
Chapter 2 

Applications of Differentiation 

Exercise Set 2.1 

1. ( ) 2 4 5f x x x= + +  

First, find the critical points. 

( )' 2 4f x x= +  

( )'f x  exists for all real numbers. We solve 

( )' 0

2 4 0 

2 4 

2

f x

x

x

x

=
+ =

= −
= −

The only critical value is 2− . We use 2−  to 
divide the real number line into two intervals, 

 A: ( ), 2−∞ −  and B: ( )2,− ∞ : 

  

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( )
( ) ( )

A: Test 3, ' 3 2 3 4 2 0     

B: Test 0,        ' 0 2 0 4 4 0

f

f

− − = − + = − <

= + = >

We see that ( )f x is decreasing on ( ), 2−∞ −  and 

increasing on ( )2,− ∞ , and the change from 

decreasing to increasing indicates that a relative 
minimum occurs at 2x = − .  We substitute into 

the original equation to find ( )2f − : 

( ) ( ) ( )2
2 2 4 2 5 1f − = − + − + =  

Thus, there is a relative minimum at ( )2,1− . We 

use the information obtained to sketch the 
graph. Other function values are listed below.  

2. ( ) 2 6 3f x x x= + −  

( )' 2 6f x x= +  

( )'f x exists for all real numbers. Solve  

( )' 0

2 6 0 

2 6 

3

f x

x

x

x

=
+ =

= −
= −

The only critical value is 3− . We use 3−  to 
divide the real number line into two intervals, 

( ) ( )A: , 3  and B: 3, .−∞ − − ∞  

( ) ( )
( ) ( )

A: Test 4, ' 4 2 4 6 2 0

B: Test 0,        ' 0 2 0 6 6 0

f

f

− − = − + = − <

= + = >

 We see that ( )f x is decreasing on ( ), 3−∞ −  

and increasing on ( )3,− ∞ , there is a relative 

minimum at 3x = − . 

( ) ( ) ( )2
3 3 6 3 3 12f − = − + − − = −  

Thus, there is a relative minimum at ( )3, 12− − . 

We sketch the graph.  

  

3. ( ) 25f x x x= − −  

First, find the critical points. 

( )' 1 2f x x= − −  

( )'f x  exists for all real numbers. We solve 

( )' 0

1 2 0 

2 1

1

2

f x

x

x

x

=
− − =

− =

= −

The solution is continued on the next page. 

x  ( )f x  

5−  10
4−  5
3−  2
2−  1
1−  2

0  5  
1 10  

x ( )f x  

6−  3−
5−  8−
4− 11−
3−  12−
2− 11−
1−  8−

0  3−  

A B 

2−  
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The only critical value is 
1

2
− . We use 

1

2
−  to 

divide the real number line into two intervals, 

  
1 1

A: ,  and B: , :
2 2

⎛ ⎞ ⎛ ⎞−∞ − − ∞⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
  

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( )
( ) ( )

A: Test 1, ' 1 1 2 1 1 0     

B: Test 0,        ' 0 1 2 0 1 0

f

f

− − = − − − = >

= − − = − <

We see that ( )f x is increasing on 
1

, 
2

⎛ ⎞−∞ −⎜ ⎟⎝ ⎠
 

and decreasing on 
1 

,
2

⎛ ⎞− ∞⎜ ⎟⎝ ⎠
, and the change 

from increasing to decreasing indicates that a 

relative maximum occurs at 
1

2
x = − .  We 

substitute into the original equation to find 

1 

2
f
⎛ ⎞−⎜ ⎟⎝ ⎠

: 

2
1 1 1 21

5
2 2 2 4

f
⎛ ⎞ ⎛ ⎞ ⎛ ⎞− = − − − − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

Thus, there is a relative maximum at 
1 21

,
2 4

⎛ ⎞−⎜ ⎟⎝ ⎠
. 

We use the information obtained to sketch the 
graph. Other function values are listed below. 

4. ( ) 22 3 2f x x x= − −  

( )' 3 4f x x= − −  

( )'f x exists for all real numbers. Solve  

( )' 0

3 4 0

3

4

f x

x

x

=
− − =

= −

The only critical value is 
3

4
− . We use 

3

4
−  to 

divide the real number line into two intervals, 

3 3
A: ,  and B: , .

4 4
⎛ ⎞ ⎛ ⎞−∞ − − ∞⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

 

( ) ( )
( ) ( )

A: Test 1, ' 1 3 4 1 1 0

B: Test 0,        ' 0 3 4 0 3 0

f

f

− − = − − − = >

= − − = − <

 We see that ( )f x is increasing on 
3

, 
4

⎛ ⎞−∞ −⎜ ⎟⎝ ⎠
 

and decreasing on 
3 

,
4

⎛ ⎞− ∞⎜ ⎟⎝ ⎠
, there is a relative 

maximum at 
3

4
x = − . 

2
3 3 3 25

2 3 2
4 4 4 8

f
⎛ ⎞ ⎛ ⎞ ⎛ ⎞− = − − − − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

Thus, there is a relative maximum at 
3 25

,
4 8

⎛ ⎞−⎜ ⎟⎝ ⎠
. 

We sketch the graph.   

5. ( ) 21 6 3g x x x= + +  

First, find the critical points. 

( )' 6 6g x x= +  

( )'g x exists for all real numbers. We solve: 

( )' 0

6 6 0 

6 6 

1

g x

x

x

x

=
+ =

= −
= −

The only critical value is 1− . We use 1−  to 
divide the real number line into two intervals, 

  ( ) ( )A: , 1  and B: 1, :−∞ − − ∞   

The solution is continued on the next page. 

x  ( )f x  

3−  1−
2−  3
1−  5  
1
2−  21 

4  

0  5  
1 3  
2  1−  

x ( )f x  

3−  7−
2−  0
1−  3  
3
4−  25 

8  

0  2  
1 3−
2 12−

A B 

1−  

B 

1

2
−  

A 
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We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( )
( ) ( )

A: Test 2, ' 2 6 6 2 6 0     

B: Test 0,        g ' 0 6 6 0 6 0

g− − = + − = − <

= + = >

We see that ( )'g x is decreasing on ( ), 1−∞ −  

and increasing on ( )1,− ∞ , and the change from 

decreasing to increasing indicates that a relative 
minimum occurs at 1x = − .  We substitute into 

the original equation to find ( )1g − : 

( ) ( ) ( )21 1 6 1 3 1 2g − = + − + − = −  

Thus, there is a relative minimum at ( )1, 2− − . 

We use the information obtained to sketch the 
graph. Other function values are listed below. 

  

6. ( ) 20.5 2 11F x x x= + −  

( )' 2F x x= +  

( )'F x exists for all real numbers. Solve  

( )' 0 

2 0

2

F x

x

x

=
+ =

= −
The only critical value is ( )1,8− . We use 2−  to 

divide the real number line into two intervals, 

( ) ( )A: , 2  and B: 2, .−∞ − − ∞  

( ) ( )
( ) ( )

A: Test 3, ' 3 3 2 1 0

B: Test 0,        ' 0 0 2 2 0

F

F

− − = − + = − <

= + = >

 We see that ( )F x is decreasing on ( ), 2−∞ −  

and increasing on ( )2,− ∞ , there is a relative 

minimum at 2x = − . 

( ) ( ) ( )2
2 0.5 2 2 2 11 13F − = − + − + − = −  

Thus, there is a relative minimum at ( )2, 13− − .  

We sketch the graph. 

7. ( ) 3 2 2G x x x x= − − +  

First, find the critical points. 

( ) 2' 3 2 1G x x x= − −  

( )'G x exists for all real numbers. We solve 

( )

( )( )
2

' 0

3 2 1 0 

3 1 1 0

G x

x x

x x

=

− − =
+ − =

3 1 0            or         1 0

3 1          or               1

1
       or               1

3

x x

x x

x x

+ = − =
= − =

= − =

The critical values are 
1

 and 1
3

− . We use them 

to divide the real number line into three 
intervals, 

  ( )1 1
A: , , B: ,1 , and C: 1, .

