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Chapter 2

Field Quantization

2.1 problem 2.1

Eq. (2.5) has the form

2 2
Eo(z,1) = Vigoq(t) sin(k2),
and Eq. (2.2)
OE
V x B = ppeg—.

2.2 problem 2.2

1 1
H = §/dV [50E§(2,t) + —B;(z,t)} :

Ho

9

(2.1.1)

(2.1.2)

(2.1.3)

(2.1.4)

(2.2.1)
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From the previous problem

Bu(e,) = 1| 2 g(t) sin(k2) (2.2.2)
(2,t) = Vsoq sin(kz), 2.
SO
2 2w” 2

eoEZ(z,t) = 4 (t) sin®(kz). (2.2.3)

Also
By(e 1) = 020 [ 2% 4 cos(hz) (2.2.4)

A A v ’ e
and ) 5

—B? z,t 2() cos®(kz 2.2.5

o ,(2,1) = 7P (t) cos®(kz), (2.2.5)

where we have used that ¢* = (uogo) ™!, p(t) = ¢(t), and ck = w. Eq. 2.2.1
becomes then

1
e / AV [w2q2 (1) sin® (k=) + p*(t) cos?(k2)] | (2.2.6)
Using these simple trigonometric identities cos?z = % and sin’z =

1—cos 2z

5, we can simplify equation 2.2.6 further to:

H= 21/ /dV [w?@?(t)(1 + cos 2kz) + p*(t)(1 — cos 2k2)] . (2.2.7)

Because of the periodic boundaries both cosine terms drop out, also % f dVv =
1 and we end up by

H= % (p* + wq?) . (2.2.8)

It is easy to see that this Hamiltonian has the form of a simple harmonic
oscillator.

2.3 problem 2.3

Let f be a function defined as:

FA) = eMBe=M, (2.3.1)
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If we expand f as

f()\) = Cp —f- Cl(’L)\) —I— Co (Z;\')2 + ceny (232)
where
Co = f(O)
C1 = f/(O)
¢ = f"(0)---
Also

The same way we can determine the other coefficients.

2.4 problem 2.4

Let
flz) = eAreB (2.4.1)

It is easy to prove that

[B,A”} — nArt [B,A] (2.4.2)
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S o
=2 (-1 (nin1)' " [.A]
= —e A" [B,A] x

So

e A Bedr — B ¢~Ax [ 3, fl] x (2.4.3)

A Be At = B 4 ¢ [fl, A] x (2.4.4)
Equation 4.1.1 becomes

d“’;f) - <A+ B+ [21, B’]) flx). (2.4.5)

Since [121, lﬂ commutes with A and é, we can solve equation 2.4.5 as an
ordinary equation. The solution is simply

_ A » Lri sl 2
f(z) =exp [(A + B) a:] exp (5 [A, B} x ) (2.4.6)
If we take v = 1 we will have
eAtB — ¢AeBo=3[A5| (2.4.7)

2.5 problem 2.5

| (0)) = (Jn) + €%|n +1)) . (2.5.1)
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W) = e % [0 (0))

1 CHt - Ht
= (e”HT]m + e”HT|n + 1))

(et} et 1 1))

Sl =S

where we have used % =w

| (t)) = alalw(t))

1 —inwt iapefi n+1)wt n n
:E(e nln) + €% (n 4 1)n + 1))
() = (¥(@)|a[W(1))
—ln n+1)
—2( +n+
B 1
—n+§

the same way

E|U(t)) = &sin(kz) (6 +a) [¥(1))

= Lé’o sin(kz) (@' + a) (e7™'|n) + eemintbwt 4 1))

V2
— %50 sin(kz) [eimwt (\/n——i—l\n +1) +V/nln — 1>>

+ elvemintlwt (\/n +2[n+2) +vn + 1|n>)}

13
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(U EB(t)) = %50 sin(kz) <ei‘“t\/n + 14 e ™ /n+ 1)
=vn+ 1& sin(kz) cos(p — wt)

(B2) = (W) BB ()
=2(n + 1)&} sin®(kz)

<(AE>2> = (n+ 1)E2sin?(kz) [2 — cos?( — wt)]

(6" — &) () = % et (VAT Tn+ 1) — valn — 1))

e (V2 4 2) = Vit 1in))|
((a" — a)) = —iv/n + Lsin(p — wt)

Finally we have the following quantities

An = =
2

AE = &|sin(kz)][/2(n + 1) [2 — cos?(p — wt)]
(@' —a))| = Vn+1]sin(p — wt)|.
Certainly the inequality in (2.49) holds true since
V2(2 — cos2(p — wt)) > |sin(p — wt)].

