 
governing the free vibration of a one-degree-of-freedom system with viscous damping. 

 

2.46 Derive the differential equation governing the motion of 
the one degree-of-freedom system by applying the appropriate 
form(s) of Newton’s laws to the appropriate free-body 
diagrams. Use the generalized coordinates shown in Figure 
P2.46. Linearize nonlinear differential equations by assuming 
small displacements.  
 

Given: m, k, c, x as generalized coordinate 

Find: differential equation, ωn 

Solution: The effect of the incline is to cause a non-zero static deflection in the spring. 
Thus, neither the gravity force or the static spring force have any effect on the differential 
equation and both are ignored in drawing the free body diagrams. Assuming the disk rolls 
without slip, its angular acceleration is related to the acceleration of the mass center by 

 
r
x&

=α  
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Consider the free body diagrams drawn below at an arbitrary instant 

 

Summing moments about the point of contact between the disk and the incline 
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leads to 
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Problem 2.46 illustrates application of Newton’s law to determine the governing 
differential equation for free vibrations of a one-degree-of-freedom system with viscous 
damping. 

 

2.47 Derive the differential equation governing the motion of one-degree-of-freedom 
system by applying the appropriate form(s) of Newton’s laws to the appropriate free-body 
diagrams. Use the generalized coordinate shown in Figure P.2.47. Linearize nonlinear 
differential equations by assuming small displacements.   

 
 

Given: system shown 

Find: differential equation 

 

 

 

 

Solution:  Free-body diagrams of the system at an arbitrary instant are shown below. 
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The displacement of each end of the rigid rod is the same. Using the small angle 
assumption 
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Summing moments about the pin support of the upper bar leads to 
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Summing moments about the pin support of the lower bar leads to 
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Substitution for F and θ2 leads to 
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Rewriting the equation in standard form  

0
91
408

91
75

=++ θθθ
m
k

m
c &&&  

Problem 2.47 illustrates the derivation of the differential equation governing the motion of 
a linear one-degree-of-freedom system using the free-body diagram method.  

 

2.48 Derive the differential equation governing the motion of one-degree-of-freedom 
system by applying the appropriate form(s) of Newton’s laws to the appropriate free-body 
diagrams. Use the generalized coordinate shown 
in Figure P2.48.  Linearize nonlinear differential 
equations by assuming small displacements.  

 
Given: system shown 

Find: differential equation  

Solution: Free-body diagrams of the system at an arbitrary instant are shown below 

 

Note that the force developed in the spring is proportional to the change in length of the 
spring. When the center of the disk is displaced a distance x from equilibrium, the end of 
the spring attached to the center of the disk compresses by x. When the center of the disk 
displaces x, the point on the disk to which the spring is attached has translated a distance x 
and rotated along the distance an angle θ. Assuming no slip between the disk and the 
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surface, θ = x/r. Hence this end of the spring has displaced 2x. The total change in length 
of this spring is 3x. 
 
Summing moments about the point of contact between the disk and surface leads to 
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The differential equation is put into standard form by dividing by the coefficient of x&&  
leading to 
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m
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Problem 2.48 illustrates derivation of the differential equation governing the motion of a 
one-degree-of-freedom system using the free-body diagram method, putting the 
differential equation into a standard form, and determination of the natural frequency 
from the differential equation. 
 

2.49 Derive the differential equation 
governing the motion of the one-degree-of-
freedom system by applying the appropriate 
form(s) of Newton’s laws to the appropriate 
free-body diagrams. Use the generalized 
coordinate shown in Figure P2.49. Linearize 
nonlinear differential equations by assuming 
small displacements.  

 
Given: system shown 

Find: differential equation 

 Solution: Free-body diagrams of the system at an arbitrary instant are shown below 
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Summing moments about the pin support leads to 
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The differential equation is put into standard form by dividing by the coefficient of θ&&
leading to 
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Problem 2.49 illustrates the use of the free-body diagram method to derive the differential 
equation governing the motion of a one-degree-of-freedom system.  