3 3
⎛ ⎞ ⎛ ⎞−∞ − − ∞⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

  

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2

2

2

A: Test 1,

   ' 1 3 1 2 1 1 4 0

B: Test 0,

   ' 0 3 0 2 0 1 1 0

C: Test 2,

    ' 2 3 2 2 2 1 7 0

G

G

G

−

− = − − − − = >

= − − = − <

= − − = >
The solution is continued on the next page. 

x  ( )g x  

4−  25
3−  10
2−  1
1−  2−

0  1 
1 10  
2  25  

x ( )F x  

5−  17
2−

4− 11−
3−  25 

2−
2−  13−
1−  25 

2−
0  11−
1 17

2−  

A B 

1 

3
−  

C 

1 
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From the previous page, we see that ( )G x is 

increasing on 
1

, 
3

⎛ ⎞−∞ −⎜ ⎟⎝ ⎠
, decreasing on 

1 
,1

3
⎛ ⎞−⎜ ⎟⎝ ⎠

, and increasing on ( )1,∞ .  So there is 

a  relative maximum at 
1

3
x = − and a relative 

minimum at 1x = . 

 We find 
1

3
G
⎛ ⎞−⎜ ⎟⎝ ⎠

: 

3 2
1 1 1 1 

2
3 3 3 3

1 1 1 
2

27 9 3
59 

27

G
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞− = − − − − − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

= − − + +

=

Then we find ( )1G : 

( ) ( ) ( ) ( )3 2
1 1 1 1 2

1 1 1 2 

1

G = − − +
= − − +
=

There is a relative maximum at 
1 59

,
3 27

⎛ ⎞−⎜ ⎟⎝ ⎠
, and 

there is a relative minimum at ( )1,1 . We use the 

information obtained to sketch the graph. Other 
function values are listed below. 

8.  ( ) 3 21 
2 5

2
g x x x x= + − +  

( ) 2' 3 2g x x x= + −  

( )'g x exists for all real numbers. We solve 

( )

( )( )
2

' 0

3 2 0

3 2 1 0

g x

x x

x x

=

+ − =
− + =

3 2 0           or         1 0

2
          or               1

3

x x

x x

− = + =

= = −
 

The critical values are 
2

−1 and 
3 

. We use them 

to divide the real number line into three 
intervals, 

  ( ) 2 2
A: , 1 , B: 1, , and C: , .

3 3
⎛ ⎞ ⎛ ⎞−∞ − − ∞⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

  

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2

2

2

A: Test 2,

    ' 2 3 2 2 2 8 0

B: Test 0,

    ' 0 3 0 0 2 2 0

C: Test 1,

     ' 1 3 1 1 2 2 0

g

g

g

−

− = − + − − = >

= + − = − <

= + − = >

We see that ( )g x is increasing on ( ), 1−∞ − , 

decreasing on 
2

1, 
3

⎛ ⎞−⎜ ⎟⎝ ⎠
, and increasing on 

2 
,

3
⎛ ⎞∞⎜ ⎟⎝ ⎠

.  So there is a  relative maximum at 

1x = − and a relative minimum at 
2

3
x = . 

( ) ( ) ( ) ( )3 21 13
1 1 1 2 1 5

2 2
g − = − + − − − + =  

3 2
2 2 1 2 2 113

2 5
3 3 2 3 3 27

g
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + − + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

There is a relative maximum at 
13

1, 
2

⎛ ⎞−⎜ ⎟⎝ ⎠
, and 

there is a relative minimum at 
2 113

,
3 27

⎛ ⎞
⎜ ⎟⎝ ⎠

. We 

use the information obtained to sketch the 
graph. Other function values are listed below. 

x  ( )G x  

2−  8−
1− 1

0 2  
2 4  
3  17  

x ( )g x  

2−  3
0  5  
1 9 

2  

2 11
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9. ( ) 3 3 6f x x x= − +  

First, find the critical points. 

( ) 2' 3 3f x x= −  

( )'f x exists for all real numbers. We solve  

( )
2

' 0

3 3 0

f x

x

=

− =
2

2

3 3 

1

1

x

x

x

=

=
= ±

The critical values are 1 and 1− . We use them to 
divide the real number line into three intervals, 

  ( ) ( ) ( )A: , 1 , B: 1,1 , and C: 1, .−∞ − − ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( )
( ) ( )
( ) ( )

2

2

2

A: Test 3, ' 3 3 3 3 24 0

B: Test 0,       ' 0 3 0 3 3 0

C: Test 2,       ' 2 3 2 3 9 0

f

f

f

− − = − − = >

= − = − <

= − = >

We see that ( )f x is increasing on ( ), 1−∞ − , 

decreasing on ( )1,1− , and increasing on ( )1,∞ .  

So there is a  relative maximum at 1x = − and a 
relative minimum at 1x = . 

 We find ( )1f − : 

( ) ( ) ( )3
1 1 3 1 6 1 3 6 8f − = − − − + = − + + =  

Then we find ( )1f : 

( ) ( ) ( )3
1 1 3 1 6 1 3 6 4f = − + = − + =  

There is a relative maximum at ( )1,8− , and 

there is a relative minimum at ( )1,4 . We use the 

information obtained to sketch the graph. Other 
function values are listed below. 

  

10. ( ) 3 23f x x x= −  

( ) 2' 3 6f x x x= −  

( )'f x exists for all real numbers. We solve 

( )

( )
2

' 0

3 6 0

3 2 0

f x

x x

x x

=

− =
− =

0       or       2x x= =  
The critical values are 0 and 2 . We use them to 
divide the real number line into three intervals, 

  ( ) ( ) ( )A: ,0 , B: 0, 2 , and C: 2, .−∞ ∞   

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

2

2

2

A: Test 1, ' 1 3 1 6 1 9 0

B: Test 1,       ' 1 3 1 6 1 3 0

C: Test 3,       ' 3 3 3 6 3 9 0

f

f

f

− − = − − − = >

= − = − <

= − = >

We see that ( )f x is increasing on ( ),0−∞ , 

decreasing on ( )0,2 , and increasing on ( )2,∞ .  

So there is a  relative maximum at 0x = and a 
relative minimum at 2x = . 

( ) ( ) ( )3 2
0 0 3 0 0f = − =  

( ) ( ) ( )3 2
2 2 3 2 4f = − = −  

There is a relative maximum at ( )0,0 , and there 

is a relative minimum at ( )2, 4− . We use the 

information obtained to sketch the graph. Other 
function values are listed below. 

  

11. ( ) 2 33 2f x x x= +  

First, find the critical points. 

( ) 2' 6 6f x x x= +  

( )'f x exists for all real numbers. We solve 

( )

( )
2

' 0

6 6 0

6 1 0

f x

x x

x x

=

+ =
+ =

6 0           or         1 0 

0          or               1

x x

x x

= + =
= = −

The solution is continued on the next page. 

x  ( )f x  

3−  12−
2− 4

0 6  
2 8  
3  24  

x ( )f x  

2−  20−
1− 4−

1 2−
3  0  
4  16  

A B 

1−  

C 

1 
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From the previous page, we know the critical 
values are 1 and 0− . We use them to divide the 
real number line into three intervals, 

  ( ) ( ) ( )A: , 1 , B: 1,0 , and C: 0, .−∞ − − ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( ) ( )

( ) ( ) ( )

2

2

2

1 1 1 3
' 6 6 0

2 2 2 2

A: Test 2,

      ' 2 6 2 6 2 12 0

1
B: Test ,

2

     

C: Test 1,

    ' 1 6 1 6 1 12 0

f

f

f

− = − + − = − <

−

− = − + − = >

−

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

= + = >

We see that ( )f x is increasing on ( ), 1−∞ − , 

decreasing on ( )1,0− , and increasing on ( )0,∞ .  

So there is a  relative maximum at 1x = − and a 
relative minimum at 0x = . 

 We find ( )1f − : 

( ) ( ) ( )2 3
1 3 1 2 1 1f − = − + − =  

Then we find ( )0f : 

( ) ( ) ( )2 3
0 3 0 2 0 0f = + =  

There is a relative maximum at ( )1,1− , and there 

is a relative minimum at ( )0,0 . We use the 

information obtained to sketch the graph. Other 
function values are listed below.  

12. ( ) 3 3f x x x= +  

( ) 2' 3 3f x x= +  

( )'f x exists for all real numbers. We solve 

( )
2

2

' 0

3 3 0

1

f x

x

x

=

+ =

= −

There are no real solutions to this equation. 
Therefore, the function does not have any 
critical values.  
We test a point  

( ) ( )2' 0 3 0 3 3 0f = + = >  

We see that ( )f x is increasing on ( ),−∞ ∞ , and 

that there are no relative extrema.  We use the 
information obtained to sketch the graph. Other 
function values are listed below.  

