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CHAPTER 2
Differentiation

Section 2.1 The Derivative and the Tangent Line Problem

1. The problem of finding the tangent line at a point P is @ -1 s5-2
. . . . 8. (a) = =1
essentially finding the slope of the tangent line at point 41 3
P. To do so for a function f; if f is defined on an open _
interval containing ¢, and if the limit / (‘2 ; (3) = 3 _14'75 =025
lim Ay = lim w - m -
e = AT A o /O-0)  S@ -0
exists, then the line passing through the point P(c, /(c)) 4-1 4-3
with slope m is the tangent line to the graph of f at the (b) The slope of the tangent line at (1, 2) equals f7(1).
point P. This slope is steeper than the slope of the line
. . , fe-rm _
2. Some alternative notations for f'(x) are through (1, 2) and (4, 5). So, i < f(1).
dy , d
e E[f(x)]’ and D,[y] 9. f(x) =3 - 5xisaline. Slope = —5
3. The limit used to define the slope of a tangent line is also 10. g(x) = 3x + lisaline. Slope = 3
used to define differentiation. The key is to rewrite the 2 2
difference quotient so that Ax does not occur as a factor
. 24+ Ax) - f(2
of the denominator. 11. Slope at (2’ 5) = lim M
Ax—0 Ax
4. If a function f is differentiable at a point x = ¢, then f 202 + Ax)2 _3_ [2(2)2 B 3}
is continuous at x = c. The converse is not true. That is, = lim
a function could be continuous at a point, but not Ax=0 Ax
differentiable there. For example, the function y =|x]is 2[4 + 4Ax + (Ax)z} —3-(5)
continuous at x = 0, but is not differentiable there. = Aljl_{lo Ax
5. At (x;, ), slope = 0. iy SAY 2(Ax)’
At (%3, y,), slope = 2. poe A
= AliAmO(S +2Ax) = 8
6. At (x, ), slope = %
3+ Ax) - f(3
At (x,, ,), slope = —% 12. Slope at (3, —4) = lim M
Ax—0 Ax
2
7. (a)—(c) ‘).:./(44%.1(1)(%|>+_m):x+l  lim 5-(3+Ax) - (-9
= Ax—0 Ax
2
5-9-6 - 4
L (a) ~ (&) +
Ax—0 Ax
2
-6 -
6 - ()
Ax—0 Ax

= lim (-6 — Ax) = -6
Ax—0

13. Slope at (0,0) = lim S0+ A1) - f(0)

(d) y = At—0 At
2
_ - lim 3(ar) - (Af)” -0
At—0 At
= = Altlglo 3-aA)=3
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Section 2.1 The Derivative and the Tangent Line Problem 115

(1 + Af) - h(1 e
14. Slope at (1, 5) = j}?o% 18. f(x) = 7x ;( o
X - f(x
2 f(x) = lim ———
gy (LFA) +4(+A) -5 Ar—>0 Ax
= o At . 7(x + Ax) - 3 - (7x - 3)
g 1280+ (80)° + 4+ 4A) - 5 250 Ax
= A A g Xt TAY -3 - Tx+3
2 Ax—0 Ax
i 680+ 4 o
At—0 At _ Allmo -
= lim (6 + Af) = 6 =
o ===
15. f(x)=7
f,(x) = lim f(x + Ax) — f(x) 19. h(s) =3+ s
B : s + 45) = hs)
7-17 K(s) = lim
= limOT As—>0 As
Ax—
:AlimOO_O _, 3+*(S+AS)—(3+75]
- = Jim, =
16. g(x) = -3 3+7s+§m_3_§s
Ax) — = lim
g'(x) = Alxlr_l)lo g(x * A)Z g(x) As—0 As
2
= lim S3-(3) _ lim ;As _
Ax—0 Ax A A 3
- fm, =0 :
A 20. f(x) =5->x
17. = -5 A
S(x) x 7 = i F(x + Ax) = f(x)
f(x) =1 f(x + Ax) - /() Ax0 Ax
Jim, Ax 5—7(x+Ax)—[5—7x]
 lim —5(x + Ax) — (—5x) ~ lim
Ax—0 Ax Ax—0 Ax
- —5x — 5Ax + 5x S—EX—EAx—S-fzx
Ax—0 Ax _ hm 3 3 3
. —5Ax Ax—0 Ax
= A 2
= lim (-5) = -5 = lim —3
Ax—0 A0 Ax

7o) = i S22
) (x+Ax)2+(x+Ax)—3—(x2+x—3)
= lim
Ax—0 Ax
i xz+2x(Ax)+(Ax)2+x+Ax—3—x2—x+3
= Ax
2
- lim 2x(Ax) + (Ax)” + Ax
Ax—0 Ax
=Alim0(2x+Ax+l)=2x+1
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116 Chapter 2 Differentiation

22, f(x)=x*-5
£) = tim L) = )

Ax—0

(x + Ax)" =5 - (x> = 5)

= lim

Ax—0 Ax

2 2 s 2

~ tim " + 2x(Ax) + (Ax) =5 - x> +5

Ax—0 Ax

2

o 26(80) + (&)

Ax—0 Ax

= lim (2x + Ax) = 2x
Ax—0

23, f(x) = x* - 12x
F(x + Ax) — f(x)

S = T
[ + &) = 12(x + A9)] - [~ 12¢]

= lim

Ax—0 Ax
iy X3+ 3x(Ax)” + (Ax)’ = 12x — 12 Ax — x* + 12x
= oy Ax
g A+ 3x(Ax) + (Ax)’ — 12 Ax
o Ax
= lim (327 + 3v Ax + (A¥)" — 12) = 3¢ = 12

Ax—0

24. g(t) = £+ 4t
gt + Ar) — g(1)

€0 =m
[(t + A+ 4+ At)} — 7+ 4]

= lim

At—0 At
o £+ 3680+ 3i(A1) + (M) + 46 + dAE — £ — 4t
= At

2 2 3

= g SCA 3t(Ar)” + (At) + 4At

At—0 At

— 1 2 2
= lim (3% + 3(Ar) + (a0)" + 4]

32 + 4
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Section 2.1 The Derivative and the Tangent Line Problem

1
26. = —
x -1 /() x?
fim &%) = /() ) = tim L) =)
Av—0 Ax Ax—0 Ax
1 I 1
lim 2+ A& -1 x-1 _ (x+Ax)2 x2
Ax—0 Ax = Alxlglo
(x=1) —(x+Ax-1)
2 2
a5 Ax(x + Av — )(x - 1) ~ im ST AY
) —Ax A0 Ax(x + Ax) x?
lim )
A0 Ax(x + Ax — 1)(x - 1) i —2x Ax — (Ax)
= lim ————
lim - A0 Ax(x + Ax)'a?
20 (x 4+ Ax = 1)(x — 1) i 2% = Ax
= lim
1 . A0 (x4 Ax)2x2
(x=1) oy
Toxt
2
B
x+4
lim f(x + Ax) — f(x)
Ax—0 Ax

- \/x+Ax+4—\/x+4(\/x+Ax+4+\/x+4j

li
Ar 0 Ax x+ A+ 44+ 4
lim (x+Ax+4) - (x+4)

A"—)‘)Ax[\/x+Ax+4+\/x+4J

1 1 1

lim = =
a0 /x + Ax+4 +x+4 x+d+Jx+4 2/x+ 4
—2Us
lim h(s + As) — h(s)
As—0 As

-2/s + As - (-2/5)
lim
As—0 As
fim _2(\/5+AS _\/;) s+ As + /s
As—0 As \/s + As + \/E
lim -2(s + As — )

AS—’OAS(1 /s + As + \/;)
-2

)

m50 s 1 As + /s

2 1

IEN NS
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118 Chapter 2 Differentiation

29. (a) f(x)=x>+3 (b) 2
Ax _
F) = tim LA 2/ @\p\/
Ax—0 Ax :
[(x + A+ 3} - (¥* +3) - ™ ¢
= lim -1
Ax—0 Ax d
24 oxhe o (A 43— 2 3 (c¢) Graphing utility confirms dl = —2at (-1, 4).
. - - X
h AIXITO Ax
2
— tim 2xAx + (Ax)
Ax—0 Ax
= lim (2x + Ax) = 2x
Ax—0

At (-1, 4), the slope of the tangent line is m = 2(-1) = —2.
The equation of the tangent line is
y—4= —Z(x + 1)
y—4=-2x-2
y=-2x+2

30. (@) f(x) = x> +2x—1
im f(x + Ax) — f(x)

[(x) = lim e
[+ A0 + 2+ Aa9) — 1] = [ + 20 - 1]
= lim
Ax—0 Ax
[ 2ar (A9 4 20+ 280 - 1] - [¥ 4 20 - 1]
- .
 2xAx + (Ax)? + 2Ax
= lim
Ax—0 Ax
= lim 2x + Ax +2) = 2x + 2
Ax—0

At (1, 2), the slope of the tangent line is m = 2(1) + 2 = 4.
The equation of the tangent line is
y-2=4x-1)
y—2=4x-4
y =4x - 2.
(b) 8

-10

W ¢

—4

(c¢) Graphing utility confirms Z—y = 4at (1, 2).
x
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Section 2.1 The Derivative and the Tangent Line Problem 119

3. ) f(x) =x° (b) T 2%
2,8)
3 3
Ax) — Ax) —
Fo) = tim JEFAIZSE) (A o j
Ax—0 Ax Ax—0 Ax -5 5
x4 3x%Ax + 3x(Ax)” + (Ax)’ /1
= lim 4
Ax—0 Ax d
3x2Ax + 3x(Ax)2 n (Ax); (c) Graphing utility confirms D 1pat (2,8).
= lim dx
Ax—0 Ax
= lim (3% + 3x Ax + (Av)) = 342
Ax—0

At (2, 8), the slope of the tangent is m = 3(2)2 =12.
The equation of the tangent line is
y -8 =12(x - 2)

y—-8=12x - 24
y =12x — 16.
32. (a) f(x) — x3 +1 (b) 6
, £l + &%) = /() o)
f) = AI,STO Ax 7 /( 9
[x+Ax)3+l}—(x3+1)
= lim ”
Ax—0 Ax , \ (c) Graphing utility confirms
3 2 - =
i © 30 (AY) + 3x(AY)” 4 (M) + 1 - ] Y 3at (-1,0).
A0 Ax dx
= lim [3x2 + 3x(Ax) + (Ax)z} = 3x?