 

2.50 Derive the differential equation governing 
the motion of the one degree-of-freedom system 
by applying the appropriate form(s) of Newton’s 
laws to the appropriate free-body diagrams. Use 
the generalized coordinates shown in Figure 
P2.50. Linearize nonlinear differential equations 
by assuming small displacements. 
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Given: R, r, m, φ as generalized coordinate 

Find: differential equation, ωn 

Solution: The generalized coordinate is chosen as φ, the angle made between the normal to 
the sphere and the surface at any instant of time. Let θ be an angular coordinate 
representing the angular displacement of the sphere. If the sphere rolls without slip, then 
the distance traveled by the mass center of the sphere is 

  θrx=   (1) 

However, the mass center of the sphere is also traveling in a circular path of radius (R-r). 
Thus the distance traveled by the mass center is also equal to 

  φ)( rRx −=   (2) 

Equating x from eqs.(1) and (2) leads to 

  φθ
r

rR−
=  

Now consider free body diagrams of the sphere at an arbitrary instant. 

 

 

 

 

Summing moments about the point of contact, 
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Assuming small φ 
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Problem 2.50 illustrates application of Newton’s law to derive the differential equation 
governing free vibration of a one-degree-of-freedom system.  

 

2.51 Derive the differential equation 
governing the motion of the one-degree-
of-freedom system by applying the 
appropriate form(s) of Newton’s laws to 
the appropriate free-body diagrams. Use 
the generalized coordinate shown in 
Figure P2.51. Linearize nonlinear 
differential equations by assuming small 
displacements.   

 
 
Given: system shown 

Find:  differential equation 
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Solution: Free-body diagrams of the system at an arbitrary instant are shown below 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Summing moments about the point of support of the bar using the small angle assumption 
leads to 
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Summing moments about the point of contact between the disk and the surface leads to 
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Kinematics is used to give 
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Equating the two expressions for F and substituting for θ leads to 

0
2

33
2
5

3
2
1

3
23

3
1

2
3

=⎟
⎠
⎞

⎜
⎝
⎛ +++

⎟
⎠
⎞

⎜
⎝
⎛
⎟
⎠
⎞

⎜
⎝
⎛ ++⎟

⎠
⎞

⎜
⎝
⎛=−−−

x
L

mgkxcxm

L
xmgLk

L
xmLkxxcxm

&&&

&&
&&&

 

The differential equation is put into standard form by dividing by the coefficient of  
leading to 
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Problem 2.51 illustrates the application of the free-body diagram method to derive the 
differential equation governing the motion of a one-degree-of-freedom system.  

 

2.52 Determine the differential equations governing 
the motion of the system by using the equivalent 
systems method. Use the generalized coordinates 
shown in Figure P2.52.  

 

Given: system shown 

Find: differential equation using x as the generalized coordinate. 

Solution: The springs attached to the mass act as two springs in parallel. The system can be 
modeled by a mass attached to a spring of equivalent stiffness 3k. Thus the governing 
differential equation is  

  0kx3xm =+&&  

x&&
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or 

  0x
m
k3x =+&&  

Problem 2.52 illustrates the application of the equivalent system approach to derive the 
governing differential equation for a block attached to springs in parallel.  

 

2.53 Determine the differential equations governing the 
motion of the system by using the equivalent systems 
method. Use the generalized coordinates shown in 
Figure P2.53.  