13. ( ) 32 16g x x= −  

First, find the critical points. 

( ) 2' 6g x x=  

( )'g x exists for all real numbers. We solve 

( )
2

' 0

6 0 

0

g x

x

x

=

=
=

The only critical value is 0 . We use 0  to 
divide the real number line into two intervals, 

( ) ( )A: ,0 , and B: 0, .−∞ ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( )
( ) ( )

2

2

A: Test 1, ' 1 6 1 6 0     

B: Test 1,        g ' 1 6 1 6 0

g− − = − = >

= = >

We see that ( )g x is increasing on ( ),0−∞  and 

increasing on ( )0,∞ , so the function has no 

relative extema. We use the information 
obtained to sketch the graph. Other function 
values are listed below. 

x  ( )f x  

3−  27−
2−  4−  

1
2  1 

2  28  

x ( )f x  

2− 14−
1− 4−

0  0  
1 4
2 14

x ( )g x  

2−  32−
1−  18−

0  16−
1 14−
2  0  
3  38  

A B 

0  

A B 

1−  

C 

0  
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14. ( ) 31F x x= −  

First, find the critical points. 

( ) 2' 3F x x= −  

( )'F x exists for all real numbers. We solve 

( )' 0F x =  

23 0 

0

x

x

− =
=

The only critical value is 0 . We use 0  to 
divide the real number line into two intervals, 

( ) ( )A: ,0 , and B: 0, .−∞ ∞  

( ) ( )
( ) ( )

2 

2

A: Test 1, ' 1 3 1 3 0     

B: Test 1,        F ' 1 3 1 3 0

F− − = − − = − <

= − = − <

We see that ( )F x is decreasing on ( ),0−∞  and 

decreasing on ( )0,∞ , so the function has no 

relative extema. We use the information 
obtained to sketch the graph. Other function 
values are listed below. 

15. ( ) 3 26 10G x x x= − +  

First, find the critical points. 

( ) 2' 3 12G x x x= −  

( )'G x exists for all real numbers. We solve 

( )

( )
2

' 0

4 0         Dividing by 3 

4 0

G x

x x

x x

=

− =
− =
0            or         4 0 

0          or                 4

x x

x x

= − =
= =

The critical values are 0 and 4 . We use them to 
divide the real number line into three intervals, 

  ( ) ( ) ( )A: ,0 , B: 0, 4 , and C: 4, .−∞ ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

2 

2

2

A: Test 1, ' 1 3 1 12 1 15 0

B: Test 1,       ' 1 3 1 12 1 9 0

C: Test 5,       ' 5 3 5 12 5 15 0

G

G

G

− − = − − − = >

= − = − <

= − = >

We see that ( )G x is increasing on ( ),0−∞ , 

decreasing on ( )0,4 , and increasing on ( )4,∞ .  

So there is a relative maximum at 0x = and a 
relative minimum at 4x = . 

 We find ( )0G : 

( ) ( ) ( )3 2
0 0 6 0 10

10

G = − +
=

Then we find ( )4G : 

( ) ( ) ( )3 2
4 4 6 4 10

64 96 10 

22

G = − +
= − +
= −

There is a relative maximum at ( )0,10 , and 

there is a relative minimum at ( )4, 22− . We use 

the information obtained to sketch the graph. 
Other function values are listed below. 

  

16. ( ) 2 312 9 3f x x x x= + − −  

( ) 2' 9 6 3f x x x= − −  

( )'f x exists for all real numbers. Solve  

( )

( )( )

2

2

' 0

9 6 3 0

2 3 0            Dividing by 3 

3 1 0

f x

x x

x x

x x

=

− − =

+ − = −
+ − =
3 0            or         1 0 

3          or                 1

x x

x x

+ = − =
= − =

The critical values are 3 and 1− . We use them to 
divide the real number line into three intervals, 

  ( ) ( ) ( )A: , 3 , B: 3,1 , and C: 1, .−∞ − − ∞   

On the next page, we use a test value in each 
interval to determine the sign of the derivative 
in each interval. 

x  ( )F x  

2−  9
1− 2

0 1 
1 0  
2  7−  

x ( )G x  

2− 22−
1−  3

1 5
2  6−
3  17−  

A B 

0  

C 

4  
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( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2

2

2

' 4 9 6 4 3 4 15 0

A: Test 4,

      

B: Test 0,

      ' 0 9 6 0 3 0 9 0

C: Test 2,

     ' 2 9 6 2 3 2 15 0

f

f

f

− = − − − − = − <

−

= − − = >

= − − = − <

We see that ( )f x is decreasing on ( ), 3−∞ − , 

increasing on ( )3,1− , and increasing on ( )1,∞ .  

So there is a  relative minimum at 3x = − and a 
relative maximum at 1x = . 

( ) ( ) ( ) ( )2 3
3 12 9 3 3 3 3 15f − = + − − − − − = −  

( ) ( ) ( ) ( )2 3
1 12 9 1 3 1 1 17f = + − − =  

There is a relative minimum at ( )3, 15− − , and 

there is a relative maximum at ( )1,17 . We use 

the information obtained to sketch the graph. 
Other function values are listed below. 

  

17. ( ) 3 4g x x x= −  

First, find the critical points. 

( ) 2 3' 3 4g x x x= −  

( )'g x exists for all real numbers. We solve 

( )

( )

2 3

2

' 0

3 4 0

3 4 0

g x

x x

x x

=

− =

− =
2 0            or       3 4 0

0            or         4 3

3
0            or               

4

x x

x x

x x

= − =
= − = −

= =

The critical values are 
3

0 and 
4 

.  

We use the critical values to divide the real 
number line into three intervals, 

  ( ) 3 3
A: ,0 , B: 0, , and C: , .

4 4
⎛ ⎞ ⎛ ⎞−∞ ∞⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( ) ( )2 3

2 3

A: Test 1, ' 1 3 1 4 1 7 0

1 1 1 1
B: Test ,  g ' 3 4

2 2 2 2

1 1 1
                          3 4 0

4 8 4

g− − = − − − = >

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞= − = >⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

( ) ( ) ( )2 3
C: Test 1,     g ' 1 3 1 4 1 1 0= − = − <  

We see that ( )g x is increasing on ( ),0−∞  and 

3
0, 

4
⎛ ⎞
⎜ ⎟⎝ ⎠

, and is decreasing on
3 

,
4

⎛ ⎞∞⎜ ⎟⎝ ⎠
.  So there 

is no relative extrema at 0x = but there is a 

relative maximum at 
3

4
x = . 

 We find 
3

4
g
⎛ ⎞
⎜ ⎟⎝ ⎠

: 

3 4
3 3 3 27 81 27

4 4 4 64 256 256
g
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − = − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

  

There is a relative maximum at 
3 27

,
4 256

⎛ ⎞
⎜ ⎟⎝ ⎠

. We 

use the information obtained to sketch the 
graph. Other function values are listed below. 

  

x  ( )f x

5−  17
4−  8−
2−  10−
1−  1

0  12  
2  10  
3  15−  

x ( )g x

2− 24−
1− 2−

0  0  
1
2  1 

16  

1 0  
2  8−  

A B 

0

C 

3

4
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18. ( ) 4 32f x x x= −  

( ) 3 2' 4 6f x x x= −  

( )'f x exists for all real numbers. Solve  

( )

( )

3 2

2

' 0

4 6 0

2 2 3 0

f x

x x

x x

=

− =

− =
2 0            or         2 3 0

3
0          or                 

2

x x

x x

= − =

= =

The critical values are 
3

0 and 
2 

. We use them to 

divide the real number line into three intervals, 

  ( ) 3 3
A: ,0 , B: 0, , and C: , .

2 2
⎛ ⎞ ⎛ ⎞−∞ ∞⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

   

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

3 2

3 2

3 2

' 1 10 0A: Test 1, 4 1 6 1

B: Test 1,       ' 1 4 1 6 1 2 0

C: Test 2,       ' 2 4 2 6 2 8 0

f

f

f

− = − <− = − − −

= − = − <

= − = >

Since ( )f x is decreasing on both ( ),0−∞  and  

3
0, 

2
⎛ ⎞
⎜ ⎟⎝ ⎠

, and increasing on 
3 

,
2

⎛ ⎞∞⎜ ⎟⎝ ⎠
, there is no 

relative extrema at 0x = but there is a relative 

minimum at 
3

2
x = . 