At (=1, 0), the slope of the tangent line is m = 3(—1)2 = 3.

The equation of the tangent line is
y—-0=3x+1)

y =3x + 3.
33.(a) f(x) = x (b) 3
o) = i LA = 1) /
Ax—0 Ax
 Nx A —Vx r+ A+ -Ux - °
= lim .
Ax—0 Ax Vx+ A+ +/x -
= lim (x + &) - x (c) Graphing utility confirms DLy (L,1).
AHOAx(\/x + Ax + \/;) dx 2
= lim ! -
a-0/x + Ar +/x  24x
1 1
At (1, 1), the slope of the tangent line is m = —= = —
(1) P g N

The equation of the tangent line is

1
-1 == -1
y 2(x )

1 1
S -
2 2
1 1
—x + =
2 2
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120 Chapter 2 Differentiation

34. (@) f(x) =~x-1 ®) 4 5.2)
) = g, L =,

1nJx+M—1—Jx—l(Jx+M—l+Jx—q
Ar—0 Ax Nr+ A -1+ x -1
— fim (x+Ax-1)-(x-1)

850 Ax(Nx o+ A - 1+ x - T)

(c) Graphing utility confirms
1 1

a0 x + Av—1+/x -1 2/x -1 =762
At (5, 2), the slope of the tangent line is m = 1 l
25 -1 4
The equation of the tangent line is
1
—2=—(x-5
v 2 =9
1 5
o=ty
Y A
L
YTy 4
4
35. (a =x+- (b) o
@ f(x)=x N "
, L f(x + Ax) _ f(x) -12 ra 12
S = Jim =i (/ﬁ
(x + Ax) + 4 —(x+ﬂ) =T
. x + Ax X
= lim . . dy 3
x50 Ax (c) Graphing utility confirms == = =
o X+ AX)(x 4 AX) £ dx = x(x + Ax) - 4(x + Av) de 4
= lim 4 —
Ar>0 x(Ax)(x + Ax) at (-4, -5).

i S 20(A) + x(Ax)? = x* = ¥*(Ax) — 4(Ax)
Ax—0 x(Ax)(x + Ax)
X*(Ax) + x(Ax)* — 4(Ax)

a0 x(Ax)(x + AY)
Xt + x(Ax) — 4
= lim ———————
Ax—0 x(x + Ax)
_ xz ; 4 - 1- i
x x
.. 4 3
At (-4, =5), the slope of the tangent line is m = 1 — - ==
=
The equation of the tangent line is
3
+5="(x+4
v L)
3
+5=-x+3
y 2
3
=2x-2
=X
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Section 2.1

The Derivative and the Tangent Line Problem 121

36. (a) f(x)=x- ! (b) ‘
X
N |y
f(x) = lim Sl + 8x) = /(%) ’ / f(li,o)
Ax—0 Ax
[x+Ax— ! }—(X—IJ -

. x + Ax x (c) Graphing utility confirms
= lim J

Ax—0 Ax D= gat (1, 0).

i (x + Ax)(x + Ax)x — x — xz(x + Ax) + (x + Ax) dx
= lim

Ax—0 Ax(x + Ax)x

i x + 2x*(Ax) + x(Ax)2 - x—-x = x*(Ax) + x + Ax
= lim

Ax—0 Ax(x + Ax)x

i 2x2(Ax) + x(Ax)2 - xz(Ax) + Ax
= lim

Ax—0 Ax(x + Ax)x

2P+ x(Ax) —x2+1
= lim

Ax—0 (x + Ax)x
_ X2 +1 _ 1
e TlrE

At (1, 0), the slope of the tangent line ism =

y-0=2>x-1)
y =2x - 2.

37. Using the limit definition of a derivative, /”(x) = —%x.

Because the slope of the given line is —1, you have

—lx =-1
2

x = 2.
At the point (2, —1), the tangent line is parallel to
x + y = 0. The equation of this line is
y=(-1) =-1(x-2)
y=-x+1.

38. Using the limit definition of derivative, f’(x) = 4x.

Because the slope of the given line is —4, you have
4x = -4

x = -1
At the point (-1, 2) the tangent line is parallel to
4x + y + 3 = 0. The equation of this line is
y—-2= —4(x + 1)

y =—4x - 2.

/’(1) = 2.The equation of the tangent line is

39. From Exercise 31 we know that f”(x) = 3x%.
Because the slope of the given line is 3, you have
3x2 =3
x = *l.
Therefore, at the points (1,1) and (-1, 1) the tangent

lines are parallel to 3x — y + 1 = 0.
These lines have equations

y—-1=3x-1)and y+1

3(x + 1)
3x + 2.

y=3x-2 y

40. Using the limit definition of derivative, f(x) = 3x7.
Because the slope of the given line is 3, you have
3x2 =3
¥ =1= x ==l
Therefore, at the points (1, 3) and (-1, 1) the tangent

lines are parallel to 3x — y — 4 = 0. These lines have

equations
y=3=3x-1)and y—1=3(x+1)
y =3x y = 3x + 4.
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122 Chapter 2 Differentiation

41. Using the limit definition of derivative, 45. The slope of the graph of fis negative for x < 4,

/')

_ -1 positive for x > 4,and 0 at x = 4.
2X\/; y

Because the slope of the given line is —%, you have

1 1
2x/x 2

x =1

Therefore, at the point (1, 1) the tangent line is parallel to

+ 2y — 6 = 0.Th tion of this line i
* Y © cquation of s Hne 1S 46. The slope of the graph of fis —1 for x < 4, 1 for

y—-1= _l(x =) x > 4, and undefined at x = 4.
2
P N :
g 272 i
1 3 ) I
y = —Ex + = 1+ S —
T I SR
————0
42. Using the limit definition of derivative, 1
-1
f(x) = ——. T
0=

47. The slope of the graph of fis negative for x < 0and

Because the slope of the given line is —l ou have
P £ 2’ Y positive for x > 0. The slope is undefined at x = 0.

-t _ 1
20x -1 2 ]

1= (x-1)7" IL

l=x-1=x=2. —

At the point (2, 1), the tangent line is parallel to ﬁ

x 4+ 2y + 7 = 0.The equation of the tangent line is -2t
1
y-1= _E(x -2) 48. The slope is positive for =2 < x < 0 and negative for
1 0 < x < 2.The slope is undefined at x = +£2,and 0 at
y =—-—=x+2. _
2 x =0.
43. The slope of the graph of fis 1 for all x-values. ~
y . 2T
4+ T
.1 2 - L2
Ik !
— R ol
-3 -2 -1 12 3

24

14
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Section 2.1 The Derivative and the Tangent Line Problem 123

49. Answers will vary. 59. f(0) = 2and f/(x) = =3,-0 < x < o0

50.

51.

Sample answer: y = —x

The derivative of y = —xis " = —1. So, the derivative

is always negative.

Answers will vary. Sample answer: y = x> — 3x?

Note that y = 3x? — 6x = 3x(x — 2).
So,y" = 0at x = 0and x = 2.
No. For example, the domain of f(x) = Jxis x =0,

. , I .
whereas the domain of f"(x) = —~=is x > 0.

2/x

f(x)=-3x+2

60. £(0) = 4, £/(0) = 0 f'(x) < 0 for x < 0, //(x) > 0

for x > 0

Answers will vary: Sample answer: f(x) = x* + 4

L
—t—t
-6 -4 -2 2 4 6

61. Let (x), o) be a point of tangency on the graph of f.

By the limit definition for the derivative,
f’(x) = 4 — 2x. The slope of the line through (2, 5) and

(0, ¥o) equals the derivative of f'at x,:

5_7%:4_2)60

52. No. For example, f(x) = x’ is symmetric with respect to 2-x
the origin, but its derivative, f”(x) = 3x?, is symmetric 5=y = (2= x)4-2x)
with respect to the y-axis. 5- (4x0 - x02) =8 — 8xp + 2x°

0=2x2—4x, +3

53. g(4) = 5because the tangent line passes through (4, 5). 0= (x = Dxp = 3) = x = 1,3
- 0~ 0 0o — b
g(4) = i : 3 _ % Therefore, the points of tangency are (1, 3) and (3, 3),

and the corresponding slopes are 2 and —2. The equations

54. h(-1) = 4 because the tangent line passes through of the tangent lines are:
(-1, 4). y=5=2(x-2) y-5=-=2(x-2)
y=2x+1 y=-2x+9

5S.

56.

57.

58.

6-4 2 1

=30y T T
f(x) =5-3xand ¢ =1
f(x) = xand ¢ = -2

f(x) =-x*and ¢ = 6

f(x) = 2</xand ¢ = 9
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124 Chapter 2 Differentiation

62. Let (xy, o) be a point of tangency on the graph of f.
By the limit definition for the derivative, f”(x) = 2x.
The slope of the line through (1, —3) and (x,, y,) equals

the derivative of fat x;:

=3 =Y

1-x, = 2%
3=y = (1-x)2x
-3 — x,> = 2x — 2x,°
X2 = 2% —3=0

(x0 = 3)(x +1)

Therefore, the points of tangency are (3, 9) and (-1, 1),

0= x =3,-1

and the corresponding slopes are 6 and —2. The equations
of the tangent lines are:

y+3=6(x-1 y+3=-=2(x-1)
-2x -1

y=6x-9 y

f(x + Ax) — f(x)

o) = pm L020
22
N ) Mt
Ax—0 Ax
2 22
— gim + 2x(Ax) + (Ax)” —x
Ax—0 Ax
o Ar(2x + AY)
Ax—0 Ax
= lim (2x + Ax) = 2x
Ax—0

At x = -1, f’(-1) = -2 and the tangent line is
y-1=-=2(x+1 or y=-2x-1

At x = 0, f°(0) = 0 and the tangent line is y = 0.
At x =1, /(1) = 2 and the tangent line is

y =2x-1.

