Chapter 2

2.1 Exercises

1.

10.

11.

12.

13.

14.

{1, 3,5,7, 9} matches F, the set of odd
positive integer less than 10.

{x|x is an even integer greater than 4 and
less than 6} matches G, the empty set, since
there is no even integer larger than 4 and
smaller than 6.

{...,—4, -3, -2, —1} matches E, the set of all
negative integers.

{...=5,-3,-1, 1, 3,5, ...} matches D, the
set of all odd integers.

{2, 4, 8, 16, 32} matches B, the set of the
five least positive integer powers of 2, since
each element represents a successive power

of 2 beginning with 2!,

{....—4,-2,0,2, 4, ...} matches A, the set of
all even integers.

{2,4,6, 8, 10} matches H, the set of the five
least positive integer multiples of 2, since
this set represents the first five positive even
integers. Remember that all even numbers
are multiples of 2.

{2, 4, 6, 8} matches C, the set of even
positive integers less than 10.

The set of all counting numbers less than or
equal to 6 can be expressed as
{1,2,3,4,5,6}.

The set of all whole numbers greater than 8
and less than 18 can be expressed as
{9, 10, 11, 12, 13, 14, 15, 16, 17}.

The set of all whole numbers not greater
than 4 can be expressed as {0, 1, 2, 3, 4}.

The set of all counting numbers between 4
and 14 can be expressed as
{5,6,7,8,9,10, 11, 12, 13}.

In the set {6, 7, 8, ..., 14}, the ellipsis (three
dots) indicates a continuation of the pattern.

A complete listing of this set is
{6,7,8,9,10, 11, 12, 13, 14}.

The set {3, 6,9, 12, ..., 30} contains all
multiples of 3 from 3 to 30 inclusive. A

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

complete listing of this set is
{3,6,9,12, 15, 18, 21, 24, 27, 30}.

The set {—15,-13, —11, ..., —1} contains all
integers from —15 to —1 inclusive. Each
member is two larger than its predecessor. A
complete listing of this set is
{-15,-13,-11,-9,-7, -5, -3, -1}.

The set {—4, -3, -2, ..., 4} contains all
integers from —4 to 4. Each member is one
larger than its predecessor. A complete
listing of this set is

{-4,-3,-2,-1,0, 1,2, 3, 4}.

The set {2, 4, 8, ..., 256} contains all powers
of two from 2 to 256 inclusive. A complete

listing of this set is
{2,4,8, 16,32, 64, 128, 256}.

In the set {90, 87, 84, ..., 69}, each member
after the first is found by subtracting 3 from
the previous member. The set contains
multiples of 3 in decreasing order, from 90
to 69 inclusive. A complete listing is

{90, 87, 84, 81, 78, 75, 72, 69}.

A complete listing of the set

{x|x is an even whole number less than 11}
is {0, 2, 4, 6, 8, 10}. Remember that O is the
first whole number.

The set
{x|x is an odd integer between —8 and 7} can
be represented as {-7, -5, -3, -1, 1, 3, 5}.

The set of all counting numbers greater than
20 is represented by the listing
{21, 22,23, ..}.

The set of all integers between —200 and
500 is represented by the listing
{-199, =198, -197, ..., 499}.

The set of Great Lakes is represented by
{Lake Erie, Lake Huron, Lake Michigan,
Lake Ontario, Lake Superior}.

The set of United States presidents who
served after Richard Nixon and before
Barack Obama is represented by {George
W. Bush, William Clinton, George H.W.
Bush, Ronald Reagan, Jimmy Carter, Gerald
Ford}.
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28 CHAPTER 2 THE BASIC CONCEPTS OF SET THEORY

25.

26.

217.

28.

The set {x|x is a positive multiple of 5} is
represented by the listing {5, 10, 15, 20, ...}.

The set {x|x is a negative multiple of 6} is
represented by the listing
{-6,-12,-18, 24, -30, ...}.

The set
{x]x is the reciprocal of a natural number} is
represented by the listing

{111111

757 37 47 57-'-J'

The set {x|x is a positive integer power of 4}
is represented by the listing
{4, 16, 64, 256, 1024, ...} since 4' =4,

42 = 16, and so forth.

Note that in Exercises 29-32, there are other ways
to describe the sets.

29.

30.

31.

32.

33.

34.

35.

36.

37.

The set of all rational numbers may be
represented using set-builder notation as
{x|x is a rational number}.

The set of all even natural numbers may be
represented using set-builder notation as
{x|x is an even natural number}.

The set {1, 3, 5, ..., 75} may be represented
using set-builder notation as
{x|x is an odd natural number less than 76}.

The set {35, 40, 45, ..., 95} may be
represented using set-builder notation as
{x|x is a multiple of 5 between 30 and 100}.

{-9,-8,-7, ..., 7, 8, 9} is the set of single-
digit integers.

{1, l, l, l, } is the set of positive rational
2 3 4
numbers with numerator 1.

{Alabama, Alaska, Arizona, ..., Wisconsin,
Wyoming} is the set of states of the United
States.

{ Alaska, California, Hawaii, Oregon,
Washington} is the set of U.S. states that
border the Pacific Ocean.

The set {2, 4, 6, ..., 932} is finite since the
cardinal number associated with this set is a
whole number.

38.

39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

50.

The set {6, 12, 18} is finite since the
cardinal number is a whole number.

The set {l % =
2

s s 5 e

} is infinite since there

is no last element, and we would be unable
to count all of the elements.

The set {—100, —80, —60, —40, ...} is infinite
since there is no last element, and therefore
its cardinal number is not a whole number.

The set

{x]x is a natural number greater than 50} is
infinite since there is no last element, and
therefore its cardinal number is not a whole
number.

The set

{x|x is a natural number less than 50} is
finite since there are a countable number of
elements in the set.

The set {x|x is a rational number} is infinite
since there is no last element, and therefore
its cardinal number is not a whole number.

The set

{x|x is a rational number between 0 and 1}
is an infinite set. One could never finish
counting the elements of this set because
between every two rational numbers, we can
always find another rational number.

For any set A, n(A) represents the cardinal
number of the set, that is, the number of
elements in the set. The set
A=1{0,1,2,3,4,5,6,7} contains

8 elements. Thus, n(A) = 8.

The set A = {-3,-1, 1, 3,5, 7,9} contains
7 elements. Thus, n(A) = 7.

The set A = {2, 4, 6, ..., 1000) contains
500 elements. Thus, n(A) = 500.

The set A = {0, 1, 2, 3, ..., 3000} contains
3001 elements. Thus, n(A) = 3001.

The set A ={a, b, c, ..., z} has 26 elements
(letters of the alphabet). Thus, n(A) = 26.

The set

{x|x is a vowel in the English alphabet} has
5 members since there are 5 vowels, a, €, 1,
0, and u. Thus, n(A) = 5.
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51.

52.

53.

54.

55.
56.

57.

58.

59.

60.

61.

62.

63.

64.

The set A = the set of integers between —20
and 20 has 39 members. The set can be
indicated as {—19, —18, ..., 18, 19}, or

19 negative integers, 19 positive integers,
and 0. Thus, n(A) = 39.

The set A = set of current US senators has
100 members (two from each state). Thus,
n(A) = 100.

27 28} has

111 11 1]
2’3 3

>

107 10]
has 18 (nine negative and nine positive)
elements. Thus, n(A) = 18.

Writing exercise; answers will vary.
Writing exercise; answers will vary.

The set {x|x is a real number} is well
defined since we can always tell if a number
is real and belongs to this set.

The set {x]x is a good athlete} is not well
defined since set membership, in this case, is
a value judgment, and there is no clear-cut
way to determine whether a particular
athlete is “good.”

The set {x|x is a difficult course} is not well
defined since membership is a value
judgment, and there is no clear-cut way to
determine whether a particular course is
“difficult.”

The set

{x|x is a counting number less than 2} is
well defined since we can always tell if a
number satisfies the conditions and, hence,
belongs to this set. Note that there is only
one element, 1, in the set.

5| {2,4, 5,7} since 5 is a member of the
set.

-4 12| {4,7, 8, 12} since —4 is not contained
in the set.

—-121¢|{3, 8, 12, 18} because —12 is not a
member of the set.

0lel{-2,0,5,9} since 0 is a member of the
set.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

{3} gl {2, 3, 4, 6} since the elements are not
sets themselves.

{6} |¢]| {6, 7} (which is equivalent to the
original set) because the set {6} is not a
member of the second set even though the
number 6 is.

8le| {11-2,10-2,9-2,8 -2} since
8=10-2.

Writing exercise; answers will vary.

The statement 3 € {2, 5, 6, 8} is false since
the element 3 is not a member of the set.

The statement 6 € {2, 5, 8, 9} is false since
the element 6 is not a member of the set.

The statement b € {h, c, d, a, b} is true
since b is contained in the set.

The statement m € {1, m, n, o, p} is true
since m is contained in the set.

The statement 9 ¢ {6, 3, 4, 8} is true since 9
is not a member of the set.

The statement 2 ¢ {7, 6, 5, 4} is true since 2
is not a member of the set.

The statement {k, ¢, 1, a} = {k, c, a, r} is
true since both sets contain exactly the same
elements.