4 3
3 3 3 27

2
2 2 2 16

f
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

There is a relative minimum at 
3 27

,
2 16

⎛ ⎞−⎜ ⎟⎝ ⎠
. We 

use the information obtained to sketch the 
graph. Other function values are listed below. 

  

19. ( ) 3 21 
2 4 1

3
f x x x x= − + −  

First, find the critical points. 

( ) 2' 4 4f x x x= − +  

( )'f x exists for all real numbers. We solve 

( )

( )

2

2

' 0

4 4 0

2 0

2 0 

2

f x

x x

x

x

x

=

− + =

− =
− =

=
The only critical value is 2 .  

We divide the real number line into two 
intervals, 

  ( ) ( )A: ,2  and B: 2, .−∞ ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( ) ( )
( ) ( ) ( )

2 

2

A: Test 0, ' 0 0 4 0 4 4 0

B: Test 3,  ' 3 3 4 3 4 1 0

f

f

= − + = >

= − + = >

We see that ( )f x is increasing on both ( ), 2−∞  

and ( )2,∞ .  Therefore, there are no relative 

extrema. 
We use the information obtained to sketch the 
graph. Other function values are listed below. 

  

x  ( )f x  

2−  32
1−  3

0  0  
1 1−  
2  0  
3  27  

x ( )f x  

3−  40−
2−  59

3−  

1−  22
3−

0  1−  
1 4

3  

2  5
3  

3  2  

B 

2  

A 
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20. ( ) 3 21 
3 9 2

3
F x x x x= − + − +  

( ) 2' 6 9F x x x= − + −  

( )'F x exists for all real numbers. Solve  

( )

( )

2

2

2

' 0

6 9 0

6 9 0

3 0

3 0

3

F x

x x

x x

x

x

x

=

− + − =

− + =

− =
− =

=
The only critical value is 3 . We divide the real 
number line into two intervals, 

  ( ) ( )A: ,3  and B: 3, .−∞ ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( ) ( )
( ) ( ) ( )

2

2

A: Test 0, ' 0 0 6 0 9 9 0

B: Test 4,  ' 4 4 6 4 9 1 0

F

F

= − + − = − <

= − + − = − <

We see that ( )F x is decreasing on both ( ),3−∞  

and ( )3,∞ .  Therefore, there are no relative 

extrmea. 
We use the information obtained to sketch the 
graph. Other function values are listed below. 

  

21. ( ) 4 22 20 18g x x x= − +  

First, find the critical points. 

( ) 3' 8 40g x x x= −  

( )'g x exists for all real numbers. We solve 

( )

( )
3

2

' 0

8 40 0

8 5 0

g x

x x

x x

=

− =

− =
2

2

8 0            or       5 0

0            or             5

0            or               5

x x

x x

x x

= − =

= =

= = ±
The critical values are 0, 5  and 5− . We use 
them to divide the real number line into four 
intervals, 

  
( ) ( )
( ) ( )

A: , 5 , B: 5,0 , 

C: 0, 5 , and D: 5, .

−∞ − −

∞
  

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

3

3

3

3

A: Test 3,

    ' 3 8 3 40 3 96 0

B: Test 1,

    ' 1 8 1 40 1 32 0

C: Test 1,

    g ' 1 8 1 40 1 32 0

D: Test 3,

    ' 3 8 3 40 3 96 0

g

g

g

−

− = − − − = − <
−

− = − − − = >

= − = − <

= − = >

We see that ( )g x is decreasing on ( ), 5−∞ − , 

increasing on ( )5,0− , decreasing again on

( )0, 5  , and increasing again on ( )5,∞ .  

Thus, there is a relative minimum at 5x = − , 
a relative maximum at 0x = , and another 

relative minimum at 5x = . 

 We find ( )5g − : 

( ) ( ) ( )4 2
5 2 5 20 5 18 32g − = − − − + = −  

The solution is continued on the next page. 

x  ( )F x  

3−  65
2−  104 

3  

1−  43 
3  

0  2  
1 13 

3−  

2  20
3−

3  7−  

A B 

0  

C 

5  

D 

5−  

B 

3  

A 
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Then we find ( )0g : 

( ) ( ) ( )4 2
0 2 0 20 0 18 18g = − + =  

Then we find ( )5g  

( ) ( ) ( )4 2
5 2 5 20 5 18 32g = − + = −  

There are relative minima at ( )5, 32− − and 

( )5, 32− . There is a relative maximum at 

( )0,18  We use the information obtained to 

sketch the graph. Other function values are 
listed below. 

  

22. ( ) 4 23 15 12f x x x= − +  

( ) 3' 12 30f x x x= −  

( )'f x exists for all real numbers. We solve  

( )

( )
3

2

' 0

12 30 0

6 2 5 0

f x

x x

x x

=

− =

− =
2

2

6 0            or       2 5 0

5
0            or             

2

10
0            or               

2

x x

x x

x x

= − =

= =

= = ±

The critical values are
10 10

0, and 
2 2

− . We 

use them to divide the real number line into four 
intervals, 

  

10 10
A: , , B: ,0 , 

2 2

10 10
C: 0, , and D: , .

2 2

⎛ ⎞ ⎛ ⎞
−∞ − −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞
∞⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

  

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

3

3

3

3

A: Test 2,

    ' 2 12 2 30 2 36 0

B: Test 1,

    ' 1 12 1 30 1 18 0

C: Test 1,

     ' 1 12 1 30 1 18 0

D: Test 2,

   ' 2 12 2 30 2 36 0

f

f

f

f

−

− = − − − = − <
−

− = − − − = >

= − = − <

= − = >

We see that ( )f x is decreasing on 

10
, 

2

⎛ ⎞
−∞ −⎜ ⎟⎝ ⎠

, increasing on 
10 

,0
2

⎛ ⎞
−⎜ ⎟⎝ ⎠

, 

decreasing again on
10

0, 
2

⎛ ⎞
⎜ ⎟⎝ ⎠

 , and increasing 

again on
10 

,
2

⎛ ⎞
∞⎜ ⎟⎝ ⎠

.  Thus, there is a relative 

minimum at 
10

2
x = − , a relative maximum at 

0x = , and another relative minimum at 

10

2
x = . 

4 2
10 10 10

3 15 12
2 2 2

27 

4

f
⎛ ⎞ ⎛ ⎞ ⎛ ⎞
− = − − − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

= −

( ) ( ) ( )4 2
0 3 0 15 0 12 12f = − + =  

4 2
10 10 10

3 15 12
2 2 2

27 

4

f
⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

= −

There are relative minima at 
10 27

,
2 4

⎛ ⎞
− −⎜ ⎟⎝ ⎠

and

10 27
,

2 4

⎛ ⎞
−⎜ ⎟⎝ ⎠

.  

There is a relative maximum at ( )0,12 .   

The solution is continued on the next page. 

x  ( )g x  

4−  210
3−  0
1−  0

1 0
3  0
4  210  
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We use the information obtained on the 
previous page to sketch the graph. Other 
function values are listed below. 

  

23. ( ) ( )1
33 1 1F x x x= − = −  

First, find the critical points. 

( ) ( ) ( )

( )

2
3

2
3

1
' 1 1

3
1

3 1

F x x

x

−
= −

=
−

( )'

(
F x does not exist when 

3 )2
31 0x − = , which means that ( )'F x does 

not exist when 1x = . The equation ( )' 0F x =
has no solution, therefore, the only critical value 
is 1x = . 
We use 1 to divide the real number line into 
two intervals, 

  ( ) ( )A: ,1  and B: 1, :−∞ ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( )
( )

( )
( )

2
3

2
3

1 1
A: Test 0, ' 0 0

33 0 1

1 1
B: Test 2, ' 2 0

33 2 1

F

F

= = >
−

= = >
−

We see that ( )F x is increasing on both ( ),1−∞  

and ( )1,∞ . Thus, there are no relative extrema 

for ( )F x . We use the information obtained to 

sketch the graph. Other function values are 
listed. 

24. ( ) ( )1
33 2 2G x x x= + = +  

( ) ( ) ( )

( )

2
3

2
3

1
' 2 1

3
1

3 2

G x x

x

−
= +

=
+

( )'G x does not exist when 2x = − . The equation 

( )' 0G x = has no solution, therefore, the only 

critical value is 2x = − . 
We use 2−  to divide the real number line into 
two intervals, 

  ( ) ( )A: , 2  and B: 2, :−∞ − − ∞   

( )
( )

( )
( )

2
3

2
3

1 1
A: Test 3, ' 3 0

33 3 2

1 1
B: Test 1, ' 1 0

33 1 2

G

G

− − = = >
− +

− − = = >
− +

We see that ( )G x is increasing on both 

( ), 2−∞ −  and ( )2,− ∞ . Thus, there are no 

relative extrema for ( )G x .  