2

NV4

-3

)
For this function, the slopes of the tangent lines are
always distinct for different values of x.

303

- fim (x + Ax) X

Ax—0 Ax
g X+ 3x2(Ax) + 3x(A>c)2 + (Ax)3 -
= o Ax

Ax(35% +3x(Ax) + (Ax)’)

= lim

Ax—0 Ax

= lim (32 + 3x(Ax) + (&v)°) = 3°

At x = -1, g’(-1) = 3 and the tangent line is
y+1=3x+1) or y=3x+2.

At x = 0, g’(0) = 0and the tangent lineis y = 0.
At x =1, g’(1) = 3 and the tangent line is

y—-1=3x-1 o y=3x-2

2

A

-2

For this function, the slopes of the tangent lines are
sometimes the same.

64. (a) g'(0) = -3
(b) g(3) =0

(c) Because g'(1) = —%, g is decreasing (falling) at

x =1

(d) Because g'(—4) = %, g is increasing (rising) at

x = -4

(e) Because g’(4)and g’(6) are both positive, g(6)is

greater than g(4),and g(6) — g(4) > 0.

(f) No, it is not possible. All you can say is that g is

decreasing (falling) at x = 2.
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Section 2.1 The Derivative and the Tangent Line Problem 125

65. f(x) = Exz

’ \/

F10) = 0, 70/2) = 12, 70) = 1 7(2) = 2
(b) By symmetry: f'(-1/2) = -1/2, /(1) = -1, f'(-2) = -2

(©)
A
34 il
N
N
BRI/
o]
M
Flx+ AY) - £(x) 1()c + Ax)2 - lx2 l(xz + 2x(Ax) + (Ax)z) - l)c2 Ax
@ f(x)=tim=——— S im2 2 jip 2 = lim (x + —] =x
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0)

L

f’(O) =0, f/(l/Z) = 1/4, f’(l) =1, f/(Z) =4, f’(3) =9
(b) By symmetry: f'(-1/2) = 1/4, f(-1) =1, f(-2) =4, f(-3)=9
(©

AX —
(d) f/(x) _ Alrgof(x + A)z f( )

—(x + Ax)3 Ll

= lim 3
Ax—0 Ax

1+ a(an) + 3x(An)” + (A)) - L
= Im, & :
_ Alxig)[xz T x(A) + %(Ax)z} = 2
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126 Chapter 2 Differentiation

67. f(2) =2(4-2) =4, f(2.1) = 2.1(4 - 2.1) = 3.9 7. f(x) = (x -6 e =6
, 3.99 - 4 ,
r(2) = ST - %l [Exact: f'(2) = 0] 76) = tim fx) - 2’(6)
x— X —
ol ~ N S
68. 1(2) = 4(2 ) =2, £(2.1) = 2.31525 = lim*=——"—— = m(x g
12) = % = 3.1525[ Exact: f'(2) = 3] Does not exist.

Therefore f(x)is not differentiable at x = 6.
69. f(x)=x+2x"+Lc=-2

_ o
) - 7(2) 74. g(x) = (v +3)",c = 3

(-2) = &
f( ) Xl}n}z x+ 2 , . g(x)_g(_3)
g(-3) = lim=~+——=—
) (¥ + 22>+ 1) -1 =3 x - (3)
it x+2 C (x+3P -0 1
) = lim = lim R
T ) S o0 Xt =3(x +3)
o2 x4 2 ¥z Does not exist.
70. g(x) = ¥ —x,c = | Therefore g(x)is not differentiable at x = —3.
g'(l):nmw 75. h(x)z‘x+7,c:—7
L (x) = H(-7)
h(x) — h(-7
. x> =x-0 h'(—7)= lim ————=
ST =7 =)
= i X1 ] L
-y —1 =7 x+7 x>-Tx + 7
= liir} x =1 Does not exist.
Therefore h(x)is not differentiable at x = —7.
71. g(x) = \J|x|,c=0
\/ﬂ 76. f(x) =|x—6|,c=6
oy = 1o 8) = g(0) . AJIX ,
g'(0) = }13}) o 113}) . . Does not exist. 76) = limf(x) - 2(6)
x—6 X —
VL
Asx - 07,Y— = — —oo, _ o Jx=6[-0 . |x -0
X «/‘x‘ —111)1}’ x—6 _}ng—ﬂ
/ Does not exist.
As x — 0F ‘x‘:iew, . : :
Ty Jx Therefore f(x) is not differentiable at x = 6.

Therefore g(x)is not differentiable at x = 0. o )
77. f(x)is differentiable everywhere except at x = —4.

2. f(x) = 3 c=4 (Sharp turn in the graph)
x
: : . f(x)is differenti = 1.
4) = lim f(x) - f(4) 78. f(x) is differentiable everywhere except at x 2
: T o4 x—4 (Discontinuities)
3_3
= lim 1 79. f(x)is differentiable on the interval (—1, o). (At
¥4 x — . . .
. 12 — 3x x = —1the tangent line is vertical.)
o dx(x - 4) 80. f(x)is differentiable everywhere except at x = 0.
= lim M (Discontinuity)
x4 4x(x — 4)
. 3 3
=lim —=-——
=i 4y 16
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Section 2.1 The Derivative and the Tangent Line Problem 127

81. f(x) =|x — 5|is differentiable u (x-1, x<1
everywhere exceptat x = 5 87. f(x) = 2
YW p . (x=17, x>1
There is a sharp corner at
x =5 -1 1t The derivative from the left is
. 3
- - f(1 -1y -0
A lim S =70 _ lim [C
82. f(x) = Y s differentiable L sor x -1 =l x-1
- ' = lim (x - 1)2 = 0.
everywhere except at x = 3. ! xo1”
fis not defined at x = 3. " X 12 The derivative from the right is
(Vertical asymptote) | ) “1 -0
- A R O T ) el
x—1t x—1 x—17 x—1
83. f(x) = x¥*is differentiable 5 = lim (x = 1) = 0.
. xo1t
i(();;l:]r ;Ct j i ”glere is a sharp 7 " T.he one-sided limits are eq}lal. Therefore, f'is
6 6 differentiable at x = 1. (f7(1) = 0)
B 88. f(x) = (1-x)"

84. fis differentiable for all x = 1. The derivative from the left does not exist.

fis not continuous at x = 1. 23
i /=S (-9 -0
3 lim ———* = lim~———

xsm x =1 xol” x =1

-1

. i / = lim— = -

4 O/II 5 x—>1" (1 — )(,‘)]/3

Similarly, the derivative from the right does not exist

- because the limit is oo,

85. f(x) =|x —1| Therefore, f is not differentiable at x = 1.

The derivative from the left is

f(x) = (1) x-1-0

2
lim = lim = —1. xX° + 1, x <2
_ _ x) =
x—1 x -1 x—1 x -1 f() {4){—3’ >0

89. Note that f'is continuous at x = 2.

The derivative from the right is o .
The derivative from the left is

_fx) =) |x-1]-0 2
lim = lim =1. - f(2 x“+1)-5
x—1 x -1 x>t x—1 lim M = lim (7)
. . . x—2" x—2 x—27 x -2
The one-.s1ded limits are not equal. Therefore, fis not = lim (x + 2) = 4.
differentiable at x = 1. o2
The derivative from the right is
86. f(x) =~1-x* — 72 4y —3) — 5
) TAA G R C L ) B U N
The derivative from the left does not exist because o2t x =2 w2t x =2 ¥=2"
The one-sided limits are equal. Therefore, f'is
. x) - f(1 . NI=x* -0 ’
lim () = /) = lim differentiable at x = 2. (f7(2) = 4)
x—1" X — x—1" x—1
_ 42 /1 _ 2
= lim ! f ~\/1 x2 9. /(x) %x+2, x <2
=17 X — — . xX) =
l | I=x ~2x, x2>2
+ x
= lim ———— = —oo. is not differentiable at x = 2 because it is not
P Ny x2 f

. continuous at x = 2.
(Vertical tangent)

. 1
The limit from the right does not exist since fis Ahm_f (X) = 5(2) +2=3
undefined for x > 1. Therefore, fis not differentiable at 2

2

¥ =1, lim f(x) = \/2(2) =

x—2t
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128 Chapter 2 Differentiation

| Ax + By + €| [m3) = 10) + 4| |3m + 3]

91. (a) The distance from (3, 1)to the line mx — y + 4 = 0is d = :
VA + B Im? +1 Im? +1
N
3l
i
IR
(b) 5
i
. \/ .
-1
The function d is not differentiable at m = —1.This corresponds to the line y = —x + 4, which passes through

the point (3, 1).

92. (a) f(x) = x*and f/(x) = 2x (b) g(x) = x*and g'(x) = 3x*

n—1

(c) The derivative is a polynomial of degree 1 less than the original function. If A(x) = x”, then /#'(x) = nx
(d) If f(x) = x*, then
flx+ Ax) — f(x)

7 =
4 4
_ fim (x + Ax)" —x
Ax—0 Ax
o XA + 6x2(Ax)" + 4x(Ax)’ + (Ax)' - x*
leut) Ax
Ax(4x + 6x2(Ax) + 4x(Ax)” + (Ax)’
= lim ( () + () + (&) ) = lim (4x3 + 6x7(Ax) + 4x(Ax)” + (Ax)3) = 4%,
Mx—0 Ax Ax—0

So, if f(x) = x* then f'(x) = 4x* which is consistent with the conjecture. However, this is not a proof because you

must verify the conjecture for all integer values of n, n > 2.