The statement {e, h, a, n} = {a, h, e, n} is
true since both sets contain exactly the same
elements.

The statement {5, 8,9} = {5, 8,9, 0} is false
because the second set contains a different
element from the first set, 0.

The statement

{3,7,12,14} = {3, 7, 12, 14, 0} is false
because the second set contains a different
element from the first set, 0.

The statement {4} € {{3}, {4}, {5}} is true
since the element, {4}, is a member of the
set.

The statement 4 € {{3}, {4}, {5}} is false
since the element, 4, is not a member of the
set. Rather {4} is a member.
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81.

82.

83.

84.

8s.

86.

87.

88.

89.

90.

91.

92,

93.

94.

9s.

The statement

{x|x is a natural number less than 3}

= {1, 2} is true since both represent sets
with exactly the same elements.

The statement {x|x is a natural number
greater than 10} = {11, 12, 13, ...} is true
since both represent sets with exactly the
same elements.

The statement 4 € A is true since 4 is a
member of set A.

The statement 8 € B is true since 8 is a
member of set B.

The statement 4 ¢ C is false since 4 is a
member of the set C.

The statement 8 ¢ B is false since 8 is a
member of the set B.

Every element of C is also an element of A
is true since the members, 4, 10, and 12 of
set C, are also members of set A.

The statement, every element of C is also an
element of B, is false since the element, 12,
of set C is not also an element of set B.

Writing exercise; answers will vary.
Writing exercise; answers will vary.

An example of two sets that are not
equivalent and not equal would be {3} and
{c, f}. Other examples are possible.

An example of two sets that are equal but
not equivalent is impossible. If they are
equal, they have the same number of
elements and must be equivalent.

An example of two sets that are equivalent
but not equal would be {a, b} and {a, c}.
Other examples are possible.

Two sets that are both equal and equivalent
would be {5} and {4 + 1}. Other examples
are possible.

(a) The actors with a return of at least
$7.40 are those listed in the set { Drew
Barrymore, Leonardo DiCaprio, Samuel
L. Jackson, Jim Carrey}.

96.

(b) The actors with a return of at most
$3.75 are those listed in the set
{Will Ferrell, Ewan McGregor}.

(a) Since there are 220 calories in the
cotton candies that Alexis likes, she
must burn off 3 x 220 = 660 calories.
The following sets indicate activities
that will burn off the required number
of calories and will take no more than
two hours: {r}, {g, s}, {c, s}, {v, 1}, {g,
r}, {c,r}, and {s, r}.

(b) The required number of calories to burn
off is 5 x 220 = 1100 calories. The
following sets indicated activities taking
less than or equal to three hours and
burning off the required number of
calories: {v, g, r}, {v, c, r}, {v, s, 1},
{g,c, 1}, {g, s, 1}, and {c, s, r}.

(¢) The required number of calories to burn
off is 7 x 220 = 1540 calories. The
following sets indicate activities taking
less than or equal to four hours and
burning off the required number of
calories: {v, ¢, s, r} and {g, c, s, r}.

2.2 Exercises

1.

10.

{p}, {q}, {p, q}, D matches D, the subsets
of {p., q}.

{p}, {q}, D matches A, the proper subsets
of {p, q}. Note that the set {p, q}, itself,
though a subset, is not a proper subset.

{a, b} matches B, the complement of {c, d},
if U={a, b, c,d}.

¢ matches C, the complement of U.
{_23 O, 2} @ {_29 _19 1’ 2}
{M, W,F}@ {S,M, T, W, Th} since the

element “F” is not a member of the second
set.

2,511d10,1,5,3,7, 2
{a,n,d}|d {r,a,n,d,y}

%) {a, b, c, d, e}, since the empty set is
considered a subset of any given set.

| 9, since the empty set is considered a
subset of every set including itself.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

217.

{-5, 2, 9} @ {x|x is an odd integer} since
the element “2” is not an element of the
second set.

9 . .
1, 2, 5 the set of rational numbers since

1, 2, and % are rational numbers.

{P,Q,R}|d {P,Q,R, S} and
{P.Q.R}d {P.Q.R, S}, i.e. both.

{red, blue, yellow} | {yellow, blue, red}.

(9,1,7,3,5)/d(1,3,5,7,9)

{S,M, T, W, Th} [Z] {W, E, E,K};
therefore, neither.

2 ld (0} or @ld {0}, i.e., both.

g D only.

{0,1,2,3}[Z] {1, 2, 3, 4}; therefore,
neither. Note that if a set is not a subset of
another set, it cannot be a proper subset
either.

{i, 2} @ {g, §} since either member of
6 8 59

the first set is not a member of the second.
Thus, neither is the correct answer.

A c U is true since all sets must be subsets
of the universal set by definition, and U
contains at least one more element than A.

C & U is false since all sets must be subsets
of the universal set by definition.

D c B is false since the element “d” in set D
is not also a member of set B.

D A is true since D contains an element
not contained in A.

A c B is true. All members of A are also
members of B, and there are elements in set

B not contained in set A.

B c C is false since the elements “a” and “e”
in set B are not also members of set C.

@ @ A is false since O is a subset of all sets.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

& < D is true since the empty set, J, is
considered a subset of all sets.

@ < D is true since the empty set, &, is
considered a subset of all sets including
itself. Note that all sets are subsets of
themselves.

D c B is false. The element “d,” though a
member of set D, is not also a member of set
B.

D ¢ Bis true. Set D is not a subset of B
because the element “d,” though a member
of set D, is not also a member of set B.

A ¢ Bis false. Set A is a subset of set B
since all of the elements in set A are also in
set B.

There are exactly 6 subsets of C is false.
Since there are 3 elements in set C, there are

23 =8 subsets.

There are exactly 31 subsets of B is false.
Since there are 5 elements in set B, there are

2 = 32 subsets.

There are exactly 3 proper subsets of A is
true. Since there are 2 elements in set A,

there are 22 =4 subsets, and one of those is
the set A itself, so there are 3 proper subsets
of A.

There are exactly 4 subsets of D is true.
Since there are 2 elements in set D, there are

22 =4 subsets.

There is exactly one subset of J is true. The
only subset of & is & itself.

There are exactly 128 proper subsets of U is
false. Since there are 7 elements in set U,

there are 27 =128 total subsets of U , one of
which is U itself. Since U is not a proper
subset, there is one less or 127 proper
subsets.

The Venn diagram does not represent the
correct relationships among the sets since D
is not a subset of A. Thus, the answer is
false.
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40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

50.

51.

The Venn diagram shows that C is a subset
of B and that B is a subset of U. This is a
correct relationship since all members of set
C are also members of set B, and B is a
subset of U. Thus, the answer is true.

Since the given set has 6 elements, there are
(a) 20 = 64 subsets, and
(b) 26-1=63 proper subsets.

Since the given set has 7 elements, which
are the days of the week, there are

(a) 27 =128 subsets and
(b) 27 —1=127 proper subsets.

The set

{x]x is an odd integer between —4 and 6}
={-3,-1, 1,3, 5}. Since the set contains 5
elements, there are (a) 23 =32 subsets and

(b) 2°-1=32-1=31 proper subsets.

The set
{x]x is an odd whole number less than 4}
= {1, 3}. Since the set contains 2 elements,

there are (a) 22 =4 subsets and

(b) 22-1=3 proper subsets.

The complement of {2, 3, 4, 6, 8} is
{5,7,9, 10}, that is, all of the elements in U
not also in the given set.

The complement of {2, 5,9, 10} is
{17 3’ 49 6’ 77 8}'

The complement of
{1,3,4,5,6,7,8,9, 10} is {2}.

The complement of {1, 2, 3,4,5,6,7,8, 9}
is {10}.

The complement of the universal set, U, is
the empty set, &J.

The complement of &, the empty set, is
{1,2,3,4,5,6,7,8,9, 10}, the universal
set.

In order to contain all of the indicated
characteristics, the universal set U =
{Higher cost, Lower cost, Educational,
More time to see the sights, Less time to see
the sights, Cannot visit relatives along the
way, Can visit relatives along the way}.

52.

53.

54.

5S.

56.

57.

S8.

59.

60.

61.

62.

63.

64.

Since F contains the characteristics of the
flying option, F’= {Lower cost, Less time
to see the sights, Can visit relatives along
the way}.

Since D contains the set of characteristics of
the driving option, D’ = {Higher cost, More
time to see the sights, Cannot visit relatives
along the way}.

The set of element(s) common to set F" and
D is {Educational }.

The set of element(s) common to F’ and
D’ is @, the empty set, since there are no
common elements.

The set of element(s) common to F and D’
is {Higher cost, More time to see the sights,
Cannot visit relatives along the way}.

The only possible setis {A, B, C, D, E}. (All
are present.)

The possible subsets of four people would
include {A, B, C, D}, {A, B, C, E},
{A,B,D,E}, {A,C,D, E}, and
{B,C,D,E}.

The possible subsets of three people would
include {A, B, C}, {A, B, D}, {A, B, E},
{A,C,D}, {A,C,E}, {A,D, E}, (B, C,D},
{B,C,E},{B,D,E}, and {C, D, E}.

The possible subsets of two people would
include {A, B}, {A, C}, {A, D}, {A, E},

{B, C}, {B, D}, {B, E}, {C, D}, {C, E}, and
{D, E}.