We use the information obtained to sketch the 
graph. Other function values are listed below. 

  

x  ( )f x  

3−  120
2−  0
1−  0

1 0
2  0
3  120  

x ( )F x  

7−  2−  
0  1−  
1 0  
2 1
9  2  

x ( )G x  

10−  2−  
3−  1−  
2−  0
1− 1

6  2  

B 

1 

A 
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25. ( ) 2
31f x x= −  

First, find the critical points. 

( ) 1
3

3

2
' 

3
2

3

f x x

x

−−
=

−
=

( )'f x does not exist when 
33 0x = , which means that ( )'f x does not 

exist when 0x = . The equation ( )' 0f x = has 

no solution, therefore, the only critical value is
0x = . 

We use 0  to divide the real number line into 
two intervals, 

  ( ) ( )A: ,0  and B: 0, :−∞ ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( )

( )

3

3

2 2
A: Test 1, ' 1 0

33 1
2 2

B: Test 1, ' 1 0
33 1

f

f

− − = − = >
−

= − = − <

We see that ( )f x is increasing on ( ),0−∞  and 

decreasing on ( )0,∞ . Thus, there is a relative 

maximum at 0x = . 

We find ( )0f : 

( ) ( )2
30 1 0 1f = − = . 

Therefore, there is a relative maximum at ( )0,1 .  

We use the information obtained to sketch the 
graph. Other function values are listed below. 

26. ( ) ( )2
33 5f x x= + −  

( ) ( )

( )

1
3

1
3

2
' 3

3
2

3 3

f x x

x

−= +

=
+

( )'f x does not exist when 3x = − . The equation 

( )' 0f x = has no solution, therefore, the only 

critical value is 3x = − . 
We use 3−  to divide the real number line into 

two intervals, ( ) ( )A: , 3  and B: 3, :−∞ − − ∞   

( )
( )

( )
( )

1
3

1
3

2 2
A: Test 4, ' 4 0

33 4 3

2 2
B: Test 2, ' 2 0

33 2 3

f

f

− − = = − <
− +

− − = = >
− +

We see that ( )f x is decreasing on ( ), 3−∞ −  and 

increasing on ( )3,− ∞ . Thus, there is a relative 

minimum at 3x = − . 

( ) ( )2
33 3 3 5 5f − = − + − = − : 

Therefore, there is a relative minimum at 

( )3, 5− − . We use the information obtained to 

sketch the graph. Other function values are 
listed below. 
  

27. ( ) ( ) 12
2

8 
8 1

1
G x x

x

−−
= = − +

+
First, find the critical points. 

( ) ( )( ) ( )

( )

22

22

' 8 1 1 2

16

1

G x x x

x

x

−
= − − +

=
+

( )'G x exists for all real numbers. We set the 

derivative equal to zero and solve the equation 
for x on the next page.  

x  ( )f x  

8−  3−
1−  0

1 0
8  3−  

x ( )f x  

11− 1−
4−  4−
2−  4−

5  1−  

B 

0  

A 
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Setting the derivative from the previous page 
equal to zero, we have: 

( )

( )22

' 0

16 
0 

1

16 0 

0

G x

x

x

x

x

=

=
+

=
=

 

The only critical value is 0 . 
We use 0  to divide the real number line into 
two intervals, 

  ( ) ( )A: ,0  and B: 0, :−∞ ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval.

( ) ( )
( )( )

( ) ( )
( )( )

22

22

16 1 16
A: Test 1, ' 1 4 0

4
1 1

16 1 16
B: Test 1,       ' 1 4 0

4
1 1

G

G

− −− − = = = − <
− +

= = = >
+

We see that ( )G x is decreasing on ( ),0−∞  and 

increasing on ( )0,∞ . Thus, a relative minimum 

occurs at 0x = .   

We find ( )0G : 

( )
( )2

8
0 8

0 1
G

−
= = −

+

Thus, there is a relative minimum at ( )0, 8− . 

We use the information obtained to sketch the 
graph. Other function values are listed below. 

  

28. ( ) ( ) 12
2

5 
5 1

1
F x x

x

−
= = +

+

( ) ( )( ) ( )

( )

22

22

' 5 1 1 2

10

1

F x x x

x

x

−
= − +

−=
+

( )'F x exists for all real numbers. We solve 

( )

( )22

' 0

10 
0 

1

0

F x

x

x

x

=
− =
+

=
The only critical values is 0 . 
We use 0  to divide the real number line into 
two intervals, 

  ( ) ( )A: ,0  and B: 0, :−∞ ∞   

( ) ( )
( )( )22

A: Test 1,

10 1 10 5
' 1 0

4 2
1 1

F

−
− −

− = = = >
− +

( ) ( )
( )( )22

B: Test 1,

10 1 10 5
   ' 1 0

4 2
1 1

F
− −= = = − <

+

We see that ( )F x is increasing on ( ),0−∞  and 

decreasing on ( )0,∞ . Thus, a relative maximum 

occurs at 0x = .   

We find ( )0F : 

( )
( )2

5
0 5

0 1
F = =

+

Thus, there is a relative maximum at ( )0,5 .  

We use the information obtained to sketch the 
graph. Other function values are listed below. 

  x  ( )G x  

3−  4
5−  

2−  8 
5−  

1−  4−
1 4−
2  8 

5−
3  4

5−  

x ( )F x  

3−  1
2  

2− 1
1−  5 

2  

1 5 
2  

2 1
3  1

2  

B 

0  

A 
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29. ( ) 2

4

1

x
g x

x
=

+
First, find the critical points. 

( ) ( )( ) ( )

( )

( )

( )

2

22

2 2

22

2

22

1 4 4 2
'       Quotient Rule 

1

4 4 8

1

4 4

1

x x x
g x

x

x x

x

x

x

+ −
=

+

+ −=
+

−=
+

( )'g x exists for all real numbers. We solve 

( )

( )
( )

2

22

22 2

2

2

' 0

4 4 
0 

1

4 4 0        Multiplying by 1

1 0        Dividing by 4

1

1

1

g x

x

x

x x

x

x

x

x

=

− =
+

− = +

− = −

=

= ±
= ±

The critical values are 1 and 1− . We use them to 
divide the real number line into three intervals, 

  ( ) ( ) ( )A: , 1 , B: 1,1 , and C: 1, .−∞ − − ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( )
( )( )

( ) ( )
( )( )

( ) ( )
( )( )

2

22

2

22

2

22

4 4 2 12
A: Test 2, ' 2 0

25
2 1

4 4 0
B: Test 0,       g ' 0 4 0

0 1

4 4 2 12
C: Test 2,       g ' 2 0

25
2 1

g
− −

− − = = − <
− +

−
= = >

+

−
= = − <

+

We see that ( )g x is decreasing on ( ), 1−∞ − , 

increasing on ( )1,1− , and decreasing again on 

( )1,∞ .  So there is a relative minimum at 

1x = − and a relative maximum at 1x = . 

 We find ( )1g − : 

( ) ( )
( )2

4 1 4
1 2

21 1
g

− −
− = = = −

− +

Then we find ( )1g : 

( ) ( )
( )2

4 1 4
1 2

21 1
g = = =

+

There is a relative minimum at ( )1, 2− − , and 

there is a relative maximum at ( )1,2 . We use the 

information obtained to sketch the graph. Other 
function values are listed below.  

30. ( )
2

2 1

x
g x

x
=

+

( ) ( )( ) ( )

( )
2 2

22

1 2 2
'

1

x x x x
g x

x

+ −
=

+

( )
( )22

2
'

1

x
g x

x
=

+

( )'g x exists for all real numbers. We solve 

( )

( )22

' 0

2 
0 

1

0

g x

x

x

x

=

=
+

=
The only critical values is 0 . 
We use 0  to divide the real number line into 
two intervals, 

  ( ) ( )A: ,0  and B: 0, :−∞ ∞   

( ) ( )
( )( )

( ) ( )
( )( )

22

22

A: Test 1,

2 1 2 1
    ' 1 0

4 2
1 1

B: Test 1,

2 1 2 1
    ' 1 0

4 2
1 1

g

g

−
− −− = = = − <

− +

= = = >
+

The solution is continued on the next page. 

x ( )g x  

3−  6 
5−  

2−  8 
5−

0  0  
2  8 

5  

3  6 
5  

A B 

1−  

C 

1 
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From the previous page, we see that ( )g x is 

decreasing on ( ),0−∞  and increasing on ( )0,∞ . 