L 2+ ) - f(2) 95. False. If the derivative from the left of a point does not
93. False. The slope is A1X1§10 Ax : equal the derivative from the right of a point, then the
derivative does not exist at that point. For example, if
94, False. y = ‘x - 2‘ is continuous at x = 2, but is not f(x) = ‘x , then the derivative from the leftat x = 0 is
differentiable at x = 2. (Sharp turn in the graph) —1 and the derivative from the right at x = 0is 1. At

x = 0, the derivative does not exist.

96. True. See Theorem 2.1.
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97.

98.

Section 2.2 Basic Differentiation Rules and Rates of Change

0, x=0

() = {x sin(l/x), x =0

Using the Squeeze Theorem, you have —|x| < x sin(1/x) <|x

,x # 0.So, ling) xsin(l/x) = 0 = £(0) and
xX—>
f is continuous at x = 0.Using the alternative form of the derivative, you have

fimd ®) = SO _p xsin(l/x) -0 lim(sin i].
x—=0 x—=0 x—0 x =0 x—0 X

Because this limit does not exist ( sin(1/x) oscillates between —1 and 1), the function is not differentiable at x = 0.

_ |x*sin(l/x), x # 0
glx) = {o, x=0

Using the Squeeze Theorem again, you have —x* < x* sin(l/x) < x*, x # 0. So, lim x* sin(l/x) = 0 = g(0)
x—=0
and g is continuous at x = 0. Using the alternative form of the derivative again, you have

— 2 1 —
lim &) =8O i) =0 L

x—0 x—=0 x—0 x—=0 x—0 X

Therefore, g is differentiable at x = 0, g’(0) = 0.

3

4

-1

As you zoom in, the graph of y, = x> + 1appears to be locally the graph of a horizontal line, whereas the graph of

¥, =|x|+ lalways has a sharp corner at (0, 1). y, is not differentiable at (0, 1).

Section 2.2 Basic Differentiation Rules and Rates of Change

1.

. The derivative of the sine function, f(x) = sin x, is the

The derivative of a constant function is 0. 5. (a) y = xP?
i[c] =0 V= %xfl/z
dx , X
V(1) =3
. To find the derivative of f(x) = cx”, multiply n by c,
(b) =x
and reduce the power of x by 1. g
y =X
f(x) = nex"! ,
( ) y(l) =3

cosine function, f’(x) = cos x.

Y = Ly
The derivative of the cosine function, g(x) = cos x, is ) .
y =75
the negative of the sine function, g’(x) = —sin x. 2
(b) =x
. The average velocity of an object is the change in rg—

distance divided by the change in time. The velocity is ,
the instantaneous change in velocity. It is the derivative (1) =-1
of the position function.

129
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130 Chapter 2 Differentiation

7.y =12 17. f(1)=-3>+2t-6
y =0 ) = =6t +2
8 f(x)=-9
/() 18. y=12 -3 +1
fix)=0 Y =2t -3
9. y=x 19. g(x) = x* + 4x°
N
yo=Tx g'(x) = 2x + 1257
_ 12
10. y =x 20. y = 4x - 3%°
’_ 1
Vo= 12x y =4 - 9x?
1 -5
. y=—5=x 21. s(t) = £ + 52 =3t + 8
X
V= e = 5 s(t) =32 +10t =3
I
22, y=2x +6x* -1
3 7 ’ 2
12.y=7=3x y = 6x" +12x
21
f=3(-7x7) = -2 =7
y ( ) I 23. y = B sin
, T
13. f(x) =/x =" ¥ =Ecos0
, _ 1 78/9 _ 1
f(x) = oF T g 24. g(t) = mcost
14, y=4x=x" g(0) = —msint
ro Ly o 1 25,y =x -1
y = —xM = .y =x" - jcosx
4 4xV4
Y =2x+ %sin x
15, f(x) =x+11
fx) =1 26. y = 7x* + 2sinx
y = 7(4x3) + 2cos x = 28x® + 2 cos x
16. g(x) =6x+3
glx) =6
Function Rewrite Differentiate Simpli
2 2 8 8
27. = — = 7}(74 ! = —7x75 o
YT Y=3 g 7 g 7x°
28. y = 55_5 y = %xs Yy = %(5)(4) y = 8x*
29. y = 6 3 y = ix73 y’ = _£x4 yl = — 184
(5x) 125 125 125x
3 2 , ,
30. y = B )72 y =12x ¥ =12(2x) y = 24x
x
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31.

32.

33.

34.

35s.

36.

37.

38.

39.

40.

Section 2.2 Basic Differentiation Rules and Rates of Change

1) =5 =8 (2.

F) = =16 = -5

@) =-2
ﬂnzz—ézz—MﬂMJ)
f(t) = 4r? = tiz

£ =5

<o
I |
oo [\
><w R»
[
“b)
—
UP—‘
|
L
=

y = (4x + 1)%,(0,1)
=16x> +8x + 1

Yy =32x+8
¥(0) = 32(0) + 8 = 8

S(x) = 2(x = 4%, (2.8)
=2x? — 16x + 32

S(x) = 4x - 16

f(2)=8-16=-8

£(6) = 4sin @ — 6, (0, 0)
f(0) =4cos 6 -1
F0)=401)-1=3

g(t) = -2cost + 5,(m,7)
g'(t) = 2sint¢
g'(r) =0

f(x) = x> +5-3x7

f(x) = 2x +6x7 =2x + x—i

f(x) = X = 2x + 3x7°

f(x) = 3x2 =2 = 9x™* =357 —2—i

x4

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

g(t) =¢ - ;iz =12 - 47

gty =20 +12c* =2t + 17‘2

f(x)=8x+%=8x+3x'2
f'(x)=8—6x’3=8—%
f(x)zx}_i§2+4=x—3+4x'z
f’(x)zl—%z x3x;8

h(x) = 4 +xe+5 = 4x? + 2 + 5x7!
h'(x)=8x—5x2—8x—x—52

2 p—
g(t) = %;# =372 + 472 — 832
g(t) = %t*l/z - 27 4 12072
37— 4+ 24
- 2452
5
h(s) = #/:4_6 = g3 4 257 4+ 6571
P

h’(S) — %Sl]/fé + gs—l/S _ 2S—4/3

_ 145° + 45 — 6
- 3543

y:x(x2+1)=x3+x

Y =3x* +1

y = xz(Zx2 - 3x) = 2x* - 353

Y =8x —9x? = x2(8x - 9)

F(x) = Vx = 63x = ¥V — 6x3

, 1L 23 1 2
L S
S (x) 2x X x 2
ft)y=0F -1 +4
vy~ 2 1o 201
SO =37 =37 = 3

f(x) = 6/x + 5cos x = 6x% + 5cos x

f(x) =3x" - 5sinx = — Ssinx

3
N

131
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52.

53.

54.

55.

56.

Chapter 2 Differentiation

flx) = % +3cosx = 2x + 3cos x

f(x) = —%x'm - 3sinx = _3%/3 — 3sinx

y:%—Scosxz(.’)x)z—5cosx=9x2—5c0sx
(3x)

Y =18x+ 5sin x

y = +2$inx=§x'3+2sinx

(22’

’

_—9x’4 + 2cos x
8

<
1l

9
= ——4+2c0sx
8x

@ f(x)=-2x*+5¢ -3
f(x) = =8x* + 10x
At (1,0): /(1) = =8(1)° + 10(1) = 2
Tangent line: y — 0 = 2(x — 1)
y=2x-2
(b) and (¢) 1

(@ y=x*-3x
¥ =3x2 -3
At(2,2): ) =302)° -3=9
Tangent line: y-2=9x-2)
y=9x-16
9x —y-16=0

(b) and (c) 3
]‘ 2,2)

LM

-3

57. () f(x) = - = = 2x7V4
x
, 3 3
/) 2 T
, 3
At (1,2): f(1) = -
Tangent line: y-2=-H(x-1)

58.

59.

60.

61.

<
Il

|

[
=
+

I

(b) and (c) 5

(@) y —(x—Z)(x2+3x) =x + x? - 6x
Y =3x"+2x-6
At (1,=4): y = 3(1)° +2(1) - 6 = —1
Tangent line:  y — (—4) = —=1(x - 1)
y=-x-3
x+y+3=0
(b) and (c) 10

y=x"-2x*+3
Yy = 4x’ — 4x

= 4x(x? - 1)

= 4x(x = 1)(x + 1)
Y =0=x=0%1

Horizontal tangents: (0, 3), (1, 2), (-1, 2)

y=x+x

’

y =3x*> +1 > 0forallx.
Therefore, there are no horizontal tangents.
y=—= X

’

2
y = -2x7 = ——5 cannot equal zero.
X

Therefore, there are no horizontal tangents.
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62.

63.

64.

65.

Section 2.2 Basic Differentiation Rules and Rates of Change

y=x*+9
Y =2x=0=>x=0
Atx =0,y = 1.

Horizontal tangent: (0, 9)

y=x+sinx,0< x <27
¥y =1l+cosx =0

cosx =-1=>x=rx
Atx=rmy=nrx

Horizontal tangent: (7, 77)

y=\/§x+2cosx,03x<27z
Y =~/3-2sinx =0

. T 2r
sinx = — = x = —or —
3 3
Atx_z_y:\/gzr+3
3 3
Atxzz—ﬂ.:y=2\/§ﬂ-_3
3 3
. x 3 +3) (27 2/3r -3
Horizontal tangents: ERE N ] I —

S(x)=k-x*y=-6x+1

f’(x) = —2x and slope of tangent line ism = —6.

[(x) =6
—-2x = -6

x =3
y=-603)+1=-17
-17 = k - 3*

8=k

133

66. f(x) = kx*,y = -2x+3

67.

I(%)
/(%)
2hox

X

2kx and slope of tangent line ism = —2.

2
g+3:k[—lj
k k
2i3=1
k k
1
-3
k
k=t
3
f(x)=£,y=—§x+3
X 4
, k . 3
f’(x) = == and slope of tangent line is m = -7
X
, 3
x) = —=
) = =3
_k_3
x? 4
"
3
4k
x=,/—
3
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134 Chapter 2 Differentiation

68. f(x) = k/x,y =x+4

69.