The possible subsets consisting of one
person would include {A}, {B}, {C}, {D},
and {E}.

The set indicating that no people get
together (no one shows up) is &.

Adding the number of subsets in Exercises
57-62, we have

1+5+10+ 10+ 5+ 1 =32 ways that the
group can gather.

They are the same: 32 = 2°. The number of
ways that people, from a group of five, can
gather is the same as the number of subsets
there are of a set of five elements.
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65.

66.

67.

68.

69.

Because at least one member must attend,
sending no members (the empty set) is not a
possible subset of the members that can be
sent. So the total number of different
delegations that can possibly be sent is

2% _1=33,554,431.

If ten of the club members do not want to be
part of the delegation, then only 15
members can be considered. At least one
member must attend, so the total number of

possible delegations is 2% _1=32,767.

(a) Consider all possible subsets of a set
with four elements (the number of
bills). The number of subsets would be

2* =16. Since 16 includes also the
empty set (and we must choose one
bill), we will subtract one from this or
16 — 1 = 15 possible sums of money.

(b) Removing the condition says, in effect,
that we may also choose no bills. Thus,

there are 2% =16 subsets or possible
sums of moneys; it is now possible to
select no bills.

(a) Consider all possible subsets of a set
with five elements (the number of
coins). The number of subsets would be

2% =32. But the 32 includes also the
empty set, and we must select at least
one coin. Thus, there are

32 — 1 =31 sums of coins.

(b) Removing the condition says, in effect,
that we may also choose no coins. Thus,

there are 2° =32 subsets or possible
sums of coins including no coins.

(a) There are s subsets of B that do not
contain e. These are the subsets of the
original set A.

(b) There is one subset of B for each of the
original subsets of set A, which is
formed by including e as the element of
that subset of A. Thus, B has s subsets
which do contain e.

(¢) The total number of subsets of B is the
sum of the numbers of subsets
containing e and of those not containing
e. This number is s + s or 2s.

70.

(d) Adding one more element will always
double the number of subsets, so we

conclude that the formula 2" is true in

general.

Writing exercise; answers will vary.

2.3 Exercises

1.

10.

11.

12.

The intersection of A and B, A N B, matches
B, the set of elements common to both A and
B.

The union of A and B, A U B, matches F, the
set of elements that are in A or in B or in
both A and B.

The difference of A and B, A — B, matches
A, the set of elements in A that are not in B.

The complement of A, A’, matches C, the

set of elements in the universal set that are
not in A.

The Cartesian product of A and B, A X B,
matches E, the set of ordered pairs such that
each first element is from A and each second
element is from B, with every element of A
paired with every element of B.

The difference of B and A, B — A, matches
D, the set of elements of B that are not in A.

X N Y ={a,c} since these are the elements
that are common to both X and Y.

XU Y={a,b,c,e, g} since these are the
elements that are contained in X or Y (or
both).

YuZ={ab,c,d,e,f} since these are the
elements that are contained in Y or Z (or
both).

Y N Z = {b, c} since these are the elements
that are common to both Y and Z.

XuU={a,b,c,d,e,f g} =U. Observe
that any set union with the universal set will
give the universal set.

YN U={a, b, c} = Ysince these are the
elements that are common to both Y and U.
Note that any set intersected with the
universal set will give the original set.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

X’ =1{b, d, f} since these are the only
elements in U not contained in X.

Y ={d, e, f, g} since these are the only
elements in U not contained in Y.

X'nY’ ={b,d,f}n{d, e f, g} ={d, f}
X'nZ={b,d fin{b, c d,e f}=b,df)

Xu(¥YnZ)={a,c,e g} u{b,c}
={a,b,c, e, g}

Observe that the intersection must be done

first.

Ymn(XuZ)={ab,c}n{a,b,c,de,f,g}
= {aa ba C}
Observe that the union must be done first.

YnzHuX

=({a,b,c}n{a, ghUfa c e g}
={a}ufa, c, e g}

={a,c,e, g}

=X

(X'uyhuz

=({b,d, f} U{d,ef ghuib,cde,f)
={b,d,e, f, g} U{b,c,d,e,f}
={b,c,d, e, f, g}

ZuXYnYy

=({b,c,d, e, f}ulb,d, f})’ N {a, b, c}
={b,c,d,e, f}' n{a, b, c}

={a, g}n{a, b, c}

= {a}

YnXxyuz

=({a, b,c}N{b,d, f}) U{a, g}
={b)' Ufa, g}

={a,c,d, e, f, glu{a, g}
={a,c,d, e, f, g}

X-Y={e g}
Since these are the only two elements that
belong to X and not to Y.

Y-X={b}
Since this is the only element that belongs to
Y and not to X.

Xm(X—Y):{a,c,e,g} m{e,g}:{e,g}
Observe that we must find X — Y first.

YU -X)={ab,c}u{b)={ab,c}

27. X'—Y=1{b,d, f}—{a,b, c}={d, f}
Observe that we must find X~ first.

28‘ Y'_ X = {d’ e’ f, g} - {a’ Cs es g} = {d7 f}

Observe that we must find Y~ first.

29. (XnY)u¥nX)
=({a,c,e, g} n{d, e, £, g})u({a,b,c}
N {b, d, f})

{e,g} LU {b}

{b,e, g}

30. XNY)Nn(¥YnX)
({a,c,e, g} n{d,e, £, g}) n({a, b, c}
N {b, d, f})

={e, g} N {b}
=0

31. AU(B’NC’) is the set of all elements that
are in A, or are not in B and not in C.

32. (AnB)U(BNA') is the set of all elements

that are in A but not in B, or in B but not in
A.

33. (C - B) U Ais the set of all elements that are

in C but not in B, or they are in A.

34. BN(A'-=C)=BnN(A'NC’) is the set of
elements that are in B and are not in A and
not in C.

35. (A—C)u (B-0)is the set of all elements

that are in A but not C, or are in B but not in

C.

36. (A'NB’)uC’ is the set of all elements that

are not in A and not in B, or are not in C.

37. The smallest set representing the universal
set Uis {e, h,c, 1, b}.

38. A’, the complement of A, is the set of all
effects in U that are not adverse effects of
alcohol use: A" ={e, c}.

39. T’, the complement of T, is the set of
effects in U that are not adverse effects of
tobacco use: T’ ={l, b}.

40. T N A is the set of adverse effects of both
tobacco and alcohol use: T A = {h}.
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41.

42,

43.

44.

45.

46.

47.

48.

49.

50.

51.

52,

53.

54.

5S.

T U A is the set of all adverse effects that are
either tobacco related or alcohol related:

TOA={e h,c,,b}=U

T A’ is the set of adverse tobacco related
effects that are not alcohol related:

TNA ={e, c}.

B U Cis the set of all tax returns showing
business income or filed in 2009.

A N D is the set of all tax returns with
itemized deductions and selected for audit.

C — A is the set of all tax returns filed in
2009 without itemized deductions.

DU A’ is the set of all tax returns selected
for audit or without itemized deductions.

(A U B) — D is the set of all tax returns with
itemized deductions or showing business
income, but not selected for audit.

(CNA)N B’ is the set of all tax returns

filed in 2009 and with itemized deductions
but not showing business income.

A c (A U B) is always true since A U B will
contain all of the elements of A.

A C (A N B) is not always true since A N B
may not contain all the elements of A.

(A N B) c A is always true since the
elements of A N B must be in A.

(A U B) C A is not always true since the

elements of A U B may contain elements not
in A.

n(A U B) = n(A) + n(B) is not always true. If
there are any common elements to A and B,
they will be counted twice.

n(Au B)=n(A) + n(B)—n(A " B) is
always true, since any elements common to
sets A and B which are counted twice by
n(A) + n(B) are returned to a single count by
the subtraction of n(A M B).

(a) XuY=1{1,2,3,5)

(b) YUX=1{1,23,5)

56.

57.

58.

59.

60.

(¢) ForanysetsXand Y, XuY=YUX.
This conjecture indicates that set union
is a commutative operation.

(@ XnY={1,3}

(b) YnX={1,3}

(¢) ForanysetsXand Y, XNY=YnNnX.

This conjecture indicates that set
intersection is a commutative operation.

(a XuYu2z
={1,3,5}u({1,2,3} U{3,4,5})
={1,3,5}u{l,2,3,4,5}
={1,3,5,2,4}

(b) XuYu
=({L,3, }u{123})u{345}
={1,3,5,2} U {3,4,5}
={1,3,5,2,4}

(¢) For any sets X, Y, and Z,
XuuZ)=XuY)UuZ

This conjecture indicates that set union is an
associative operation.

@ Xn¥n2z
={1,3,5}u({1,2,3} n{3,4,5})
={1,3,5} n {3}
= {3}

b)) XnYnZ
=({1,3,5}n{1,2,3})n{3,4,5}
={1,3} n{3,4,5}
={3}

(¢) Forany sets X, Y, and Z,
XNn(¥YNmn2)=XnY)nZ

This conjecture indicates that set
intersection is an associative operation.

(@) (XVY)={1,3,52)={4}
(b) X'NnY'={2,4n{4,5)={4)

(c) For any sets X and ¥,
(XuYy)Y=X'nY"

Observe that this conjecture is one form of
De Morgan’s Laws.