Thus, a relative minimum occurs at 0x = .   

We find ( )0g : 

( ) ( )
( )

2

2

0
0 0

0 1
g = =

+

Thus, there is a relative minimum at ( )0,0 . We 

use the information obtained to sketch the 
graph. Other function values are listed below.  

31. ( ) ( )1
33f x x x= =  

First, find the critical points. 

( ) ( )

( )

2
3

2
3 3 2

1
' 

3
1 1

3 3

f x x

x x

−
=

= =
⋅

( )'f x does not exist when 0x = . The equation 

( )' 0f x = has no solution, therefore, the only 

critical value is 0x = . 
We use 0  to divide the real number line into 
two intervals, 

  ( ) ( )A: ,0  and B: 0, :−∞ ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( )
( )

( )
( )

23

23

1 1
A: Test 1, ' 1 0

33 1

1 1
B: Test 1, ' 1 0

3
3 1

f

f

− − = = >
−

= = >
⎛ ⎞
⎜ ⎟⎝ ⎠

We see that ( )f x is increasing on both ( ),0−∞  

and ( )0,∞ . Thus, there are no relative extrema 

for ( )f x . We use the information obtained to 

sketch the graph. Other function values are 
listed below. 

  

32. ( ) ( )1
31f x x= +  

( ) ( ) ( )

( )

2
3

2
3

1
' 1 1

3
1

3 1

f x x

x

−
= +

=
+

( )'f x does not exist when 1x = − . The equation 

( )' 0f x = has no solution, therefore, the only 

critical value is 1x = − . 
We use 1−  to divide the real number line into 
two intervals, 

  ( ) ( )A: , 1  and B: 1, :−∞ − − ∞   

( )
( )2

3

1 1
A: Test 2, ' 2 0

33 2 1
f− − = = >

− +

( )
( )2

3

1 1
B: Test 0, ' 0 0

33 0 1
f = = >

+

We see that ( )f x is increasing on both 

intervals, Thus, there are no relative extrema for

( )f x .  

We use the information obtained to sketch the 
graph. Other function values are listed below. 

  

x  ( )g x  

3−  9 
10  

2−  4
5  

1−  1
2  

1 1
2  

2  4
5  

3  9 
10  

x ( )f x  

8−  2−
1− 1−

0  0  
1 1
8  2  

x ( )f x  

9−  2−
2− 1−
1− 0

0 1
7 2  

B 

0  

A 
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33. ( ) ( )1
22 22 5 2 5g x x x x x= + + = + +  

First, find the critical points. 

( ) ( ) ( )
( )

( )

1
2

1
2

2

2

2

1
' 2 5 2 2

2
2 1

2 2 5

1

2 5

g x x x x

x

x x

x

x x

−
= + + +

+
=

+ +

+
=

+ +
The equation 2 2 5 0x x+ + = has no real-

number solution, so ( )'g x exists for all real 

numbers. Next we find out where the derivative 
is zero. We solve 

( )

2

' 0

1 
0

2 5 
1 0

1

g x

x

x x

x

x

=
+ =
+ +

+ =
= −

The only critical value is 1− . We use 1−  to 
divide the real number line into two intervals, 

  ( ) ( )A: , 1  and B: 1, :−∞ − − ∞   

We use a test value in each interval to determine 
the sign of the derivative in each interval. 

( ) ( )
( ) ( )2

A: Test 2,

2 1 1
     ' 2 0     

52 2 2 5
g

−
− + −− = = <

− + − +

( ) ( )
( ) ( )2

B: Test 0,

0 1 1
     ' 0 0 

50 2 0 5
g

+
= = >

+ +

We see that ( )g x is decreasing on ( ), 1−∞ −  and 

increasing on ( )1,− ∞ , and the change from 

decreasing to increasing indicates that a relative 
minimum occurs at 1x = − .  We substitute into 

the original equation to find ( )1g − : 

( ) ( ) ( )2
1 1 2 1 5 4 2g − = − + − + = =  

Thus, there is a relative minimum at ( )1,2− .  

We use the information obtained to sketch the 
graph. Other function values are listed below. 

  

34. ( ) ( ) 1
22

2

1 
1

1
F x x

x

−
= = +

+

( ) ( ) ( )

( )

3
2

3
2

2

2

1
' 1 2

2

1

F x x x

x

x

−⎛ ⎞= − +⎜ ⎟⎝ ⎠
−=
+

( )'F x exists for all real numbers. We solve 

( )

( )3
22

' 0

0
1

0

F x

x

x

x

=
− =
+

=
The only critical value is 0 . 
We use 0  to divide the real number line into 
two intervals, 

  ( ) ( )A: ,0  and B: 0, :−∞ ∞   

( ) ( )
( )( )

( )
( )( )

3
2

3
2

2

2

A: Test 1,

1 1
   ' 1 0 

81 1

B: Test 1,

1 1
    ' 1 0 

81 1

F

F

−
− −

− = = >
− +

− −= = <
+

We see that ( )F x is increasing on ( ),0−∞  and 

decreasing on ( )0,∞ . Thus, a relative maximum 

occurs at 0x = .   

( )
( )2

1
0 1

0 1
F = =

+

Thus, there is a relative maximum at ( )0,1 . We 

use the information obtained to sketch the graph 
on the next page. 

x ( )g x  

4−  3.61
2− 2.24

0 2.24  
1 2.83
3 4.47  

A B 

1−  
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We use the information obtained on theee
previous page to sketch the graph. Otheee
function values are listed below. 

  

35. – 68.   Left to the student. 

69. Answers may vary, one such graph is: 

70. Answers may vary, one such graph is: 

71. Answers may vary, one such graph is: 

x  ( )F x  

3−  0.32
2−  0.45
1− 0.71

1 0.71
2 0.45
3 0.32  
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72. Answers may vary, one such graphhh

73. Answers may vary, one such graphhh

74. Answers may vary, one such graphhh

75. Answers may vary, one such graphhh

76. Answers may vary, one such graphhh

ntiation 

 is: 

  

 is: 

 is: 

 is: 

 is: 
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77. Answers may vary, one such graph is: 

78. Answers may vary, one such graph is: 

79. Answers may vary, one such graph is: 

80. Answers may vary, one such graph is: 

81. Answers may vary, one such graph is: 

82. Answers may vary, one such graph is: 

83. Answers may vary, one such graph is: 

84. Answers may vary, one such graph is: 

85. tw The critical value of a function f is an 

interior value c of its domain at which the 

tangent to the graph is horizontal ( )( )' 0f c = or 

the tangent is vertical ( )( )'  does not existf c .  

The critical values for this graph are 

1 3 4 5 6 7 8 10, , , , , , ,x x x x x x x x . 

86. tw The function is increasing on intervals 

( ) ( ),  and ,a b c d . A line tangent to the curve at 

any point on either of these intervals has a 
positive slope. Thus, the function is increasing 
on the intervals for which the first derivative is 
positive.  Similarly, we see that on the intervals 

( ) ( ),  and ,b c d e  the function is decreasing. A 

line tangent to the curve at any point on either 
of these intervals has a negative slope. Thus, the 
function is decreasing on the intervals for which 
first derivative is negative. 

x

y

-5 -4 -3 -2 -1 0 1 2 3 4 5

x

y

-5 -4 -3 -2 -1 0 1 2 3 4 5

x

f(x)

-5 -4 -3 -2 -1 0 1 2 3 4 5

x

g(x)

-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9

x

H(x)

-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9

x

K(x)

-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9
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87. Letting t be years since 2000 and E be thousand 
of employees, we have the function:  

( ) 3 228.31 381.86 1162.07 16905.87E t t t t= − + − +  

First, we find the critical points. 