 

Given: x as generalized coordinate, k, m, I, r 

Find: differential equation  

Solution: Since x is measured from the system’s equilibrium position, gravity cancels with 
the static spring forces in the governing differential equation. Thus, for purposes of 
deriving the differential equation, both are ignored. It is assumed there is no slip between 
the cable and the pulley. Thus the angular rotation of the pulley is kinematically related to 
the displacement of the block by 

 
r2
x

=θ  

The equivalent systems method is used. The system is modeled by a mass-spring system of 
an equivalent mass and equivalent stiffness, using the generalized coordinate, x. The 
kinetic energy of the equivalent system at an arbitrary time is 
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The kinetic energy of the system at an arbitrary instant is 
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Requiring the kinetic energy of the equivalent system to be equal to the kinetic energy of 
the original system at any instant leads to 
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The potential energy of the equivalent system at an arbitrary instant is 
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The potential energy of the system at hand at an arbitrary instant is 
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Requiring the potential energies to be equal at any instant leads to 

 
4
kkeq =  

The differential equation governing free vibration is 
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Problem 2.53 illustrates use of the equivalent system method to derive the differential 
equation governing free vibration of a one-degree-of-
freedom system.   

 

2.54 Determine the differential equations governing the 
motion of the system by using the equivalent systems 
method. Use the generalized coordinates shown in Figure 
P2.54.  

Given: k, m, c, θ as generalized coordinate 

Find: differential equation, ωn 

Solution: The small angle assumption is used. Since the 
generalized coordinate is an angular displacement the 
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system is modeled by a disk of mass moment of inertia Ieq attached to a shaft of torsional 
stiffness kt,eq and connected to a torsional viscous damper of torsional damping coefficient 
ct,eq. 

The kinetic energy of the system at an arbitrary time is 
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Hence, 

  2
eq mL

48
7I =  

Using a horizontal plane through the pin support as the datum for potential energy 
calculations due to gravity, the potential energy of the system at an arbitrary time is 
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Using the small angle assumption and the Taylor series expansion for cosθ, truncated after 
the quadratic term, leads to 
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Hence 
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The work done by the damping force between two arbitrary times is 
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Hence 
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1c

eq
=  

The governing differential equation is 
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Problem 2.54 illustrates application of the equivalent systems method to derive the 
differential equation governing the motion of a one-degree-of-freedom system with viscous 
damping.  

 

2.55 Determine the differential equations 
governing the motion of the system by using the 
equivalent systems method. Use the generalized 
coordinates shown in Figure P2.55.  

 

Given:  system shown 

Find: differential equation using θ as the 
generalized coordinate 

Solution: The small angle assumption is used. Since the generalized coordinate is an 
angular coordinate, the appropriate equivalent system model is a thin disk of mass 
moment-of inertia Ieq. attached to a shaft of torsional stiffness kt,eq. and torsional viscous 
damper of damping coefficient ct,eq. .The kinetic energy of the equivalent system is 

  2
eqI

2
1T θ&.=   (1) 
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The kinetic energy of the system at hand is 
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  (2) 

comparing eqs.(1) and (2) leads to 

  2
eq mL

48
7I =.   (3) 

The potential energy of the equivalent system is 

  2
teq

k
2
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.
=   (4) 

The potential energy of the system at hand, is 
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Comparing eqs. (4) and (5) leads to 

  2
t kL

8
5k

eq
=

.
  (6) 

The work done by the torsional viscous damper of the equivalent system is 

  ∫−= θθdCU
eqt

&   (7) 

The work done by this viscous dampers in the system at hand is 

K

C

t

t

I

eq

eq

eq



Chapter 2: Modeling of SDOF Systems  
 

124 
 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 

 

 

∫

∫∫

∫∫

−=

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛−=

−−=

θθ

θθθθ

dcL
8
3

4
Ld

4
Lc2

2
Ld

2
Lc

dxxc2dxxcU

2

BBAA

&

&&

&&

  (8) 

Comparing eqs.(7) and (8) leads to 

  2
t cL

8
3c

eq
=   (9) 

The differential equation governing motion of the equivalent system is 

  0kcI
eqeq tteq =++ θθθ

...
&&&   (10) 

Substituting eqs.(3), (6), and (9) in eq.(10) leads to the differential equation governing the 
system as 

  0kL
8
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8
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7 222 =++ θθθ &&&   (11) 

Dividing eq.(11) by the coefficient of its highest derivative gives 

  0
m
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7
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m
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7
16

=++ θθθ &&&   (12) 

Problem 2.55 illustrates use of the equivalent system method to derive the differential 
equation for a system with viscous damping when an angular coordinate is chosen as the 
generalized coordinate.  