70.

71.

72.

73.

, k L.
x) = and slope of tangent line ism = 1.
f(x) T p g
fx) =1
k

<
I
=
+
I
I
|
+
I

f(x) =

If f'is linear then its derivative is a constant function.

ax + b

f(x) =a

74, y

If fis quadratic, then its derivative is a linear function.
f(x) = ax* + bx + ¢

f(x) =2ax + b

75. The graph of a function f'such that f” > 0 for all x and
the rate of change of the function is decreasing
(i.e., as x increases, f~ decreases) would, in general, look
like the graph below.

y

76. (a) The slope appears to be steepest between 4 and B.

(b) The average rate of change between 4 and B is
greater than the instantaneous rate of change at B.

©
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Section 2.2 Basic Differentiation Rules and Rates of Change 135

77. Let (x;, y;)and (x,, y,) be the points of tangency on y = x*and y = —x* + 6x — 5, respectively.
The derivatives of these functions are:

Y =2x=>m=2xand y = 2x+6 =>m=-2x+6

m=2x=-2x, +6

X =-x +3
Because y; = x°and y, = —x,°> + 6x, — 5:
2 2
_ —X," + 6x, — 5) — (x
m:yz J/1:( 2 2 ) (1):—2x2+6
X =X X2 =X

(—x22 + 6x, — 5) —(x + 3)2
x, = (-x, +3)

—2x, + 6

(=2x, + 6)(2x, — 3)

(—x22 + 6x, — 5) - (x22 - 6x, + 9)
—2x,% + 12x, — 14 = —4x,%> + 18x, — 18
2% —6x,+4=0
26 -2)(x, -1 =0
X, =lor2
X, =1= y, =0,x, =2and y, = 4
So, the tangent line through (1, 0) and (2, 4) is So, the tangent line through (2, 3) and (1, 1) is

y—Oz(g_?j(x—l)zy:4x—4. y—lz[z_ij(x—l):y:bc—l.

3T @.3)

X, =2=y,=3,x =1land y, =1
78. my is the slope of the line tangent to y = x. m, is the slope of the line tangent to y = 1/x. Because

, 1 , 1 1
y=x=y=1>m=landy=—-—= ) =-—F=>m=-—
X X X

The points of intersection of y = xand y = 1/x are

1
X === x

2=1= x =+l
X
At x = +1,m, = —1. Because m, = —1/my, these tangent lines are perpendicular at the points of intersection.
79. f(x) =3x +sinx+2 80. f(x) =x+3x" +5x
f(x) =3 +cosx f(x) =5x" +9x* +5
Because |cos x| < 1, f'(x) # 0 for all x and f does not Because 5x* + 9x* = 0, f’(x) = 5.So, f does not
have a horizontal tangent line. have a tangent line with a slope of 3.
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136 Chapter 2 Differentiation

81.  f(x) = </x,(~4,0) 8. () = 2.(5.0)
f'(x) _ lx,l/z _ 1 X
2 S =5
1 _0-y *
Xx 4 -x _% _0-y
5 —
4+ x=2Uxy x : x
=10 + 2x = —x7y
4+ x = 2/xJx )
4+ x=2x -10 + 2x = —x{;}
x=hy=2 10 + 2x = —2x
The point (4, 2)is on the graph of f. 4x = 10
. 0-2 eo3 28
Tangent line: y — 2 = e 4(x - 4) > s
4y -8=x-4 (5 4),
The point | —, — |is on the graph of /. The slope of the
0=x-4y+4 2’5
A5 8
tangent line is —|= -
et /{3 =
4 8 5
Tangent line: L
: =53

25y — 20 = —8x + 20
8x +25y-40 =0

83. (a) One possible secant is between (3.9, 7.7019) and (4, 8):

8 — 7.7019 "
_g =370y
Y 239 Y
v -8 = 2981(x — 4) -
vy = S(x) = 2.981x - 3.924 . )

() f(x) = %xl/z = f'(4) = %(2) =3 _

T(x) =3(x-4)+8=3x—-4

The slope (and equation) of the secant line approaches that of the tangent line at
(4, 8) as you choose points closer and closer to (4, 8).

(c) Asyoumove further away from (4, 8), the accuracy of the approximation 7 gets worse.

20

(d)

fA+Ax) |1 2.828 | 5.196 | 6.548 | 7.702 | 8 8.302 | 9.546 | 11.180 | 14.697 | 18.520
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Section 2.2 Basic Differentiation Rules and Rates of Change 137

84. (a) Nearby point: (1.0073138,1.0221024) ,
Secant line: y — 1 = M(x - 1) /(1. 1
1.0073138 -1 -3 3
v =3022(x — 1) + 1

(Answers will vary.)
) f(x) = 3x?
T(x)=3(x—1)+1=3x—2

(c) The accuracy worsens as you move away from (1, 1).

2

/%Ll)
-3 3

Tays
S
@ Ax 3 |2 | -1 |-05 -0.1 0 0.1 0.5 1 2 3
f(x) -8 | -1 0 0.125 0729 |1 1.331 3.375 8 27 64
T(x) -8 | -5 |2 |05 0.7 1 1.3 2.5 4 7 10

The accuracy decreases more rapidly than in Exercise 85 because y = x*is less “linear” than y = x¥2.

85. False. Let f(x) = xand g(x) = x + 1. Then 92. f()=¢-17, [3,3.]]
S(x) = g'(x) = x,but f(x) = g(x) £t =2t
Instantaneous rate of change:

86. True. If y = x“*2 + bx, then
At (3,2): f3) = 6

& = (a + 2)x(“+2)_l +b = (a + 2)x"+] + b.
dx At (3.1,2.61): £/(3.1) = 6.2

Average rate of change:

fB) - /() _261-2 _

87. False. If y = x?, then dy/dx = 0.(x?is a constant.)

88. True. If f(x) = —g(x) + b, then 31-3 0.1 61
() = =) + 0 = ~g(x) 1
9. f(x)=—-— [L2]
89. False. If f(x) = 0, then f”(x) = 0 by the Constant Rule. lx
1 S =
90. False. If f(x) = P x™", then Instantaneous rate of change:
” ne - L-1)= /(1) =1
f(x) = —nx ‘:xnill_ ( 1) (1) 1
23)=r@-3
91. f(t) =3t +5 [L2]
Average rate of change:
f(t) =3.80, f(1) = f12) = 3. FQ) - £O)  ((12) = (-1) 1
Instantaneous rate of change is the constant 3. 2 -1 B 2-1 T2

Average rate of change:

Q-0 _n-s _

2-1 1
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138 Chapter 2 Differentiation

94. f(x) = sin x, [o, %}
S(x) = cosx
Instantaneous rate of change:

(0,0) = 1(0) = 1
[” 1] = f'(fj - % ~ 0.866

62 6

Average rate of change:

f(z/6) - f(0) _ (12)-0 _ 3
(z/6) -0  (m/6)-0 & 0933
95. (a) s(f) = —4.97 + 441
v(r) = —9.8¢

2) = s(1
(b) w = 4214 — 436.1 = —14.7 m/sec

(©) v(t) = s'(r) = -9.8¢
When ¢ = 1: v(1) = —9.8 m/sec
When ¢ = 2: v(2) = —19.6 m/sec
(d) —4.9 +441=0

=£91:>t=\/9 =~ 9.49 sec

(e) v(\/%) = -9.8/90

—92.97 m/sec

[2

u

96. (a) s(1) = —4.9> + vyt + 55 = 4.9 + 214
§(t) = v(r) = -9.8¢

5(5) - 5(2)
5-2
91.5 - 1944
3
—34.3 m/sec

(b) Average velocity =

(©) 5'(2) = -9.8(2) = -19.6 m/sec
s’(5) = —9.8(5) = 49.0 m/sec

(d) s(t) =492 +214=0
49t = 214
PRI
49
t = 6.61 sec

(e) v(6.61) = —9.8(6.61) ~ —64.8 m/sec

97.

98

99.

100.

101.

s(t) = 4.9 + wt + 5,
= —4.9¢ + 120t
v(t) = —9.8¢ + 120

(@ v(5) = —9.8(5) + 120 = 71 m/sec

(b) v(10) = —9.8(10) + 120 = 22 m/sec

s(t) = —4.9¢> — 5¢ + 80
v(t) = 9.8t = 5
(@) v(2) = —24.6 m/sec

() v(3) = —34.4 m/sec

From (0, 0)to (4,2),s(t) = %t =) = %km/min.
V() = (60) = 30 kmvh for 0 < ¢ < 4

Similarly, v(t) = 0for 4 < ¢ < 6. Finally, from (6, 2)
to (10, 6),

s(f) =t — 4 = v(t) = 1 km/min. = 60 km/h.

Velocity (in km/h)

t
8 10

Time (in minutes)

(The velocity has been converted to kilometers per hour.)

This graph corresponds with Exercise 99.
Z 10+

2

Qo

£ 8

S

Ea (10,6)
o

g 4y

g

SIS ()

3
e
©
I
ES
B
S

When s = 6 cm, a;—V = 108 cm® per cm change in s.
s
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Section 2.2 Basic Differentiation Rules and Rates of Change 139

80
102, 4= 52,94 2 o () -
ds B

When s = 6 m, 2—14 = 12 m? per m change in s.
A

0

103. (a) Using a graphing utility,

R(v) = 0.417v — 0.02.
) (e) chT = 0.0112v + 0.418
v

(b) Using a graphing utility,
B(v) = 0.0056v> + 0.001v + 0.04, For v = 40, 7°(40) ~ 0.866
(©) T(v) = R(v) + B(v) = 0.0056v* + 0.418v + 0.02 For v = 80, T°(80) = 1.314

For v = 100, T'(100) ~ 1.538

(f) For increasing speeds, the total stopping distance

increases.
104. C = (liters of fuel used)(cost per liter)
_ (20,000)(1.21) _ 24,200
x x

dC _ 24200
dx x?