2.6 problem 2.6

X1—%(&—|—fﬂ)

A 1,
Xg—g(a—cﬁ)
Xf:}l(*2+d2+2&*&+1)
X2= —i (a™ +a® —2a'a — 1)
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|Wo1) = a|0) + 3[1)

where |a]? + |8]> = 1. So we can rewrite 3 = /1 — |a|2¢'® and o? = |a|?
without any loss of generality.

(1), - o)

<dT2>01 =0

<d2>01 =0
(@fa)or = |8

(218]* +1)
(218> +1)

<f<12>01 _
(%), =

e Bl

((2%)7) = TRIBE +1 = (@B = (@57 =23

_ i (3 — 4laf? + 2la]! — 2|a2(1 — of?) cos(26)]
((a%)) = JRIBE+ 1+ @)+ (@) - 2laPlF]
01 4

1

1 [3—4laf* + 2Jaf* + 2Jaf(1 - |af) cos(26)]

N2
In figures a and b below we plot <(AX1) > (solid line) for ¢ = 7/2 and
01

O\ 2
<<AX2> > (doted line) for ¢ = 0, respectively. Clearly the quadratures

in hands go below the quadrature variances of the vacuum in more than one
occasion.
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(a)
0.8+
~ 2\ 06 R
(@),
0.4
02
00 .
00 02 04 06 08 1.0
(b) of
0.8+
A2\ 06
</\1/2)> ¢=0

0.4+

y=0.25

0.2

0.0 T
0.0 0.2

04 06 08 10
2
o

[Wo2) = al0) + 53[2). (2.6.1)

Again, where |a|> + |3]> = 1. So we can rewrite 3 = /1 — |a|2¢® and
a? = |a|?* without any loss of generality.

)
= 1 (la = V38" 4 3157)

_ i [5— 4laf® — 2¢/2a(1 — [a?) cos ]

A\ 2 ~ N\ 2
In figures ¢ and d below we plot <<AX1) > for ¢ = 0 and <(AX2> >
02

02
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for ¢ = /2, respectively. Clearly the quadratures in hands go below the
quadrature variances of the vacuum in more than one occasion.

0.6
’A)qj> 05 =0
s 02
0.4
0.3
02 \J
02 0.4 06 08 1
2
i
U8
0.7
\ © 05
0.4
03
0.2 \J
02 04 06 08 1

2.7 Problem 2.7



18 CHAPTER 2. FIELD QUANTIZATION

W= (0|70

—_

= —(Ulatataal W)

((T[A%| @) — (|a|P))

_ ey
. n

52
_

)

=3

—~

—~

Notice that n’ # 7 — 1 in general, but for the number state |n), and only of
this state we have n’ =n — 1.

2.8 Problem 2.8
1

V2

The average photon number, n, of this state is

|W) (10) + |10)) (2.8.1)
n = (V|a'a|v), (2.8.2)
which can be easily calculated to be
1
n= 5(0 +10) = 5. (2.8.3)

If we assume that a single photon is absorbed, our normalized state will

become
w) = |9), (2.8.4)
then the average photon becomes

3
Il
©

(2.8.5)
2.9 Problem 2.9
E(I’, t) = @Z WECKks [Aksei(k-r—wkt) _ Ai’;se—i(k-r—wkt)}
k,s

B(r,t) = = > wi (kX o) [A e — A7 el
k,s
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V- E(r, t) =1V - <Z W€k [Aksei(k-rfwkt) . Aisei(k-rwkt)])

k,s

= Z'Zwkeks . [Aksv (ei(k'r*wkt)) — ALV (efi(k-rfwkt))]
k,s
= ZZ WECks * [Z'kAksei(k-rfwkt) + Z’kAik{sefi(k-rfwkt)}
k,s
- Z wreks - K [Aksei(k'r_”’“t) + Al’ise_"(k’r—%t)}
k,s

=0
where we have used the vector identity
V-(fA)=f(V-A)+A-(Vf), (2.9.1)

and

es -k =0. (2.9.2)