 

2.56 Determine the differential equations governing the 
motion of the system by using the equivalent systems 
method. Use the generalized coordinates shown in Figure 
P2.56.  

Given: m, k, c, x as generalized coordinate 

Find: differential equation  

Solution: The system is modeled by a mass-spring-dashpot system of equivalent mass, 
stiffness, and viscous damping coefficient. The kinetic energy of the equivalent system is 

  2
eq xm

2
1T &=  
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If the disk rolls without slip then its angular velocity is related to the velocity of its mass 
center by 

 
r
x&

=ω  

In this case the kinetic energy of the system is 
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and hence 

  m
2
3meq =  

The potential energy of the equivalent system is 

  2
eq xk

2
1V =  

The gravity causes a static deflection in the spring, and does not contribute to any 
additional potential energy. Thus, ignoring gravity and the initial potential energy in the 
spring, 

  2kx
2
1V =  

and 

  kkeq =  

The work done by the damping force in the equivalent system is 

  ∫−= dxxcW eq &  

The work done by damping force in the system at hand is 

  ∫−= dxxcW &  

Hence, cceq = . Thus the governing differential equation is 
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Problem 2.56 illustrates the use of the equivalent system method to derive the differential 
equation for a one-degree-of-freedom system.  

 

2.57 Determine the differential 
equations governing the motion 
of the system by using the 
equivalent systems method. Use 
the generalized coordinates 
shown in Figure P2.57. 

 
 
Given: system shown 

Find: differential equation  

Solution: Let θ2 be the counterclockwise angular displacement of the lower bar. Since the 
displacement of each end of the rigid rod is the same, use of the small angle approximation 
leads to 
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The kinetic energy of the system at an arbitrary instant is 
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Since an angular coordinate is chosen as the generalized coordinate the torsional system is 
the appropriate model system with  
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91 mLI eq =  

 The potential energy of the system at an arbitrary instant is        
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Thus, 
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The work done by the viscous damper between two arbitrary times is 
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Thus the equivalent torsional damping coefficient is 

81
25 2cLc

eqt =  

The differential equation governing the motion of the system is 
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The equation is put into standard form by dividing through by the coefficient of the θ&&  term 
leading to 
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Problem 2.57 illustrates derivation of the governing differential equation using the 
equivalent systems method. 

 

2.58 Determine the differential equations 
governing the motion of the system by using the 
equivalent systems method. Use the generalized 
coordinates shown in Figure P2.58. 

 
 

Given: system shown 

Find: differential equation 

Solution: It the disk rolls without slip then the velocity of the mass center is related to the 
angular velocity of the disk by ωrx =& . The kinetic energy of the system at an arbitrary 
instant is 
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Thus the equivalent mass of the system is 

mmeq 2
3

=  

The potential energy developed in a spring is proportional to the square of the change in 
length of the spring. If the center of the disk displaces a distance x from equilibrium the 
end of the spring attached to the center of the disk displaces x. The point at the top of the 
disk where the spring is attached translates a distance x and rotates through an angle θ. 
Since the disk rolls without slip θ = x/r. Thus the total displacement of that end of the 
spring is x + rθ=2x. Then the total change in length of the spring is 3x. The potential 
energy of the system at an arbitrary instant is 
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Thus the equivalent stiffness of the system is 
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The work done by the viscous damper between two arbitrary positions is 
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The equivalent viscous damping coefficient for the system is 

cceq =  

The differential equation governing the motion of the system is 
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The differential equation is put into standard form by dividing by the coefficient of x&&  
leading to 
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Problem 2.58 illustrates derivation of the differential equation governing the motion of a 
linear one-degree-of-freedom system using the equivalent systems method. 