X 10 15 20 25 30 35 40

C 2420 1613.3 1210 968 806.7 691.4 605

dC/dx -242 | -107.6 | -60.5 | -38.7 | 269 | —19.8 | —-15.1

The driver who gets 25 kilometers per liter would benefit more. The rate of change at x = 25 is larger in absolute value than
that at x = 40.

105. s(1) = —%at2 + cand s'(¢t) = —at

sty + Af) = s(ty — A1) |~(VDalty + A+ c| = [-(V2alty - a0)’ + )]
(to + A1) — (1o — A) 24t

Average velocity:

—(1/2)a(t02 + 26,At + (At)z) + (1/2)a(t02 — 26,At + (At)z)
2 At

_ 2aty At

v —aty = 5'(ty) instantaneous velocity at ¢ = £,
t

106. C = % 630

dC 1,008,000
dQ o
C(351) — C(350) =~ 5083.095 — 5085 ~ —$1.91

+ 6.3

When 0 = 350,9C ~ _g1.93.
do
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140 Chapter 2 Differentiation

107. y = ax*> + bx + ¢

Because the parabola passes through (0, 1) and (1, 0), you have:

(0,1): 1 = a(0)” +b(0) + ¢ = ¢ =1
(L0): 0 =a(l)’ +5(1) +1=b=-a-1
So, ¥ = ax* + (-a — 1)x + 1.From the tangent line y = x — 1, you know that the derivative is 1 at the point (1, 0).
y = 2ax + (—a - 1)
1=2a(l) + (-a - 1)

l=a-1
a=2
b=-a-1=-3

Therefore, y = 2x* — 3x + 1.

1
108. y=—x>0

x
, 1
=
At (a, b), the equation of the tangent line is y — LI —iz(x —a) or y-= —% L2
a a a a

The x-intercept is (2a, 0). The y-intercept is (0, E]
a

The area of the triangle is 4 = %bh = %(Za)(gj = 2.
a

109. y = x* — 9x
Yy =3x* -9
Tangent lines through (1, —9):
y+9=(3x-9)(x -1
(¥ —9x) +9 =3x" = 3x = 9x +9
0= 20" = 3x% = x2(2x - 3)

x =0orx =

S W

, 0) and (i —ﬁ),At (0, 0), the slope is »’(0) = —9.At (é —&), the slope is y'(%) = —%

The points of tangency are ( 5 g 2278

Tangent Lines:

— 81 _ _9 3
y—0=-9(x - 0) and y+§——1(x—5)
- ) 27
y =-9x y=—3x -5

9 +y=0 I9x +4y+27 =0
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Section 2.2 Basic Differentiation Rules and Rates of Change 141

110. y = x2
y = 2x
(a) Tangent lines through (0, a):
y—a=2x(x-0)
x* —a=2x*
—a = x*
+-a = x
The points of tangency are (i—\/; , —a).At (\/; , —a), the slope is y'(\/;) = 2/-a.
At (—\/;, —a), the slope is y'(—\/; -2-a.

Tangent lines: y + a = 2\/——a(x - —a) and y + a = —2\/3(x + —a)

y =2-ax + a y =-2N-ax +a
Restriction: a must be negative.

(b) Tangent lines through (a, 0):

y—=0=2x(x - qa)

x? = 2x* — 2ax

0 = x* — 2ax = x(x — 2a)
The points of tangency are (0, 0) and (2a, 4a2). At (0, 0), the slope is y'(0) = 0. At (Za, 4a2),the slope is )'(2a) = 4a.
Tangent lines: y — 0 = 0(x — 0) and y — 4a” = 4a(x — 2a)
y=20 y = 4dax — 44>

Restriction: None, a can be any real number.

3 <2
ut f(x) =" 7
X2 +b, x>2
fmust be continuous at x = 2 to be differentiable at x = 2.

lim f(x) = lim ax’ = 8a

x—27 x—27 8a =4+b
lim f(x) = lim (x> +b) =4 +b| 8a—4=0>
x—2t x—2t
, 3ax?, x <2
xX) =
/) {Zx, x>2

For f'to be differentiable at x = 2, the left derivative must equal the right derivative.
3a(2)° = 2(2)
12a = 4

a =~

Il
o0
1N}

|
N
Il

|

[EN

b
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112.

113.

114.

Chapter 2 Differentiation

1) = {cos x, x<0

ax +b, x=20
f0)=b=cos(0)=1=b =1

—sinx, x<0

7o -

So, a = 0.

a, x>0

Answer: a = 0,6 =1

fi(x) =|sin x|is differentiable for all x # nz, n an
1nteger.

f>(x) = sin|x| is differentiable for all x # 0.

You can verify this by graphing f, and f, and observing
the locations of the sharp turns.

Let f(x) = cos x.
f(x+ Ax) = f(x)

70 =
. €OS x cos Ax — sin x sin Ax — cos x
= lim
Ax—0 Ax
. cosx(cosAx —1) . . (sinAx
= lim———— — lim sin x| ———
Ax—0 Ax Ax—0 Ax
=0 —sinx(l) = —sin x

115. Youare given f : R — R satisfying

(/) =
all positive integers n. You claim that
f(x) =mx+b,mbe R

f(x+n) - f(x)

For this case,
[m(x + n) + b] -

n

[mx + b] _

) =m=

Furthermore, these are the only solutions:

2) —
Note first that f"(x + 1 flx+2)

f(x+1)

) 1
f(x) = f(x +1) = f(x). From (*)you have
2f(x) = f(x+2) - f(x

=[f(x+2)

=S x+ 1)+ (%)
Thus, f'(x) = f(x +1).
Let g(x) = f(x + 1) = f(x).
= /(1) = f(0).
Let 5 = f(0). Then
gx)=fx+1) - f
g(x) = constant = g(0) =
Fx) = flx+1) = f(x) = g(x) = m
= f(x) = mx +b.

Let m = g(0)

—~

x) =0

S

Section 2.3 Product and Quotient Rules and Higher-Order Derivatives

1.

To find the derivative of the product of two differentiable
functions f'and g, multiply the first function f by the
derivative of the second function g, and then add the
second function g times the derivative of the first
function f.

. To find the derivative of the quotient of two differentiable

functions f and g, where g(x) # 0, multiply the
denominator by the derivative of the numerator minus
the numerator times the derivative of the denominator,
all of which is divided by the square of the denominator.

d 2
. —tanx = sec” x

X

d 2
— cotx = —csc” x
x

d
— secx = secx tan x
dx

d
—cscx = —cscx cotx
dx

. Higher-order derivatives are successive derivatives of a

function.

g(x) = (2x - 3)(1 - 5x)

gl(x) = (2x = 3)(=35) + (1 - 5x)(2)
=-10x + 15+ 2 - 10x
= -20x + 17

y = (B3x—4)(x +5)

¥ = (3x = 4)(3x%) + (=¥ + 5)(3)
=9x’ —12x" +3x + 15
=122 - 12x% + 15

7. h(t) = i1 = 22) = 12(1 - 2)
1
() = 2(=20) + (1 = )=
(1)) = *(-20) + (1= )
1 1
— o2 L 132
=219 4+ !
_ 5 32 1
T tagm

1-52 1-52

N

)= S+ )]+ [f(x+1) -

for all real numbers x and

, and

f()]

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Section 2.3 Product and Quotient Rules and Higher-Order Derivatives

8. g(s) = \/;(sz + 8) = sl/z(s2 + 8)

10.

11.

12.

17.

g'(s) = s7%(2s) + (s2 + 8)%{1/2

=25 + ls3/2 + 4572
2

_ S, 4

—ES +S1T

_5s2+8
2s

f(x) = x* cosx
f(x) = x*(-sin x) + cos x(3x2)
= 3x? cos x — x° sin x

= x*(3 cos x — x sin x)

g(x) = /xsinx
g'(x) = ~/x cosx + sin x[ﬁj
1 .
= /xcosx + 2\/;smx
) = X i 5
iy o FSM) —x(l) _x-5-x 5
fx) = 2 = 2 T T 2
) (x = 5) (x = 5) (x = 35)
0= 53
(24 5)(6r) = (37 - 1)(2)
- (2t + 5)°
1262 +308 — 617 + 2
- (2t + 5)
_ 6 +30t +2
(2t + 5’
f(x) = (x3 + 4x)(3x2 + 2x — 5)

f(x) = (x3 + 4x)(6x +2)+ (3x2 + 2x — 5)(3x2 + 4)

6x* + 24x% + 2x3 + 8x + 9x* + 6x° — 15x% + 12x% + 8x — 20

15x* + 8x° + 21x% + 16x — 20
f'(O) = =20

\/; X2
X +1 X+ 1
(x3 + 1)%)5’1/2 - x1/2(3x2)
(& +1)
_ x +1-6x°
- 2)cl/z(x3 + 1)2
1-5x°

2Jx(x + 1)

13. h(x) =

#(x) =

2

14. f(x) = ﬁ
(2\/; + 1)(2x) - xz(x'l/z)

143

fx) =
(2/x + 1)2
4x? 4 2x — xV?
(2v/x + 1)2
3x¥? 4 2x
(2</x + 1)2
x(33/x +2)
(2</x + 1)2
15, gfx) - s1n2x
x
, x*(cos x) — sin x(2x)  xcosx — 2sin x
o) = e B _xeomx o
(+?) g
16, £(1) = <5
70 = *(-sin t) — cos t(3t2) _ _tsint+3cost

(°)

l4
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18.

19.

20.

23.

24.

25.

26.

27.

28.