(@ (XNnY)={,3Y={24,5}
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61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

(b) X'uY'={2,4}uU{4,5}={2,4,5}

(¢) For any sets X and Y,
(XnYy)Y=X"uY’

Observe that this conjecture is the other
form of De Morgan’s Laws.

For example,
XUd={(NAMElUJ
={N,A, M, E}
=X;
forany set X, X U @ = X.

For example,
XNn@={NAME n@=0;
forany set X, XN =O.

The statement (3, 2) = (5 -2, 1 + 1) is true.
The statement (10, 4) = (7 + 3,5 — 1) is true.

The statement (6, 3) = (3, 6) is false. The
parentheses indicate an ordered pair (where
order is important) and corresponding
elements in the ordered pairs must be equal.

The statement (2, 13) = (13, 2) is false.
Corresponding elements in ordered pairs
must be equal.

The statement {6, 3} = {3, 6} is true since
order is not important when listing elements
in sets.

The statement {2, 13} = {13, 2} is true since
order is not important when listing elements
in sets.

The statement

{(1,2),(3,4)} ={3,4), (1, 2)} is true. Each
set contains the same two elements, the
order of which is unimportant.

The statement {(5, 9), (4, 8), (4, 2)}
={(4,8),(5,9), (4, 2)} is true. Each set
contains the same three elements, the order
of which is unimportant.

To form the Cartesian product A X B, list all

ordered pairs in which the first element

belongs to A and the second element

belongs to B:

With A ={2,8,12} and B = {4, 9},

AxB=1{(2,4),2,9),8,4),(8,9), (12, 4),
12,9)}.

To form the Cartesian product B X A, list all

72.

73.

74.

75.

76.

71.

78.

79.

80.

ordered pairs in which the first element

belongs to B and the second element

belongs to A:

BxA={(4,2),4,S38), 4, 12),(9,2),(,8),
9, 12)}.

ForA={3,6,9,12} and B = {6, 8},

AXB={(3,6),(3,8), (6, 6), (6, 8), (9, 6),
(9, 8), (12, 6), (12, 8)};

B xA ={(6, 3), (6, 6), (6,9), (6, 12), (8, 3),
(8,6),(8,9), (8, 12)}.

For A={d, o0, g} and B={p, 1, g},
AxB=1{(d,p), (d,1i), (d, g), (o, p), (0, 1),
(0,2, (g p). (g1, (g9}
BxA={(p,d), (p,0), (p, g, (i, d), (i, 0),
G, g), (g, d), (g, 0), (g 2)}.

ForA={b,1,u,e}and B={r, e, d},
AXB={(b,1),(b,e), (b,d),d,r),d,e),
(1, d), (u, 1), (u, e), (u, d), (e, 1),
(e5 e)? (e’ d)};
BXxA={(,Db), (], (r,0), (r,e), (e, b),
(e, 1), (e, u), (e, @), (d, b), (d, 1),
(d,w), (d, e)}.

ForA=1{2,8,12} and B = {4, 9},

n(A X B)=n(A)xn(B)=3Xx2=6, or by
counting the generated elements in Exercise
71 we also arrive at 6. In the same manner,
n(BxA)=2x3=6.

ForA={d, o0, g} and B = {p, i, g},
nAXB)=n(A)xn(B)=3%x3=9, or by
counting the generated elements in Exercise
73 we also arrive at 9. In the same manner,
n(BxA)=3x3=09.

For n(A) = 35 and n(B) = 6,
n(A X B)=n(A) xn(B)=35x6=210
n(BxA=n(B)xn(A)=6x35=210

For n(A) = 13 and n(B) =5,
n(AxB)=n(A) xn(B)=13x5=65
n(BxA)=n(B)Xxn(A)=5x13=65

To find n(B) when n(A x B) = 72 and
n(A) = 12, we have:
n(AxXB) =n(A)xn(B)
72 =12xn(B)
6 =n(B)

To find n(A) when n(A x B) = 300 and
n(B) = 30, we have:
n(AxXB) =n(A)xn(B)
300 =n(A)x30
10 = n(A)
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81.

82.

83.

84.

85.

86.

87.

Let U={a,b,c,d,e,f,g},A={b,d, f, g},
and B={a,b,d, e, g}.

Let U={5,6,7,8,9, 10, 11, 12, 13},
M={5,8,10,11},and N= {5, 6,7, 9, 10}.
12

8

U 13

The set operations for BN A’ indicate those
elements in B and not in A.

&

U

The set operation for A U B indicates those
elements in A or in B.

&

U

The set operations for A”U B indicate those
elements not in A or in B.

(&

U

The set operations for A’ B’ indicate
those elements not in A and, at the same
time, not in B.

(~

U

The set operations for B’U A indicate those
elements not in B or in A.

(=~

88.

89.

90.

91.

The set operations for A”U A indicate all
elements not in A along with those in A, that
is, the universal set, U.

(0

U

The set operations B’M B indicate those
elements not in B and in B at the same time,
and since there are no elements that can
satisfy both conditions, we get the null set
(empty set), .

&

U

The set operation AN B’ indicates all
elements in A which are not in B.

C0

U

The indicated set operations mean those
elements not in B or those not in A as long
as they are also not in B. It is a help to shade
the region representing “not in A” first, then
that region representing “not in B.” Identify
the intersection of these regions (covered by
both shadings). As in algebra, the general
strategy when deciding which order to do
operations is to begin inside parentheses and

work out.

A'NnB
Finally, the region of interest will be that
“not in B” along with (union of) the above
intersection— (A M B’). That is, the final

region of interest is given by

ap

U

U
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92,

93.

9.

9s.

96.

The set operations (A N B) U B indicate all
those elements in A and B at the same time
or those in B. This is the same set as B itself.

&

U

The complement of U, U’, is the set of all
elements not in U. But by definition, there
can be no elements outside the universal set.
Thus, we get the null (or empty) set, &,
when we complement U.

&

U

The complement of the empty set, &, is

the set of all elements outside of . But this
is the universal set, U.

&

U

LetU={m,n,0,p,q, 1,8, t,u, v, w},

A={m,n,p,q,1,t},B={m,o0,p,q,Ss, u},

and C={m,o0,p,1,s,t, u, v}.

Placing the elements of these sets in the

proper location on a Venn diagram will
ield the following diagram.

(&

U w
It helps to identify those elements in the
intersection of A, B, and C first, then those
elements not in this intersection but in each
of the two set intersections (e.g., A N B,
etc.), next, followed by elements that lie in
only one set, etc.

LetU={1,2,3,4,5, 8,9},
A=1{1,3,5,7},B=1{1,3,4,6, 8}, and
C={1,4,5,6,7,9}.

Placing the elements of these sets in the
proper location on a Venn diagram will
yield the following diagram.

97.

98.

99.

100.

&

U 2

The set operations (A N B) N C indicate
those elements common to all three sets.

&

U

The set operations (AN C”")U B indicate

those elements which are in A and outside C,
or are found in B.

¢

U

The set operations (AN B)UC’ indicate
those elements in A and B at the same time
along with those outside of C.

(5

U

The set operations (A" B)NC indicate

those elements not in A but which are in B
and also in C.

&
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101.

102.

103.

104.

105.

The set operations (A’ B") N C indicate

those elements that are in C while
simultaneously outside of both A and B.

&

Y

The set operations (A U B) U C indicate all
elements in A or in B or in C, that is, all
elements in each of the three sets.

&

U

The set operations (AN B)UC indicate

those elements that are in A and at the same
time outside of B, along with those in C.

&

U

The set operations (AN C’)N B indicate

those elements which are in A and outside of
C while at the same time, inside B.

&

U

The set operations (AN B)NC’ indicate

the region in A and outside B and at the
same time outside C.

&

106.

107.

108.

109.

110.

111.

112.

The set operations (A’NB") U C indicate

those elements outside of A and outside of B
at the same time, along with all elements of

o

O,

The set operations (A’ B")U C’ indicate

the region that is both outside A and at the
same time outside B, along with the region
outside C.

(%

NG

The set operations (AN B) U C indicate

those elements not common to A and B,
along with all elements of C.

()

O

The shaded area indicates the region
(AUB) or AAnB.

U

U

U

Since only A — B is unshaded, we get the
shaded region by (A— B)”. This may also be
indicated by the set (AN B")" or, using one
form of De Morgan’s law, as (A" U B).

Since this is the region in A or in B but, at
the same time, outside of A and B, we have
the set (AUB)N(ANB) or
(AUB)-(ANB).

Since this region represents all elements in A
which are outside of B, the area can be
indicated by the set ANB’ or A — B.
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113. The shaded area may be represented by the 129. ANA'=Q
set (A N B) U (A N O); that is, the region in
the intersection of A and B along with the
region in the intersection of A and C or, by
the distributive property, A N (B U C).

114. The shaded area is in A and, at the same U
time, outside the union of B with C. This ANA
region can be represented by the set
AN(BUC) or An(B'NC)).

115. The region is represented by the set
(AN B)NC’, that s, the region outside of

C but inside both A and B, or (A " B) — C.