 

2.59 Determine the differential equations 
governing the motion of the system by 
using the equivalent systems method. Use 
the generalized coordinates shown in 
Figure P2.59. 

 

Given: system shown 

Find: differential equation, ωn 

Solution: The kinetic energy of the system at an arbitrary instant is 
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Since an angular coordinate is chosen as the generalized coordinate the equivalent system 
model is the torsional system. The equivalent moment of inertia of the system is 
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6
5 mLI eq =  

The potential energy of the system at an arbitrary instant is 
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The equivalent torsional stiffness is 
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The work done by the viscous dampers between two arbitrary positions is 
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The equivalent torsional viscous damping coefficient is 
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2
1 cLc
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The differential equation governing the motion of the system is 
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The differential equation is put into standard form by dividing by the coefficient of θ&& leading to 
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Problem 2.59 illustrates the application of the equivalent systems method to derive the 
differential equation governing the motion of a linear one-degree-of-freedom system.   
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2.60 Determine the differential equations 
governing the motion of the system by using the 
equivalent systems method. Use the generalized 
coordinates shown in Figure P2.60. 

 

Given: system shown 

Find: differential equation 

Solution: The generalized coordinate is chosen as φ the angle made between the normal to 
the sphere and the surface at any instant. Let θ be an angular coordinate representing the 
angular displacement of the sphere. If the sphere rolls without slip, then the distance 
traveled by the mass center of the sphere is 

θrx =  

However the mass center of the sphere is also traveling in a circular path of radius (R-r). 
Thus the distance traveled by the mass center is also equal to 

φ)( rRx −=  

Equating x between the two equations leads to 
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The kinetic energy of the system at an arbitrary instant is 
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Hence the equivalent moment of inertia is 

2)(
5
7 rRmI eq −=  

The datum for potential energy calculations is taken as the position of the mass center of 
the sphere when it is in equilibrium at the bottom of the circular path. The potential energy 
at an arbitrary instant is 

φcos)( rRmgV −=  



Chapter 2: Modeling of SDOF Systems  
 

132 
 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 

 

Use of the small angle assumption leads to 

2)(
2
1 φrRmgV −=  

Thus the equivalent torsional stiffness is 

)( rRmgk
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The differential equation governing the motion of the system is 
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5
7 2 =−+− φφ rRmgrRm &&  

The differential equation is put into standard form by dividing by the coefficient 
multiplying the highest order derivative. This leads to 

0
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rR
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Problem 2.60 illustrates the application of the equivalent systems method to derive the 
differential equation governing the motion of a one-degree-of-freedom linear system with 
an angular displacement as the chosen generalized coordinate. 

 

2.61 Determine the differential equations governing 
the motion of the system by using the equivalent 
systems method. Use the generalized coordinates 
shown in Figure P2.61. 

 
Given: system shown 

Find: differential equation 
 

Solution: The kinetic energy of the system is 
ܶ ൌ ௕ܶ ൅ ௦ܶwhere ௕ܶ is the kinetic energy of the bar 
and ௦ܶ is the kinetic energy of the sphere. The kinetic energy of the sphere is assuming no 
slipping 
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Let ߠ (small) be the angular rotation of the bar. Both ends of the rigid link have the same 
displacement, thus 
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The kinetic energy of the bar is 
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Hence the total kinetic energy of the system is 
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The equivalent mass of the system is ହ௠
ଶ

. The potential energy of the system is 
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Using the small angle assumption and approximating 1 െ cos as ଵߠ
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the potential energy of 
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The equivalent stiffness of the system is 3݇ ൅ ଷ௠௚
ଶ௅

. The work done by the viscous damping 
force is 

ܷ ൌ െ න ሶݔܿ  ݔ݀

The equivalent viscous damping coefficient is c. The differential equation is 
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Problem 2.61 illustrates the application of the equivalent systems method to derive the 
differential equation governing the motion of a one-degree-of-freedom linear system with a 
liner displacement as the chosen generalized coordinate and gravity as a source of potential 
energy. 