( ) 2' 84.93 763.72 1162.07E t t t= − + −  

( )'E t exists for all real numbers.  Solve 

( )
2

' 0

84.93 763.72 1162.07 0

E t

t t

=

− + − =
Using the quadratic formula, we have: 

( ) ( )( )
( )

2
763.72 763.72 4 84.93 1162.07 

2 84.93

763.72 188, 489.818 

169.86

t
− ± − − −

=
−

− ±
=

−
1.94       or       7.05t t≈ ≈  

There are two critical values.  We use them to 

divide the interval [ )0,∞  into three intervals:  

[ ) ( ) ( )A: 0,1.94  B: 1.94,7.05 ,  and C: 7.05,∞  

Next, we test a point in each interval to 
determine the sign of the derivative. 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2

2

2

A: Test 1,

     ' 1 84.93 1 763.72 1 1162.07

             483.28 0 

B: Test 2,

    ' 2 84.93 2 763.72 2 1162.07

              25.65 0 

C:  Test 8, 

     ' 8 84.93 8 763.72 8 1162.07

              487.83 0

E

E

E

= − + −
= − <

= − + −
= >

= − + −
= − <

Since, ( )E t is decreasing on [ )0,1.94 and 

increasing on ( )1.94,7.05 and there is a relative 

minimum at 1.94t = . 

( ) ( ) ( )
( )

3 2
28.31 1.94 381.86 1.94 

1162.07 1.94 16905.87

1.94

                 

15,882

E − +

− +

=

≈
There is a relative minimum at ( )1.94,  15,882 . 

Since, ( )E t is increasing on ( )1.94,7.05 and 

decreasing [ )7.05,∞ on and there is a relative 

maximum at 7.05t = . 

( ) ( ) ( )
( )

3 2
28.31 7.05 381.86 7.05 

1162.07 7.05 16905.87

7.05

                 

17,773

E − +

− +

=

≈
There is a relative maxnimum at 

( )7.05,  17,773 . 

We sketch the graph. 

88. ( ) 2 300 6,         0 300N a a a a= − + + ≤ ≤  

( )' 2 300N a a= − +  

( )'N a exists for all real numbers. Solve, 

( )' 0

2 300 0 

2 300 

150

N a

a

a

a

=
− + =

− = −
=

The only critical value is150 . We divide the 

interval [ ]0,300 into two intervals, 

  [ ) ( ]A: 0,150  and B: 150,300 .    

( ) ( )

( ) ( )

A: Test 100,

   ' 100 2 100 300 100 0

B: Test 200,

   N ' 200 2 200 300 100 0

N = − + = >

= − + = − <

Since, ( )N a is increasing on [ )0,150 and 

decreasing on ( ]150,300 , there is a relative 

maximum at 150x = . 

( ) ( ) ( )2
150 150 300 150 6 22,506N = − + + =  

There is a relative maximum at ( )150,22,506 .  

We sketch the graph. 
  

t ( )T t

0  16,906 

1 16,097
3 16,092 
5 17,103 
8 17,554

12  9029  

a ( )N a

0  6  
100  20,006
200  20,006
300  6  

0

A 

1.94  

B C 

7.05
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89. ( ) 20.1 1.2 98.6,    0 12T t t t t= − + + ≤ ≤  

First, we find the critical points. 

( )' 0.2 1.2T t t= − +  

( )'T t exists for all real numbers.  Solve 

( )' 0

0.2 1.2 0

0.2 1.2 

6

T t

t

t

t

=
− + =

− = −
=

The only critical value is 6.  We use it to divide 

the interval [ ]0,12 into two intervals: 

[ ) ( ]A: 0,6  and B: 6,12  

Next, we test a point in each interval to 
determine the sign of the derivative. 

( ) ( )
( ) ( )

A: Test 0, ' 0 0.2 0 1.2 1.2 0

B: Test 7, ' 7 0.2 7 1.2 0.2 0

T

T

= − + = >

= − + = − <

Since, ( )T t is increasing on [ )0,6 and 

decreasing on ( ]6,12 , there is a relative 

maximum at 6t = . 

( ) ( ) ( )2
6 0.1 6 1.2 6 98.6 102.2T = − + + =  

There is a relative maximum at ( )6,102.2 .  We 

sketch the graph. 

90. ( ) 20.125 1.157 22.864f x x x= − +  

 for 15 90x< <    

( )' 0.025 1.157f x x= −  

( )'f x exists everywhere, so we solve  

( )' 0

0.025 1.157 0

46.28

f x

x

x

=
− =

=

The only critical value is about 46.28 we use it 

to break up the interval ( )15,90 into two 

intervals  

( ) ( )A: 15,46.28  and B: 46.28,90 .  

( ) ( )

( ) ( )

A: Test 20,

    ' 20 0.025 20 1.157 0.657 0

B: Test 50,

    ' 50 0.025 50 1.157 0.093 0

f

f

= − = − <

= − = >

We see that ( )f x is decreasing on ( )15,46.28  

and increasing on ( )46.28,90 , so there is a 

relative minimum at 46.28x = . 

( )
( ) ( )2

46.28

0.0125 46.28 1.157 46.28 22.864

3.9

f

= − +
≈ −

  

There is a relative minimum at about  

( )46.28, 3.9− . Thus, the longitude and latitude 

of the southernmost point at which the full 
eclipse could be view is 46.28 degrees east and 
3.9 degrees south. 
We use the information obtained above to 
sketch the graph. Other function values are 
listed below. 

91. The derivative is negative over the interval 

( ), 1−∞ −  and positive over the interval ( )1,− ∞ . 

Furthermore it is equal to zero when 1x = − . 
This means that the function is decreasing over 

the interval ( ), 1−∞ − , increasing over the 

interval ( )1,− ∞ and has a horizontal tangent at 

1x = − .  A possible graph is shown below. 

   

x

f(x)

0 10 20 30 40 50 60 70 80 90

-8

-6

-4

-2

2

4

6
8

10

12

14

16

18

20

t  ( )T t

0  98.6  
3 101.3
5 102.1
7 102.1
8 101.8  

12  98.6  

x ( )f x

20  4.724  
30  0.596−  
40  3.416−  
60  1.556−  
80  10.304  

0 6 12 

A B 
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92. The derivative is positive over the inte

( ),2−∞  and negative over the interval 

Furthermore it is equal to zero when x
This means that the function is increas 

the interval ( ),2−∞ , decreasing over thhh

( )2,∞ and has a horizontal tangent at x

possible graph is shown below. 

93. The derivative is positive over the inte

( ),1−∞  and negative over the interval 

Furthermore it is equal to zero when x
means that the function is increasing ovvv

interval ( ),1−∞ , decreasing over the inttt

( )1,∞ and has a horizontal tangent at x

possible graph is shown below. 

94. The derivative is negative over the inteee

( ), 1−∞ −  and positive over the intervalll   

Furthermore it is equal to zero when x
This means that the function is decreas 

the interval ( ), 1−∞ − , increasing over ttt

interval ( )1,− ∞ and has a horizontal tannn

1x = − .  A possible graph is shown be

Chapter 2:  Applications of Differeee

rrrval 

( )2,∞ . 

2= . 
iiing over 

e interval 

2= .  A 

rrrval 

( )1,∞ . 

1= . This 
er the 

erval 

1= .  A 
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ing over 

he 
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95. The derivative is positive over the iii

( )4,2−  and negative over the intervvv

and ( )2,∞ . Furthermore it is equal 

4 and 2x x= − = . This means that 

is decreasing over the interval ( ,,,−∞

increasing over the interval ( )4,2−

decreasing again over the interval 

function has horizontal tangents at
4 and 2x x= − = .  A possible grap

below. 

96. The derivative is negative over the 

( )1,3−  and intervals and positive ooo

intervals ( ), 1−∞ −  and ( )3,∞ . Furttt

equal to zero when 1 and x x= − =
means that the function is increasinnn

interval ( ), 1−∞ − , then decreasing ooo

interval ( )1,3− , and then increasinggg

the interval ( )3,∞ . The function haaa

tangents at 1 and 3x x= − = .  A po
is shown below. 

ntiation 

nterval 
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the function 

)4− , then 
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97. ( ) 6 5 4 34 54 160 64111f x x x x x= − − + + −
   828 1200x− +  

Using the calculator we enter the functiii
the graphing editor as follows: 

  
Using the following window: 

  
The graph of the function is: 

  
We find the relative extrema using the 
minimum/maximum feature on the calccc
There are relative minima at 

( ) (3.683, 2288.03  and 2.116, 1083− − −
 There are relative maxima at 

( ) ( )
( )

6.262,3213.8 ,  0.559,1440.06 ,  aaa

5.054,6674.12 .