U
116. The shaded area is the part of B U C which @
is outside of A. This setis (BUC)N A" or Thus, by the Venn diagrams, the statement
(BUC)—A is always true.
117. If A=A — B, then A and B must not have 130. AvA =U
any common elements, or A N B = .
118. A=B-Aistrueonlyif A=B=0.
119. A=A - Jis true for any set A. u
120. A =@ — A is true only if A has no elements, AvA
orA=0.
121. AU @ = is true only if A has no
elements, or A = .
122. AN =D is true for any set A. u
U

123. AQ = A is true only if A has no elements, or .
A= Thus, by the Venn diagrams, the statement

is always true.

124. A U @ =A s true for any set A. 131. ANB)CA
125. A U A = is true only if A has no elements,
orA=0. ‘
126. SinceANA=A,forAnNnA=J,A mustbe
the empty set, or A = &. U
127. AU B =A only if B is a subset of A, or ANE
B c A.
128. A N B =B only if B is a subset of A, or
B CA.
U
A

Thus, by the Venn diagrams, the shaded
region is in A; therefore, the statement is
always true.
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132. AUB)cCA 135. (AUB) = A’"n B’ (De Morgan’s second

law).
U ‘
(AUB) U
(AUBY
U ‘
A U
Thus, the statement is not always true. B

Thus, by the Venn diagrams, the statement

133. If A c B,then A U B=A. is always true.

136. No, since there may be elements in B that
are not in A.

137. (a) QU H = {x|xis a real number), since
the real numbers are made up of all
rational and all irrational numbers.

<

. =~
N
o]

(b) O N H =, since there are no common
elements.

2.4 Exercises

1. (a) n(A N B) =5 since A and B have
5 elements in common.

U

AUB

Thus, the stat ti t al true. .
1S, the staferment 15 not atways frue (b) n(A U B) =7 since there are a total of 7

134. IfAC B, thenANB=B. elements in A or in B.

(¢) n(AnB") =0 since there are 0

elements which are in A and, at the
same time, outside B.

©

ANB

U

Thus, the statement is not always true.

) ‘

(d)

(e)

(b)

n(A’ N B) =2 since there are 2

elements which are in B and, at the
same time, outside A.

n(A" " B’) =8 since there are 8

elements which are outside of A and, at
the same time, outside of B.

n(A N B) =1 since A and B share only
one element.

n(A U B) = 11, since there are a total of
11 elements in A or in B.
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()

(d)

(e)

(b)

(c)

(d)

(e)

()

(®

(h)

(b)

(0

n(An B’) =3 since there are 3

elements which are in A and, at the
same time, outside B.

n(A’"B) =7 since there are

7 elements which are in B and, at the
same time, outside A.

n(A’NB") =5 since there are

5 elements which are outside of A and,
at the same time, outside of B.

n(A N B N C) =1 since there is only
one element shared by all three sets.

n(ANBNC’) =3 since there are

3 elements in A and B while, at the
same time, outside of C.

n(ANB'NC) =4 since there are

4 elements in A and C while, at the
same time, outside of B.

n(A’N BN C)=0 since there are

0 elements which are outside of A
while, at the same time, in B and C.

n(A’NB’NC) =2 since there are

2 elements outside of A and outside of
B while, at the same time, in C.

n(AN B’ N C’) =8 since there are

8 elements in A which at the same time,
are outside of B and outside of C.

n(A’NBNC’) =2 since there are

2 elements outside of A and, at the same
time, outside of C but inside of B.

n(A’N B’ C") =6 since there are
6 elements which are outside all three
sets at the same time.

n(A N B N C) =1 since there is only
one element shared by all three sets.

n(ANBNC") =2 since there are

2 elements in A and B while, at the
same time, outside of C.

n(AN B N C) =4 since there are

4 elements in A and C while, at the
same time, outside of B.

10.

11.

(d) n(A'nBNC)=7 since there are

7 elements which are outside of A
while, at the same time, in B and C.

(&) n(A'NB’NC) =35 since there are
5 elements outside of A and outside of
B while, at the same time, inside of C.

f) n(AnB " C’) =3 since there are

3 elements in A which, at the same time,
are outside of B and outside of C.

(g) n(A’nBNC’) =6 since there are
6 elements outside of A and, at the same
time, outside of C but inside of B.

(h) n(A’nB’"C’) =10 since there are
10 elements which are outside all three
sets at the same time.

Using the Cardinal Number Formula,
n(A U B) =n(A) + n(B) — n(A N B), we have
nAuB)=12+14-5=21.

Using the Cardinal Number Formula,
n(A U B) = n(A) + n(B) — n(A N B), we have
nAuB)=16+28 -5 =39.

Using the Cardinal Number Formula,

n(A U B) =n(A) + n(B) — n(A N B), we have
25 =20+ 12 — n(A N B). Solving for
n(ANB),wegetn(ANB)=17.

Using the Cardinal Number Formula,

n(A U B) =n(A) + n(B) — n(A N B), we have
30 =20 + 24 — n(A N B). Solving for

n(A N B), we get n(A N B) = 14.

Using the Cardinal Number Formula,

n(A U B) =n(A) + n(B) — n(A N B), we have
55 =n(A) + 35 — 15. Solving for n(A), we
get n(A) = 35.

Using the Cardinal Number Formula,

n(A U B) =n(A) + n(B) — n(A N B), we have
30 =20 + n(B) — 6. Solving for n(B), we get
n(B) = 16.

Using the Cardinal Number Formula, we
find that
n(AuB)=n(A)+n(B)—n(ANB)
25=19+13-n(ANB)
n(ANB)=19+13-25
=17.
Then n(ANB)=19-17=12 and
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12.

13.

14.

n(BNA)=13-7=6.

Since n(A")=11 and n(BNA") =6, we
have n(AUB) =n(A'nB)=11-6=5.
Completing the cardinalities for each region,
we arrive at the following Venn diagram.

4B,

U 5

Use deduction to complete the cardinalities
of the unknown regions. For example since
n(B’) =30, there are 13 elements in B
[n(U)—-n(B’) = 43-30]; therefore, 8
elements are in B that are not in A

[7n(B) —n(A N B) =13-15]. Since there is a
total of 25 elements in A and 5 are
accounted for in A N B, there must be

20 elements in A that are not in B. This
leaves a total of 33 elements in the regions
formed by A along with B. Thus, there are
10 elements left in U that are not in A or in
B. Completing the cardinalities for each
region, we arrive at the following Venn
diagram.
10

(05

U

Since n(B) =28 and n(A N B) = 10, we have
n(BNA’)=28-10=18. Since n(A") =25
and n(BN A’) =18, it follows that
n(A'nB)=1.

By De Morgan’s laws, A"UB’=(ANB)’.
So, n[(AN B)"]=40.

Thus, n(ANB)=40—-(18+7)=15.
Completing the cardinalities for each region,
we arrive at the following Venn diagram.

(02

U 7

Use deduction to complete the cardinalities
of each region outside of A N B. Since there
is a total of 13 elements in A and 8
accounted for in the intersection of A and B,
there must be 5 elements in A outside of B.
Since there is a total of 15 elements in the
union of A and B with 13 accounted for in A,
there must be 2 elements in B which are not

15.

16.

in A. The region A"U B’ is equivalent (by
De Morgan’s law) to (AN B)’, or the
elements outside the intersection. Since this
totals 11, we must have 4[11 — 7] elements
outside the union but inside U.

Completing the cardinalities for each region,
we arrive at the following Venn diagram.

(05

U 4

Fill in the cardinal numbers of the regions,
beginning with (A N B n C). Since
nANBNC)=15and n(A N B) =35, we
have n(ANBNC’)=35-15=20. Since
n(A N C) =21, we have
n(ANCnNB)=21-15=6. Since
n(B N C) =25, we have
n(BNCNA")=25-15=10. Since
n(C) =49, we have
n(CNA'NB)=49—-(6+15+10)=18.
Since n(A) = 57, we have
n(ANB ' NC’)=57-(20+15+6)=16.
Since n(B") =52, we have
nAUBUC) =n(A’nB'NnC)
=52-(16+6+18)
=12.
Completing the cardinalities for each region,
we arrive at the following Venn diagram.

S
(XN

Fill in the cardinal numbers of the regions,
beginning with the (A N B N C). Since there
is a total of 15 elements in A N C of which 6
are accounted for in A N BN C, we conclude
that there are 9 elements in A N C but
outside of B. Similarly, there must be

2 elements in B N C but outside A and

4 elements in A N B but outside of C. Since
there are 26 elements in C of which we have
accounted for 17[9 + 6 + 2], there must be

9 elements in C but outside of A or B.
Similarly, there are 12 elements in B outside
of A or C and 5 elements in A outside of B
or C. And finally, adding the elements in the
regions of A, B, and C gives a total of 47.
Thus, the number of elements outside of A,
B, and Cis n(U) — 47 or 50 — 47 = 3.
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17.

18.

Completing the cardinalities for each region,
we arrive at the following Venn diagram.

s
(XN
,

Fill in the cardinal numbers of the regions,
beginning with the (A "B N C).
nAnBNnC)=5and n(A N C)=13, so
n(ANCNB)=13-5=8. n(BN C) =38, s0
n(BNCNA)=8-5=3. n(AnB)=9, so
n(ANB'NC)=9-8=1. n(A) =15, s0
n(ANBNC)=15-(1+8+5)=1.
n(BNC") =3, so

n(BNA'NC)=3-1=2.
n(A'NnB'NnC)=n(AUBUC) =21.
n(Bu C) =32, s0

n(A'NB' NC)=32-(1+2+5+3)=21
Completing the cardinalities for each region,
we arrive at the following Venn diagram.