V- B(I‘,t) = EV . <Z W (/ﬁ) X eks) [Aksei(k'r*wkt) _ Aisei(k-rwkt)]>
k,s
= ézwk (/@- X eks) . [Aksv (ei(kr—wkt)) . Aik{sv (efi(krfwkt))}
k,s

1 A )
= E wi (kX exs) -k [Aksez(kr_“’“t) + Aise—l(kr—wt)]
c
k,s

=0
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V x E(r,t) =iV x (Z Wil [Aksei(k-rftwgt —Ale i(kr— wﬁ)})

k,s

= Zwkeks Aks ( i(kr— wkt)) ALV (efi(k-rfwkt))}
=1 Z Wreks X ZkAkS i(ker—wgt) | ik AL, i(kr— wkt)}

= — Zwkeks x k [Aks i(k-r—wgt) + A i(kr— wkt)]

k,s

- = Z _eks X K [Aks iler—wit) + A kr—wkt)}

- Z _’i X €ks [Aks iler—wit) + A i(ler— wkt)}

where we have used the vector identity

and

B .
_a = 2 E Wk (/i X eks) l:Aks
C
k,s

V x (fA)=f(VXA)+Ax(Vf), (2.9.3)
Kk — %,@' (2.9.4)

8ei(k'r_wkt) 8e—i(k-r—wkt)

ot ot

1 - |
N z sz (KJ X eks) [Aksel(k‘r_wkt) + Aik(se_z(kr—wkt)]
k,s

=-VxE
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V x B(r,t) = %v x (Z Wi (1 X exs) [Apee’®Tert) — A;;Se“k”kt)})
k,s
= LS X o) X [ AT (¢ 0) — AL ()
= éZwk (F X €s) X [ikApee’ 7™ 4 ik Ay emilerrt)]
= ——Zwk K X eis) X k [Ae’ ™m0 4 4y emilormend)]

— _Z eks Aks i(k-r—wit) +Aks kr—wkt)j|

_ ,UOEOE wkeks Aks i(kr—wpt) —|—A* i(kr— wkt):|
k,s

OE
ot

= MHo€o—F5,

2.10 Problem 2.10

For thermal light

Pp=— (2.10.1)

S onn—1)e(n—r+ 1P =Y n(n—1).(n—r+ 1)<1+RW
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To simplify the last expression, let’s define x = Hlﬁ’ for which z < 1,
1
—1)..(n— )P, = —z"t! —1...(in— Dam
zﬂ:n(n )or(n —7 4+ 1) =T zn:n(n Jooln =74+ Dz

1 a"

— —rtl n
at oar Zx
1 a1

_ r+1 7
a0 l—u
1 1

— e+l |
R T 1— z)1

(nn—1)Mn-1)---(h—r+1)) =rla" (2.10.2)

ml [€.8] In) = Lomabe

Obviously, only the diagonal matrix elements are nonzero.

2.12 Problem 2.12
Using equation (2.229) for

p =5 (10){0[ + [1)(1]) (2.12.1)

N —
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we have

1 .
Ply) = %wpm
1 —in'p A _in
= 5 2L > (e pe )

= % (1+ e )

This is similar to a thermal state. On the other hand using equation (2.227)
for |1) = 1(|0) + €|1)) we have

P6) = ol (6l

= % [1+ cos(¢p —0)].

As expected, it is different than a statistical mixture state, the one for the
pure state exhibiting a phase dependence.

2.13 Problem 2.13

pin =Y _ Puln)(n| (2.13.1)
n=0

1 .
Plp) = 2—(90!p!so>

T
1 1 —in'o ~ _in

= LS S e ey
1 1 —in’ in

= S ST Al e e )

2

1 "
:%;Pk

1

2T
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Chapter 3

Coherent States

3.1 Problem 3.1

Let assume that the eigenvector of the creation operator af exists. So we can

write
a'|8) = 616). (3.1.1)
Now let’s write |3) as a superposition of the number states, namely

[e.9]

8y =2 _ealn) (3.1.2)

n=0

Now let’s plug the last expression in equation 3.1.1:

a'lB) = enV/n+1|n+1) (3.1.3)
n=0

=B caln). (3.1.4)

From the last express we deduce that

co =0, (3.1.5)

1
Cnil = Bcn\/n +1, (3.1.6)

which means all ¢,’s = 0.

25