− −

98. ( ) 4 3 24 36 160 400f x x x x x= + − − +  

Using the calculator we enter the funct 
the graphing editor as follows: 

  
Using the following window: 

  
  

2x  

on into 

ulator.  

).08 . 

nd
 

iiion into 

The graph of the function is: 

  
We find the relative extrema using 
minimum/maximum feature on the   
There are relative minima at 

( ) ( )5,425  and 4, 304− − . 

 There is a relative maximum at ( 222−

99. ( ) 23 4 1f x x= − +  

Using the calculator we enter the fuuu
the graphing editor as follows: 

  
Using the following window: 

  
The graph of the function is: 

  
We find the relative extrema using 
minimum/maximum feature on the   

There are relative minima at ( )2,1−

 There is a relative maximum at (0,

235 

the 
calculator.  

),560 . 

nction into 

the 
calculator.  
 and  ( )2,1 . 

)2.587 . 
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100. ( ) 29f x x x= −  

Using the calculator we enter the functiii
the graphing editor as follows: 

  
Using the following window: 

  
The graph of the function is: 

  
Notice, the calculator has trouble drawiii
graph.  The graph should continue to thhh

intercepts at ( ) ( )3,0  and 3,0− . Fortun 

does not hinder our efforts to find the eee
We find the relative extrema using the 
minimum/maximum feature on the calccc
There is a relative minimum at ( 2.12,− −−−

 There is a relative maximum at (2.12,444

101. ( ) 2f x x= −  

Using the calculator we enter the functiii
the graphing editor as follows: 

  
Using the following window: 

  
  

Chapter 2:  Applications of Differeee

on into 

ng the 
e x-

aaately, this 

xtrema. 

ulator.  

)4.5 . 

).5 . 

on into 

The graph of the function is: 

  
We find the relative extrema using 
minimum/maximum feature on the   
The graph is decreasing over the innn

( ), 2−∞ . 

The graph is increasing over the inttt

There is a relative minimum at (2,000

The derivative does not exist at x ===

102. ( ) 2 5f x x= −  

  
Using the following window: 

  
The graph of the function is: 

  
We find the relative extrema using 
minimum/maximum feature on the   
The graph is decreasing over the innn

5
, 
2

⎛ ⎞−∞⎜ ⎟⎝ ⎠
. 

The graph is increasing over the inttt

5 
,

2
⎛ ⎞∞⎜ ⎟⎝ ⎠

. 

There is a relative minimum at 
5

,,,
2

⎛
⎜⎝

The derivative does not exist at x ===

ntiation 

the 
calculator.   
terval 

erval ( )2,∞ . 

) . 

2  

the 
calculator.   
terval 

erval 

0
⎞
⎟⎠

. 

5 

2
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103. ( ) 2 1f x x= −  

Using the calculator we enter the function into 
the graphing editor as follows: 

  
Using the following window: 

  
The graph of the function is: 

  
We find the relative extrema using the 
minimum/maximum feature on the calculator.   
The graph is decreasing over the interval 

( ) ( ), 1  and 0,1−∞ − . 

The graph is increasing over the interval 

( ) ( )1,0  and 2,− ∞ . 

There are relative minimums at

( ) ( )1,0  and 1,0− . 

There is a relative maximum at ( )0,1 . 

The derivative does not exist at 1x = − and 
1.x =  

104. ( ) 2 3 2f x x x= − +  

Using the calculator we enter the function into 
the graphing editor as follows: 

  
  

Using the following window: 

  
The graph of the function is: 

  
We find the relative extrema using the 
minimum/maximum feature on the calculator.   
The graph is decreasing over the interval 

( ) 3
,1  and , 2

2
⎛ ⎞−∞ ⎜ ⎟⎝ ⎠

. 

The graph is increasing over the interval 

( )3
1,  and 2,

2
⎛ ⎞ ∞⎜ ⎟⎝ ⎠

. 

There are relative minimums at ( ) ( )1,0  and 2,0 . 

There is a relative maximum at 
3 1

,
2 4

⎛ ⎞
⎜ ⎟⎝ ⎠

. 

The derivative does not exist at 1x = and 
2.x =  

105. ( ) 29f x x= −  

Using the calculator we enter the function into 
the graphing editor as follows: 

  
Using the following window: 

  
  

The solution is continued on the next page. 
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The graph of the function is: 

  
We find the relative extrema using the 
minimum/maximum feature on the calculator.   
The graph is decreasing over the interval 

( ) ( ), 3  and 0,3−∞ − . 

The graph is increasing over the interval 

( ) ( )3,0  and 3,− ∞ . 

There are relative minimums at

( ) ( )3,0  and 3,0− . 

There is a relative maximum at ( )0,9 . 

The derivative does not exist at 3x = − and 
3.x =  

106. ( ) 2 4 4f x x x= − + −  

Enter the function into the graphing editor: 

  
Using the following window: 

  
The graph of the function is: 

  
We find the relative extrema using the 
minimum/maximum feature on the calculator.   
The graph is decreasing over the interval 

( ),2−∞ . 

The graph is increasing over the interval ( )2,∞ . 

There is a relative minimum at ( )2,0 . 

The derivative exists for all values of x. 

107. ( ) 3 1f x x= −  

Using the calculator we enter the function into 
the graphing editor as follows: 

  
Using the following window: 

  
The graph of the function is: 

  
We find the relative extrema using the 
minimum/maximum feature on the calculator.   
The graph is decreasing over the interval 

( ), 1−∞ − . 

The graph is increasing over the interval ( )1,∞ . 

There is a relative minimum at ( )1,0 . 

The derivative does not exist at 1.x =  

108. ( ) 4 22f x x x= −  

Using the calculator we enter the function into 
the graphing editor as follows: 

  
Using the following window: 

  
The solution is continued on the next page. 
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 The graph of the function is: 

  
We find the relative extrema using the 
minimum/maximum feature on the calculator.   
The graph is decreasing over the interval 

( ) ( ), 1.41  and 0,1.41−∞ − . 

The graph is increasing over the interval 

( ) ( )1.41,0  and 1.41,− ∞ . 

There are relative minimums at

( ) ( ) ( )1.41,0 , 0,0  and 1.41,0− . 

There are relative maximums at 

( ) ( )1,0  and 1,0− . 

The derivative does not exist at 1.41x = − and 
1.41.x =  

   

109. tw  

a) We enter the data into the calculator and 
run a cubic regression. The calculator 
returns 

   
When we try to run a quartic regression, the 
calculator returns a domain error. Therefore, 
the cubic regression fits best. 

b) The domain of the function is the set of 
nonnegative real numbers.  Realistically, 
there would be some upper limit upon daily 
caloric intake. 

c) The cubic regression model appears to have 

a relative minimum at ( )4316,77.85  and it 

appears to have a relative maximum at 

( )3333,79.14 . This leads us to believe that 

eating too many calories might shorten life 
expectancy. 

110. tw  

a) The cubic function fits best. In fact some 
calculators will return an error message 
when an attempt is made to fit a quartic 
function to the data. 

   
b) The domain of the function is the set of 

nonnegative real numbers.  Realistically, 
there would be some upper limit upon daily 
caloric intake. 

c) The cubic regression model does not appears 
to have a relative extrema. The greater the 
daily caloric intake, the lower the infant 
mortality. 

111. tw  

a) Answers will vary. In Exercises 1-16 the 
function is given in equation form. The most 
accurate way to select an appropriate 
viewing window, one should first determine 
the domain, because that will help determine 
the x-range. For polynomials the domain is 
all real numbers, so we will typically select 
a x-range that is symmetric about 0. Next, 
you should find the critical values and make 
sure that your x-range contains them. 
Finally, you should determine the x-
intercepts and make sure the x-range 
includes them.   To find the y-range, you 
should find the y-values of the critical points 
and make sure the y-range includes those 
values. You should also make sure that the 
y-range includes the y-intercept.  
To avoid the calculations required to find 
the relative extrema and the zeros as 
described above, we can determine a good 
window by using the table screen on the 
calculator and observing the appropriate y-
values for selected x-values.  

b) Answers will vary. When the equations are 
somewhat complex, the best way to 
determine a viewing window is to use the 
table screen on the calculator and observing 
appropriate y-values for selected x-values.  
You will need to set your table to accept 
selected x-values. Enter the table set up 
feature on your calculator and turn on the 
ask feature for your independent variable. 
This will allow you to enter an x-value and 
the calculator will return the y-value.  You 
should make your ranges large enough so 
that all the data points will be easily viewed 
in the window.  

  