A
8%

Fill in the cardinal numbers of the regions,
beginning with n(A N B n C) = 6. Since
there are 21 elements in A and B and 6
elements in all three sets, the number of
elements in A and B but not in C is given by
n(ANBNC’)=21-6=15. Since

n(A N C) = 26, we have those elements in A
and C but not in B as
n(ANCNB)=26-6=20.

Since n(BN C) =17,
n(BNCNA)=7-6=1. Since

n(ANC’) =20, we have those elements in
A but not in either B or C as
n(AN(BuC))=20-15=5. Since
n(BNC’) =25, we have those elements in
Bbutnotin A or C as
n(BN(AuUC))=25-15=10. Since

n(C) = 40, we have those elements in C but
notin A or B as
n(CN(AUB))=40—-(20+6+1)=13.
Observe that
nA'NB'NnCY=n(AuBUC) (byDe
Morgan’s). That is, there are 2 elements

3

19.

20.

outside the union of the three sets.

i
270
, T

Complete a Venn diagram showing the
cardinality for each region. Let W = set of
projects Joe Long writes. Let P = set of
projects Joe long produces.

Begin with (W n P). n(W n P) = 3. Since
n(W)=35, n(WnP)=5-3=2. Since
nP)=7, (PAW)=7-3=4.

U
Interpreting the resulting cardinalities we
see that:

(a) He wrote but did not produce
n(W N P’) = 2 projects.

(b) He produced but did not write
n(PAW’) = 4 projects.

Complete a Venn diagram showing the
cardinality for each region. Let S = the set of
CDs featuring Paul Simon, G = the set of
CDs featuring Art Garfunkel.

Beginning with n(S N G) =5 and n(S) =7,
we conclude that n(SNG)=7-5=2.
Since n(G) = 8, we conclude that
n(S’"G)=8-5=3. There are 15 CDs on

which neither sing, so n(SUG) =15.

6

U 15
Interpreting the resulting cardinalities we
see that:

(a) There are 2 CDs which feature only
Paul Simon.

(b) There are 3 CDs which feature only Art
Garfunkel.

(¢) There are 10 CDs which feature at least
one of these two artists.
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21.

22,

Construct a Venn diagram and label the
number of elements in each region. Let

J = set of fans who like Jazmine Sullivan,
C = set of fans who like Carrie Underwood,
and B = set of fans who like Brad Paisley.
Begin with the region indicating the
intersection of all three sets,
nJNnCnB)=8.

Since n(J N C) = 14,
nJNCNB)=14-8=6.

Since n(C N B) = 14,
n(CNBNJ)=14-8=6.

Since n(J N B) =21,
nJNBNC)=21-8=13.

Since n(J) = 37, the number of elements
inside J and not in C or B is

37 - (13 + 8 + 6) = 10. Since n(C) = 36, the
number of elements inside C and not in J or
Bis 36— (6 + 8 + 6) = 16. Since n(B) = 31,
the number of elements inside B and not in J
or Cis 31 — (13 + 8 +6) =4. Since

n(U) = 65, there are
65-(10+6+16+13+8+6+4)

= 2 elements outside the three sets. That is,
n(J UC U B) =2. The completed Venn
diagram is as follows:

U 2

(a) There are 6 + 13 + 6 = 25 fans that like
exactly two of these singers.

(b) There are 10 + 16 + 4 = 30 fans that
like exactly one of these singers.

(¢) There are 2 fans that like none of these
singers.

(d) There are 10 fans that like Jazmine, but
neither Carrie nor Brad.

(e) There are 13 + 6 = 19 fans that like
Brad and exactly one of the other two.

Let U be the set of mathematics majors
receiving federal aid. Since half of the
48 mathematics majors receive federal aid,

n(U) = %(48) =24,

Let P, W, and T be the sets of students
receiving Pell Grants, participating in Work

23.

Study, and receiving TOPS scholarships,
respectively.
Construct a Venn diagram and label the
number of elements in each region. Since
the 5 with Pell Grants had no other federal
aid, 5 goes in set P, which does not intersect
the other regions. The most manageable data
remaining are the 2 who had TOPS
scholarships and participated in Work
Study. Place 2 in the intersection of W and
T. Then since 14 altogether participated in
Work Study, 14 — 2 = 12 is the number who
participated in Work Study but did not have
TOPS scholarships or Pell Grants; in
symbols, n(W "T' N P’). Also,4—-2=21is
the number who had TOPS scholarships, but
did not participate in Work Study nor had
Pell Grants, n(T "W’ P’). Finally,
n(P' W' NTy=n(POW UT)

=24—-(5+12+2+2)

=3
is the number in the region not included in
the sets P, W, and T. The completed Venn
diagram is as follows.

(&
&

(a) Since half of the 48 mathematics majors
received federal aid, the other half,
24 math majors received no federal aid.

3

(b) There were only 2 students who
received more than one of these three
forms of aid. This is shown by the
number in the region 7N W.

(¢) Since 24 students received federal aid,
but only 21 are accounted for in the
given information (the sum of the
numbers in the three circles), there were
3 math majors who received other kinds
of federal aid.

(d) The number of students receiving a
TOPS scholarship or participating in
Work Study is 12 +2 +2 = 16.

Let U be the set of people interviewed, and
let M, E, and G represent the sets of people
using microwave ovens, electric ranges, and
gas ranges, respectively.
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24.

Construct a Venn diagram and label the
cardinal number of each region, beginning
with the region (M N E N G).
nMnNENG)=1.Since n(M NE)=19,
n(M NENG’)=19-1=18. Since
nMnG)=17,
n(M NGNE)=17-1=16. Since
n(GNE)=4, f(GNENM')=4-1=3.
Since n(M) = 58,
nM NG NEY=nM N (GUE))
=58—-(18+16+1)
=23.
Since n(E) = 63,
HENM' NG)=63-(18+3+1)=41.
Since n(G) = 58,
n(GNAM' NE)=n(GN(M UE))
=58—-(16+3+1)
=38.

[
A
A,

(a) The number of respondents that use
exactly two of these appliances is
16 + 18 + 3 =37.

(b) The number of respondents that use at
least two of these appliances is
37 +1=38.

Construct a Venn diagram and label the
cardinal number of each region beginning
with the intersection of all three sets,
nANRNY)=6.

Since n(A N R) =19,
n(ANRNY)=19-6=13.

Since n(R N Y) =8,
MRNYNA)=8-6=2.

Since n(A N'Y) = 10,
n(ANYNR)=10-6=4.

Since n(A) = 35,

n(ANY' NR)Y=35-(13+6+4)=12.
Since n(R) = 36,
n(RNA'NY')=36-(13+6+2)=15.
Since n(Y) = 32,
n(Y"NA'NR)=32—(4+6+2)=20.
Since n(U) = 140, there are

140-(12+ 13+ 15+4+6 +2 + 20)

= 68 elements outside the three sets. That is,
n(AURUY) =68. The completed Venn

25.

diagram is as follows.

(&%

N

U 68

(a) There are 12 + 4 = 16 respondents who
believe in astrology but not
reincarnation.

(b) There are 140 — 68 = 72 respondents
who believe in at least one of these
three things.

(c) There are 15 respondents who believe
in reincarnation but neither of the
others.

(d) There are 13 + 2 + 4 = 19 respondents
who believe in exactly two of these
three things.

(e) There are 68 respondents who believe
in none of the three things.

Construct a Venn diagram and label the
cardinal number of each region.

Let H = the set of respondents who think
Hollywood is unfriendly toward religion,
M = the set of respondents who think the
media are unfriendly toward religion,

S = the set of respondents who think
scientists are unfriendly toward religion.
Then we are given the following

information.

n(H) = 240 n(HN M) =145
n(M) =160 nSNM)=122
n(S) =181 nHNMnNS)=110

n(HuMuS)' =219
Since n(H N M) = 145,
n(HNM nS’)=145-110=35.
Since n(S " M) = 122,
n(SAMnNH)=122-110=12.
The total number of respondents who think
exactly two of these groups are unfriendly
toward religion is 80, so
n(HNSNM’)=80-(35+12)=33.
Since n(H) = 240,
n(HNS nM’)=240-(33+110+35)

=062.

Since n(M) = 160,
nMNH NS)=160—(35+110+12) =3.
Since n(S) = 181,
n(S"H N"M")=181-(33+110+12) = 26.
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26.

217.

U 68

(a) The total number of respondents

surveyed is
62+33+110+35+3+12+26+219
=500.

(b) The number of respondents who think
exactly one of these three groups is
unfriendly toward religion is
62 +3+26=091.

Construct a Venn diagram and label the
cardinal number of each region beginning
with the intersection of all three sets,
n(Wn Fn E)=80. Since n(E N F) =90,
n(ENFNW’)=90-80=10.

Since n(Wn F) =95,
nWnNFNE)=95-80=15.