Chapter 2 Differentiation

f(x) = (2% = 3x)(9x + 4)
= (2x2 - 3x)(9) + (9x + 4)(4x - 3)

= 18x2 — 27x + 36x% + 16x — 27x — 12
54x? — 38x — 12

F(1) = 54(=1)* = 38(~1) — 12 = 80
x* -4
) = x=3
) = (x = 3)(2x) — (x* - 4)(1)
(x =3
_ 2x2 —6x — x*> + 4
(x -3
_ x> —6x+ 4
(x =3
" 1-6+4 1
)y —=——
0=
x—4
f(x) T x+4
) = (x +4)(1) - (x = 4)(1)
(x+ 4)2
o xt+4-x+4
(x + 4)’
B 8
(x +4)
" 8 8
7(3) = =2
9 G+47 49
Function Rewrite
3
y:x43—6x y:%x3+2x
5% -3 B éxz 3
Y 4 = 4
e rEe
10 10
7 3x3 Y 3
32
y=4); y=4x7 x>0
2
y = 773 y = 2X2/3

21, f(x) = xcosx
S(x) = (x)(-sin x) + (cos x)(1) = cos x — xsin x
(7 NI NS V2
R e
4 2 4\ 2 8
2. f(x) = sin x
x
, x)(cos x) — (sin x)(1
f(x):()( )2( )(1)
x
_ X COsX —sinx
2
f,@ _(#/6)v3/2) - (1/2)
6) 72/36
_33r - 18
==
337 - 6)
T2
Differentiate Simplify
1
T = —(3x%) + 2 T=xt+2
¥ = 5(3¥) yo=x
’ Qx ’ Sl
y 2 y 5
2 12
y y P
, 30 , 10
=g =
2
F = 2x7V? = ——=,x>0
g N
’ 4 - 4 4
= =5
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4 - 3x — x* 4 4x
2. /) =5 3. f(")”[l‘Hs]”‘Hs
) = (xz - 1)(—3 - 2x) - (42— 3x — xz)(2x) £ =1~ (x +3)4 - 24x(1)
‘ (x2 - 1) (x +3)
3% 43— 200 + 2x — 8x + 622 + 2 (P rex+9)-12
(x2 - 1)2 (x + 3)2
3x2 = 6x + 3 S
(X2 _ 1)2 ()C + 3)
3(x? —2x +1 i -
=(72) 32. f(x) = x¥|1- 2}:)64[)6 1}
(x2 _ 1) x+1 x +1
O g = x| e
BYPTS 7 = X # 1 ’ (x+1)2 x+1
(x =17 (x+1) (x+1) L
4 2 ¥ -1 3
2 =X + 4x
30. f(x) = W [(x+1)° (x +1)° (')
¥ _
, (x2 - 4)(2x +5) - (x2 + 5x + 6)(2x) -2 23 +x -2
I(x) = 5 2 (x+ 1)
(x* - 4)
_ 2x% + 5x% — 8x — 20 — 2x% — 10x% — 12x 33 f( ) 3x — 1 3412 2
= . X)) = = J3X - X
(x* - 4) x
3 1 3x+1
—5x* — 20x — 20 (x) = Zx V2 4 —x32 =
T T =y = om
¥ —
Alternate solution:
—5(x2 + 4x + 4)
- _3x-1_ 3x-1
(x = 2)*(x + 2)° S(x) = NP
=5(x + 2)2 xl/2(3) - (x-1) 1 (x—1/2)
-2+ e :
X — X X) =
X
5
pEETTLAd ) %x’l/z(?ax 1)
Alternate solution: 3y 4 lx
R =
fl) = S 2
22 _
_ (3 (x+2) 3. f(x) = Yx(Nx +3) = (2 +3)
(x+2)(x-2)
7(x) = x1/3[lx_1/z) (02 4 3)(1x-z/3j
_X + 3 ‘%2 2 3
x =2 — éx—l/(y + x 2B
, x=2)1) - (x +3)1
PRCEEURIIRE ) o
(x - 2) = + —
6x]/6 x2/3
5
=~ (x - 2)2 Alternate solution:
f(x) =R x(\/; + 3) = x¥6 4 3x13
o S e, s 1
f(x) = g.x + X = 6xl/6 + W

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



146 Chapter 2 Differentiation

2-(/x)  2x-1 2x — 1 3( s j ;s
35. = = 37. =535 - = 55° —
fx) = x -3 x(x-3)  x*-3x gls) = s+ 2 : s+ 2
x? = 3x)2 - (2x - 1)(2x - 3 , (s + 2)4s = s*(1)
) = ( )2 - 2 )(2x - 3) g(s) = 1552 e
(x2 - 3x)
3
2x% — 6x — 4x* + 8x — 3 =15s2—3s +8§
= 2 (s +2)
(xz - 3x)
155%(s +2)" — (3s* + 85°)
o -2x4+2x -3 2x? - 2x+3 = 5
(x2 - 3x)2 x*(x - 3)2 (s +2)
1552(52 + 4s + 4) - 3s* -85’
1 = 2
3 h(x)_x7+5x_1+5x3 (s +2)
' x4l P4 _125* + 5257 + 60s?
() (x3 + xz)(Isz) - (1 + 5x3)(3x2 + 2x) (s + 2)2
x) =
(x3 + x2)2 4s2(3s2 + 13s + 15)
= 2
15x% 4 15x% — 3x2 — 2x — 15x° — 10x* (s +2)
x*(x + 1)2
_5x* - 3x% - 2x
x(x + l)2
53 =3x -2
(x + 1)2

2 1 x?
38. = x| == =2y —
g(x) * [x x + lj *

(x+1)2x—x2(1)_2(x2+2x+1)—x2—2x_x2+2x+2

¢ = (r+1) (x + 1) Rk
fx) = (2 +5x)x—3)(x+2)
(%) = (6 +5)(x = 3)(x +2) + (26 + Sx)(1)(x + 2) + (22 + 5x)(x - 3)(1)

=
=
(6)(2 )(x -x - 6) (2x3 + Sx)(x +2) + (2x3 + 5x)(x -3)

(6x + 5x% — 6x° — 5x — 36x% — 30) (2x4 +4x® + 5x% + le) + (2x4 +5x% — 6x° — 15x)
= 10x* - 8x* - 21x* — 10x — 30

Note: You could simplify first: f(x) = (2)(3 + Sx)(x2 -x - 6)

40. f(x) = (¥ —x)(x> +2)(x* + x - 1)
() = 322 = 1)(x® +2)(x* + x = 1) + (x* = x)(2x)(x? + x = 1) + (x* = x)(x? + 2)(2x + 1)
= (Bx* + 507 = 2)(x? + x — 1) + (2x* —27) (27 + x - 1) + (20 + X0 - 2x)(2x + 1)
= (3x® + 5x* = 2x7 +3x° + 5¢7 — 2x - 3x* - 5x + 2)
+(2x0 = 2x* + 207 - 207 — 20 + 247)
+(2x 4 2x* —4x? + 27 + 2P - 2x)

=7x% +6x° +4x° —9x% —4x +2
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42.

43.

44,

45.

46.

47.

48.

49.

Section 2.3 Product and Quotient Rules and Higher-Order Derivatives 147

f(t) = *sint

Sf(¢) = t*cost + 2tsint = {(tcost + 2sint)

f(60) = (8 +1)cos @
f(6) = (6 + 1)(-sin ) + (cos 6)(1)
=cos@ — (6 +1)sin 0
cos ¢
f(e) =
t
, —tsint — cos t tsint + cost
o) = 2 =~ 2
sin x
f(x) ==
X
, x? cos x — sin x(3x?)  x cos x — 3sin x
f (x) = = 7

(=)
f(x) = —x + tan x

S(x) = =1 + sec’ x = tan® x

y =Xx+cotx

¥ =1-csc?x = —cot? x

g(t) = Yt +6csct =17 + 6osct
g = it’w — 6csctcott

—L—6 tcott
= csc ¢ co

h(x) = l—IZSecx =x' —12secx
X

H(x) = —x — 12'sec x tan x

-1
:—2—12secxtanx
X

3(1-sinx) 3 -3sinx

2 cosx

2 cosx

, (-3 cosx)(2cosx) — (3 — 3sinx)(—2 sinx)

X

(2 cos x)2

—6 cos’ x + 6sinx — 6 sin® x

4 cos® x

= %(—1 + tan x sec x — tan’ x)

3
3 sec x(tan x — sec x)

50.

51.

52.

53.

54.

55.

56.

57.

sec x
y_
x
, X sec x tan x — sec x
y = 2
X
sec x(x tan x — 1)
2
y = —csc x — sin x

Yy =cscxcotx —cosx

cos x
= ——5— —cosx
sin” x

= cos x(csc2 x - 1)

= cos x cot® x

= xsin x + cos x

’

y = Xxcosx +sinx —sinx = xcosx

f(x) = x* tan x

S(x) = x* sec® x + 2x tan x = x(x sec? x + 2 tan x)

f(x) = sin x cos x

S’(x) = sin x(—sin x) + cos x(cos x) = cos 2x

2xsin x + x> cosx

<
Il

2x cos x + 2sin x + x*(—sin x) + 2x cos x

<
Il

= 4xcos x + (2 - xz) sin x

h(6) = 50 sec 6 + O tan 8
H(6) = 50 sec O tan & + Ssec & + O sec’ 6 + tan 6

x+1

g(x) = (x " 2)(2x -5)
¢ =(F3)e s e 5){()6 £ () = (s + 1)(1)1

x+2 (x+2)°

_2x2+8x—1
(x+2)2

(Form of answer may vary.)
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58. f(x) = : iO:jzx
f(x) = (1 — sin x)(—sin x) — (cos x)(—cos x)

(1 - sin x)2

—sin x + sin? x + cos? x

(1 - sin x)2
1 —sin x
- (1 - sin x)2
_ 1
1 —sin x

(Form of answer may vary.)