Since n(F) = 140,

n(F "W’ NE")=140—-(15+10+80) =35.
nW NF' NnE)=nWUFUE) =10.
Since n(W M E) is not given, it is not
obvious how to label the three remaining
regions. We need to use the information that
n(E’) =95. The only region not yet labeled

that is outside of Eis (W " E'NF’).
Since n(E’) =95,

nWANE NF)=95-(10+35+15)=35.
Since n(W) = 160,

AW A E A F’) =160 —(35+15+80) = 30.
Since n(E) = 130,

n(E AW’ AF’) =130-(30+10+80) = 10.

s
(AT
U a 10

Add the cardinal numbers of all the regions
to find that the total number of students
interviewed was 225.

Construct a Venn diagram to represent the
survey data beginning with the region
representing the intersection of S, B, and C.
Rather than representing each region as a

28.

combination of sets and set operations, we
will label the regions a—h. There are

21 patients in Nadine’s survey that are in the
intersection of all three sets, i.e., in region d.
Since there are 31 patients in B N C, we can
deduce that there must be 10 patients in
region c. Similarly since there are

33 patients in B N S, there must be

12 patients in region e. From the given
information, there is a total of 51 patients in
regions c, d, e, and g. Thus, there are

51 = (10 + 21 + 12) = § patients in region g.
Since there are 52 patients in S, we can
deduce that there are

52 — (12 + 21 + 8) = 11 patients in region f.
Similarly, there are 4 patients in region b,
and 7 patients in region 4. There is a total of
73 patients found in regions b—h. Thus,
there must be 2 patients in region a.

(a) The number of these patients who had
either high blood pressure or high
cholesterol levels, but not both is
represented by regions b, e, g, and h for
a total of 31 patients.

(b) The number of these patients who had
fewer than two of the indications listed
are found in regions a, b, f, and h for a
total of 24 patients.

(¢) The number of these patients who were
smokers but had neither high blood
pressure nor high cholesterol levels are
found in region f, which has
11 members.

(d) The number of these patients who did
not have exactly two of the indications
listed would be those excluded from
regions c, e, and g (representing
patients with exactly two of the
indications). We arrive at a total of 45
patients.

Let L, P, and T represent the sets of songs
about love, prison, and trucks, respectively.
Construct a Venn diagram and label the
cardinal number of each region.
n(TNMLNP)=12
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29.

30.

Since n(P N L) = 13,
n(PALAT’)=13—-12=1. Since
WTAL) =18, (TALAP)=18-12=6.
We have n(TNPNL)=3,

n(PNL' NT)=2, and n(P’" L' nT") =8.
Since n(L) = 28,

n(LAP' NT)=28—-(1+12+6)=09.

Since n(T N P’) =16,

nTNnP' NL)=16-6=10.

A
3%
,

(a) The total in all eight regions is 51, the
total number of songs.

M) (N =6+12+3+10=31

) nP)=1+2+12+3=18

d n(TnP)=12+3=15

() n(P)=nU)-n(P)=51-18=33
() n(L)=nU)-n(L)=51-28=23

(@) ThesetANBN Cn Disregion 1 (in
text).

(b) The set A U Bu C U D includes the
regions 1, 2,3,4,5,6,7,8,9, 10, 11,
12, 13, 14, and 15.

(¢) The set (A N B)_ U (C n D) includes
the set of regions
{1,3,9,11} U {1, 2,4, 5} or the
regions 1, 2,3,4,5,9,and 11.

(d) The set (A’ B")"(C U D) includes
the set of regions
{5,13,8,16} n{1,2,3,4,5,6,7,8,9,
10, 12, 13}, which is represented by
regions 5, 8, and 13.

Let F, B, T, and G represent the sets of those
who watch football, basketball, tennis, and
golf, respectively. Construct a Venn
diagram, similar to the figure in Exercise 29
in the text, with the four sets. Be careful to
indicate the number of elements in each
region. Begin at the bottom of the list and

work upwards.

(a)

(b)

(c)

31. (a)

(b)

(c)

(d)

(e)

®

32. (a)

The region which represents those who
watch football, basketball, and tennis,
but not golf, is in the north central
portion of the diagram and has

0 elements. Thus, the answer is none.

Adding cardinalities associated with the
regions representing exactly one of
these four sports, we get

8+ 10 + 14 + 20 = 52 viewers.

Adding cardinalities associated with the
regions representing exactly two of
these four sports, we get
6+9+5+8+12 +4 =44 viewers.

n(J N G) =9, coming from the
intersection of the first row with the
first column.

n(S N N) =9, coming from the
intersection of second row and the third
column.

n(N v (S N F)) = 20 since there are
20 players who are in either N(total of
15) or in S and F (just 5), at the same
time.

n(S’N(GUN)) =20 since there are

9+4+5 +2 =20 players who are not
in S, but are in G or in N.

n(SNN)YU(CNG)) =27

There are 27 players who are in S but
not in N(12 + 5), or who are in C but
not in G (8 + 2).

n(N'n(S'nCH =15

There are 15 (9 + 6) players who are
not in N and at the same time are not in
S and not in C.

n(Wn O) = 6, coming from the
intersection of second row with the
third column.
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(b) n(C v B) =473, coming from the union
of the first row along with the first
column and is given by 95 + 390 — 12.
Observe that the 12 are counted twice
when adding the totals for the
respective row and column and hence
must be subtracted (once).

(©) n(R"UW’)=n(RNW) =835, which is
the number of army personnel outside
of the intersection of the second column
(R) with the second row (W) or 840 — 5.

d) n(CUW)N(BUR))=12+29+4+5
=50
This comes from adding the numbers in

the first two rows (representing C U W)
that are also in the first two columns

(representing B U R).

(e) Using the cardinal number formula.

n((CNB)U(ENO))
=n(CNB)+n(ENO)
-n(CNBNENO)
=12+285-0
=297
(f) n(BN(WUR))=n(BN(W NR))
=n(BNW' NR)
=n(BNW’)
=n(B)—n(BNW)
=390-4
=386
33. Writing exercise; answers will vary
34. Writing exercise; answers will vary.
EXTENSION: INFINITE SETS AND THEIR
CARDINALITIES
1. The set {6} has the same cardinality as B,

{26}. The cardinal number is 1.

The cardinality of {—16, 14, 3} is the same
as D, {x, y, z}. The cardinal number is 3.

The set {x|x is a natural number} has the
same cardinality as A, &.

The set {x|x is a real number} has the same
cardinality, c, as C.

. The set {x]x is an integer between 5 and 6}

has the same cardinality, O, as F since there
are no members in either set.

10.

11.

12.

13.

14.

15.

16.

The set {x|x is an integer that satisfies

X% = 100} has the same cardinality, 2, as E.
Note x = £5.

One correspondence is:
{I, 1, I}
1T 7

ooy, 2
Other correspondences are possible.

It is not possible to place the sets {a, b, c, d}
and {2, 4, 6} in a one-to-one
correspondence because the two sets do not
have the same cardinal number. In other
words, the two sets are not equivalent.

One correspondence is:

{fa, d, i, t, o, n}
1T177107¢

{a, n, s, w, e, 1}

Other correspondences are possible.

One correspondence, pairing each president
with his wife, is:
{Obama, Clinton, Bush}

0 0 0
{Michelle, Hillary, Laura}

Other correspondences are possible.

n({a,b,c,d, ... k})=11
By counting the number of letters a through
k, we establish the cardinality to be 11.

n({9, 12, 15, ..., 36}) =10
By counting the multiples of 3 from 9 to 36,
we see that the cardinality is 10.

n() = 0 since there are no members.
n({0}) = 1 since there is 1 element.

n({300, 400, 500, ...}) = R, since this set

can be placed in a one-to-one
correspondence with the counting numbers
(i.e., is a countable infinite set).

n({-35, 28, -21, ..., 56}) = 14 because a
complete listing of this set would show

14 elements where each element after the
first is found by adding 7. Another way to
evaluate the cardinality is to find the
difference between the largest and smallest,
56 — (=35) =91. Divide 91 by 7 to find how
many times 7 has been added to the first
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17.

18.

19.

20.

21.

22,

23.

24,

element: % =13. Since 7 has been added

13 times to the first element to get 91, we
have 13 numbers plus the first number, or
14 in total, which is the cardinal number for
the set.

n {_l, _l, _i, } = R, since this set
4 8 12

can be placed in a one-to-one
correspondence with the counting numbers.

n({xx is an even integer}) = X, since this
set can be placed in a one-to-one
correspondence with the counting numbers.

n({xx is an odd counting number}) = X,

since this set can be placed in a one-to-one
correspondence with the counting numbers.

n({b, a, 1,1,a,d})=n({b, a, 1,d}) =4 since
there are only 4 distinct elements in the set.

n({Jan, Feb, Mar, ..., Dec}) = 12 since there
are twelve months indicated in the set.

n({Alabama, Alaska, Arizona, ...,
Wisconsin, Wyoming}) = 50, since there are
fifty states of the United States.

“X bottles of beer on the wall, & bottles
of beer, take one down and pass it around,
M bottles of beer on the wall.” This is true

because X,—1= K.

(a) Let {a, b, c} represent the set of three
actors and {d, e, f} represent the set of
three roles played by the actors. As we
can see, there are 6 different
correspondences that can be shown.

{a, b, c} {a, b, c}
77 17
{d, e, f} {d, f, e}
{a, b, c} {a, b, c}
77 17
{e,d, f} {e, £, d}
{a, b, c} {a, b, c}
77 I17
{f, e, d} {f, d, e}

(b) {Jamie Foxx, Mike Myers, Madonna}
0 0 0

{Ray Charles, Austin Powers, Evita Peron}

25. The answer is both. Since the sets {u, v, w}
and {v, u, w} are equal sets (same
elements), they must then have the same
number of elements and thus are equivalent.

26. The sets {48, 6} and {4, 86} are equivalent
because they contain the same number of
elements (same cardinality) but not the same
elements.

27. Thesets {X, Y, Z} and {x, y, z} are
equivalent because they contain the same
number of elements (same cardinality) but
not the same elements.

28. The sets {top} and {pot} are equivalent
because they contain the same number of
elements (one) but not the same elements.

29. The sets {x]x is a positive real number} and
{x|x is a negative real number} are
equivalent because they have the same
cardinality, c. They are not equal since they
contain different elements.

30. The set {x]x is a positive rational number}
has a cardinality of X while the set

{x|x is a negative real number} has a
cardinality of c. Since the two sets do not
contain the same elements and do not have
the same cardinality, they are not equal nor
are they equivalent.

Note that each of the following answers shows only

one possible correspondence.

31, {2,4,6, 810,12, ..., 2n, ...}
ORORORORIONONEN
{1, 2,3,4, 5 6,... n ..}

32. {10, —20, —30, —40, ..., —10n, ...}

T T T 7 X
L, 2 3 4 ., n..}
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33.

34.

35.

36.

37.

38.

39.

40.

41.

{1,000,000, 2,000,000, 3,000,000, ..., 1,000,000n, ...}
X X X X
{1, 2, 3, ..., n, ..}

We can establish a one-to-one correspondence between the set of odd integers and the set of counting
numbers as follows.
{L,-1,3,-3,5-5,..4,..}

171773730 ¢
{, 2,3, 4,5 6,..,n..}

where a =nifnisoddand a =1 —nif nis even.

(2,4,8,16,32, ..., 2", ...}
OROROROREOREN
L, 2,3, 4,5 ..n..)
(=17, =22, -27, =32, .., —=5n—12, ...}
T T 7T 7 ?

n, 2, 3, 4, .., n, ..}

The statement “If A and B are infinite sets, then A is equivalent to B” is not always true. For example, let
A = the set of counting numbers and B = the set of real numbers. Each has a different cardinality.

The statement, “If set A is an infinite set and set B can be put in one-to-one correspondence with a proper
subset of A, then B must be infinite,” is not always true. For example, let A = the set of counting numbers
and B = {a, b, c}. B can be put in a one-to-one correspondence with a proper subset of A as follows:

{a, b, ¢}

{15 25 3}

The statement “If set A is an infinite set and A is not equivalent to the set of counting numbers, then
n(A) = ¢” is not always true. For example, A could be the set of all subsets of the set of real numbers.
Then, n(A) would be an infinite number greater than c.

The statement “If A and B are both countable infinite sets, then n(AuU B) = & is always true. Set A can
be put in a one-to-one correspondence with the set of counting numbers. By dropping elements in B that
are in A, the remaining elements, whether a finite number or not, can be added to the list of A to produce
A U B. The cardinal number of that setis R

(a) Use the figure (in the text), where the line segment between 0 and 1 has been bent into a semicircle
and positioned above the line, to prove that {x|x is a real number between 0 and 1} is equivalent to
{x|x is a real number}.

e =4 3 2 10 12 3 4 ..
Rays emanating from point P will establish a geometric pairing for the points on the semicircle with
the points on the line.

(b) The fact part (a) establishes about the set of real numbers is that the set of real numbers is infinite,
having been placed in a one-to-one correspondence with a proper subset of itself.
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42,

43.

44.

45.

46.

47.

48.

49.

Draw a dashed line through the upper
endpoints of the two segments. Label the
point where this line intersects the base line
as P. Choose any point A on the shorter
segment; draw a line through P and A,
intersecting the longer segment at a point we
label A’. Now choose a point B’ on the
longer segment. Follow the same procedure
to find the corresponding point B on the
shorter segment. In this manner, we can set
up a one-to-one correspondence between all
the points on the two given line segments.
This correspondence shows that the sets of
points on the two segments have the same
cardinal number; that is, the segments have
the same number of points.

(3,6, 9,12, .., 3n, ..}
ORORORN) )

(6,9,12,15, ..., 3n+3, ...}
{4, 7,10,13, ..., 3n+1, ...}

S wln
w

»

Wl WA

{-3,-5,-9, =17,..., ="+, ...}
Tt 1T 7 0

{(-5,-9, =17, =33, ., = (2" +1), ...}

Writing exercise; answers will vary.

50.
51.

52.

Writing exercise; answers will vary.
Writing exercise; answers will vary.

Writing exercise; answers will vary.

Chapter 2 Test

1.

10.

11.

12.

13.
14.

AuUC ={a, b,c, d}U{a, e}
= {a7 b’c’ d7 e}

BNA=1b,e, a,d}n{a,b, c, d}
:{a7 b? d}

B’ =1{b, e, a,dY =|c, f, g, h)

A—(BNC)
=A-({b,e,a,d}{b,c, d, f, g, h})
={a, b, c,d}—{b, d}

={a, c}
b € A is true since b is a member of set A.

C c A is false since the element e, which is a
member of set C, is not also a member of set
A.

B c (A U O) is true since all members of set
B are also members of A U C.

c ¢ Cis true because c is not a member of
set C.

n[(A U B) — C] = 4 is false. Because,
n[(auB)—-Cl=nl[{a, b, c, d, e}—{a, e}]
=n({b, ¢, d)}
=3

& c Cis true. The empty set is considered a
subset of any set. C has more elements than
& which makes & a proper subset of C.

(AN B’) is equivalent to (BN A") is true.
Because, n(ANB’) =n({c}) =1,
n(BNAY=n({e})=1.

(AUB) = AN B’ is true by one of De
Morgan’s laws.

nAXC)=n(A)xn(C)=4x2=8

The number of proper subsets of A is
24 -1=16-1=15.
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Answers may vary for Exercises 15-18.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

A word description for
{-3,-1,1,3,5,7,9} is the set of all odd
integers between —4 and 10.

A word description for
{January, February, March, ..., December}
is the set of months of the year.

Set-builder notation for {-1, -2, -3, -4, ...}
would be {x|x is a negative integer}.

Set-builder notation for
{24, 32, 40, 48, ..., 88} would be
{x|x is a multiple of 8 between 20 and 90}.

@ | {x|x is a counting number between 20
and 21} since the empty set is a subset of
any set.

{4, 9, 16} |neitheq {4, 5, 6,7, 8,9, 10} since
the element 16 is not a member of the
second set.

XuYy’

ap

X'nYy’

U

S

XuY)-Z

@

U

[(XNnhHhun2uXn2)]
- XNnYN2

&

U

A N T = {Electric razor, Telegraph, Zipper}
M {Electric razor, Fiber optics, Geiger
counter, Radar} = {Electric Razor}

26.

27.

28.

29.

30.

(AuTy
= {Electric razor, Telegraph, Zipper} U
{Electric razor, Fiber optics, Geiger counter,
Radar})’
= {Electric razor, Fiber optics, Geiger
counter, Radar, Telegraph, Zipper}’

= { Adding machine, Barometer, Pendulum
clock, Thermometer}

A-T’
= {Electric razor, Telegraph, Zipper}

— {Electric razor, Fiber optics, Geiger
counter, Radar})’

= {Electric razor, Telegraph, Zipper}

— {Adding machine, Barometer,
Pendulum clock, Telegraph,
Thermometer, Zipper}

= {Electric razor}

Writing exercise; answers will vary.
(@ nAuB)=12+3+7=22

) n(AnB)=n(A-B)=12
These are the elements in A but outside
of B.

Let G = set of students who are receiving
government grants. Let S = set of students
who are receiving private scholarships. Let
A = set of students who are receiving aid
from the college.
Complete a Venn diagram by inserting the
appropriate cardinal number for each region
in the diagram. Begin with the intersection
of all three sets: n(G NS N A) = 8. Since
n(SNA)=28, n(SNANG’)=28-8=20.
Since n(G N A) =18,
n(GNANS)=18-8=10. Since
n(GNS)=23, n(GNSNA)=23-8=15.
Since n(A) =43,
n(AN(GuUS))=43-(10+8+20)
=43-38
=5.
Since n(S) = 55,
n(S N(GUA))=55-(15+8+20)
=55-43
=12.
Since n(G) =49,
n(GN(SUA))=49-(10+8+15)
=49-33
=16.
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fid
8%
U

@ n(GN(SUA))=16 havea
government grant only.

U
Thus,

(b) n(S NG’) =32 have a private
scholarship but not a government grant.

(¢) 16 + 12 + 5 =33 receive financial aid
from only one of these sources.

(d) 10 + 15 + 20 = 45 receive aid from
exactly two of these sources.

(&) n(GuSUA) =14 receive no financial
aid from any of these sources.

" nSENAUVE)+n(AUGUS)Y
=12+14
=26
received private scholarships or no aid
at all.
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