50, y = 1 +cscx
1 —cscx
, (1= cscx)(—escxcotx) - (1+ cscx)(cscxcotx) —2cscxcotx
V= =

(1 - csc x)2 - (1 - csc x)2

()-8 o

60. f(x) = tan x cotx =1 (b) 3

(
/(x) =0 -1 i 'J‘ 3

A
f)=0 v
a1,-4)

sec ¢
61. A(t) = —
(1) t (c¢) Graphing utility confirms % = -3at (1,-4).
() = t(sect tan t) — (sect)(l) _ sec#(z tanz — 1) x
= s _ !
t t 64. (@) f(x) = (x = 2)(x* +4), (1, -5)

secZ(mtanz —1) 1

W) = 2T - )

T T

(x = 2)(2x) + (x* + 4)(1)
2x% —dx + x* + 4

3x2 —4x + 4

—3; Slope at (1, -5)

62.  f(x) = sin x(sin x + cos x)

f’(x) = sin x(cos x — sin x) + (sin x + cos x)cos x

()
Tangent line:
y—(-5)=3x-1)=y=3x-8

AT o in® 4 cos T =1
i 4—51112 COSZ_ (b) 3

-3 i 6
63. (@) f(x)=(x+4x-1)(x-2), (I,-4)

/{—5)
S(x) = (¥ +4x = 1)(1) + (x - 2)(3x7 + 4) /

-15

= sin x cosx — sin” x + sin x cos x + cos® x

= sin 2x + cos 2x

=x +4x—1+4+3x° —6x* +4x -8 . . dy
(c) Graphing utility confirms — = 3at (1, -5).
=4x3 —6x* +8x -9 dx

(1) = =3; Slope at (1, —4)

Tangent line: y +4 = 3(x - 1) = y = 3x -1
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65. (a) f(x):x+4, (-5,5)
gy (O -x(1) 4
S0 = r+4)  (x+4)
’ - % _ 4 Slopeat (-
f@ﬂ_Gﬂ4y_& Slope at (=S, 5)

Tangent line: y —5 = 4(x +5) = y = 4x + 25
(b) g

(=5,5)

e

(c) Graphing utility confirms ? = 4at (—5, 5).

6

66. @) f(x) = );t ; . (47)
g = -+ _ 6
) (x - 3) (x - 3)

f(4) = _T6 = —6; Slopeat (4,7)

Tangent line:
y—7=—6(x—4):>y=—6x+31

(b) :

&7

N

(c) Graphing utility confirms ? = —6at (4,7).
&

67. (a) f(x) = tanx, (%, 1)

f(x) = sec? x

T T
1~ =2; Slopeat|—,1
f@] P [4)
T
_1=2x-
g [x J
T

Tangent line:

(b) s

-7

(c) Graphing utility confirms % = 2at (%, 1}
X

68. @) f(x) = secx, [g zj
Sf'(x) = sec x tan x
f'(lj = 23/3; Slope at [ﬁ, 2]
3 3
Tangent line:
y-2= 2\/§[x - %)

63x -3y +6-2/37r =0
(b) 6

™ ~

(c) Graphing utility confirms % =23 at (%, 2].
X

8

0. f(x) = (2]
) <2+ 4)(0) — 8(2x l6x
/e -! (x2)(+)4)2( - (« +4)
fﬂ%n:ﬁ§=—;

yol=-x-2)
= —lii2
2y+x—:=02

2
‘) - (x> +9)(0) - 27(2x) _54x
/0= (2 +9) (2 +9)
.
) (9+9)7 2
y—%=%(x+3)
y=%x+3
2y —=x—-6=0
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M ) = 5 [—2,—%

X2 +16 5

f(x
(¥ +16) (¥ +16)
) 256 - 16(4) 12
oy =22 V22
/(=2) 202 25
8 12
o= —(x+2
y+3 25()6 )
1216
TSR
25y —12x +16 = 0

7. f(x) = (2, 9

(x2 + 16)(16) —16x(2x) 256 — 16x2

x°+6
, X2+ 6)(4) —4x(2x) 24 — 4x2
f(x) = B 2 =
(x + 6) (x + 6)
, 24 - 16 2
7) = il
f( ) 102 25
4 2
_E_ L2
Y 5 25(X )
RETNT)
TR
25y — 2x — 16 = 0
73. f(x) = 2x 2_1 =2x"" — x7?
X
2(—x+1)

fix) = =2x7 +2x7 = >

f(x) = Owhen x = Land f(1) = 1.

Horizontal tangent at (1, 1).

74, f(x) = x2x+ 1
) = (xz + 1)(22x) - Exz)(Zx)
(x + 1)
- 2x
(¥ + 1)

S'(x) = Owhen x = 0.

Horizontal tangent is at (0, 0).

P2 ax-2)
G- -1

S (x) = O0when x = 0or x = 2.

Horizontal tangents are at (O, 0) and (2, 4).

-4
76. f(x) = ;‘2 —
) = (x2 - 7)(1) —(x - 4)(2x)
(v -7y
_ x? =7 — 2x% + 8x
(-7
_ x2 —8x + 7 _ (x=7)(x-1)
(v - 7) (¥ - 7)
0o\ ey L _ 1
f(x)—Oforx—1,7,f(1)—2,](7) "
fhas horizontal tangents at (1,% and (7, i]
7. f(x) = 2
x -1
f,(x):x—l)—(x+1): -2

TR

1 1
2y+x:6:>y:—5x+3;810pe: >

_2 _ _l
(x-1" 2
(x -1 =4
x—-1=%2
x=-13f(-1)=0,7(3) =2
1 1
—0=—(x+1)= y=—x——
Y (x ) Y 2x 2
1
-2=—(x-3) > y=—x+—
Y (x ) Y 2x 2
2y+x=17 VI f(x)='ij:
6+ -
Lot &
—6 -4 —2775 L2 4 6 '
_4,,5
4\Eﬁﬂ
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78. f(x) = . i 1 80. f/(x) = x(cos x — 3) —xgsin x=3x)(1) _ xcos 3;2— sin x
’ =(x_1)_x= -1 sy X(cos x +2) —(sin x +2x)(1) _ xcosx —sin x
1(x) (- 1)2 (x - 1)2 g(x) = > = =

sin x + 2x  sin x — 3x + 5x
(x) = -

= f(x)+5

Let(x, y) = (x, x/(x — 1)) be a point of tangency on the

graph of . fand g differ by a constant.
(-1,5

X X

\>6‘ —m 81. (a) p'(x) = f(x)g(x)+ f(x)g'(x)
=) P = F080) S 0050) =18 o3 =1

L

2
[EEET I
[E——— ’ _ g( )f (x) - f(x)g (x)
4 - 2 4 (b) q(x) - 2
=) £(x)
, 3(-1) — 7(0) 1
4) = = __
5—(x/(x—1)) _ -1 q'(4) 32 3
_1 - x (x - 1)2 ’ 4 4
dr — 5 ) 1 82. (a) p'(x) = f(x)g(x) + f(x)g'(x)
G-Dx+1)  (x-1) P(4) = %(8) +1(0) = 4
(4x -5)(x-1) =x+1 , ,
45> —10x+4 = 0 ®) ¢(x) = g/ - f (v)g'(x)
| g(x)
(x - 2)(2)(,' - 1) =0= x = 5,2 4(2) _ 4(_1) 12 3
gy = A - 222
1 (1 ) 4 16 4
f@ - L) =2 [EJ = 4, f(2) = -1
, 83. Area = A(f) = (61 + 5N/t = 692 + 5172
Two tangent lines:
1 A(t) =9 + Spvr Z BES e
y+1:—4x—5 = y=-4x+1 2 NI
-2=-1(x-2 = - 4
d (k-2 =y=—+ 84. V = mrih = a(t + 2)[%%) = %(ﬂ/z +20)x
, (x +2)3 — 3x(1) 6 1
79. f(x) = = iy _ L3 Sp), _ dt+2 3
(x) (x+2) (r+2) V(e) = 2[2t +t jlf = —n Fem [sec
, x +2)5 - (5x + 4)(1 6
el = G a6
(x + 2) (x + 2)
5x +4 3x 2x + 4
= = + = +2
=072 T ory) ey W
fand g differ by a constant.
200 X
8. C= 100(7 + .+ 30} 1<x (a) When x = 10: ‘;—C = —$38.13 thousand/100 components
x
ac =100 _400 + _ 30 (b) When x = 15: ac = —$10.37 thousand/100 components
dx X3 (x + 3())2 dx
dc
(¢) When x = 20: o = —$3.80 thousand/100 components
X

As the order size increases, the cost per item decreases.
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6. P(t)=500[1+ h }

50 + ¢
2 —
Plo) = so0 201 WG| _ 500/ 200 =42 | _ 509 S0
(50 +22) (50 + ) (50 + )

P'(2) = 31.55 bacteria/h

87. (a) sec x = !
cos X
0) — (1)(—si i i
i[secx]zi 1 :(cosx)() (2( s1nx): simx 1 osinx o
dx dx| cos x (cos x) COS X COSX  COSX COSX
(b) cscx = .l
sin x
i 0) — (1
Aese 4] = d| 'l _ (sin x)(0) (2)(c0sx) ___Cosx 'l LOOSX e xcotx
dx dx| sin x (sin x) sin x sin x sinx sin x
(c) cotx = C?S ol
sin x
reot o] = d c?s x| _ sin x(—sin x) — (0205 x)(cos x) _ _sin2 x' -|-2 cos’ x . 12 — es? x
dx dx| sin x (sin x) sin” x sin” x
88. f(x) =secx
g(x) = cscx, [0,27)
fx) = ¢'x
| sin x
sec x tan x COS X COS X sin’® x 3
secxtanxy = —cscxcotx » —— =-1=> —— = -1 = =-1l=tan’x =-1= tanx = -1
csc x cot x 1 cosx cos® x
sin x  sin x
Ir T
X =" —
4 4
89. (a) h(r) = 101.77 + 1593 @ A1) 25,842.6

= 2
p(t) = 2.1t + 287 4.41t° +1205.4¢ + 82,369

A'(t) represents the rate of change of the average

(b) 3000 320
. health care expenditures per person for the given
year ¢.
7 N V) 7. . . . . . 4 90. (a) sin @ = r
2300 300 r+h

1017 +1593 r+h=rescd

© A= s h=rescd—r = r(ese 0 - 1)
1o (b)  #(8) = r(—csc 0 - cot 6)
—
. ’ S| T
: K(30°) = i| =
| o0 = #{ 2]
L " = —6371(2 - \/3) = ~12,742/3 km/rad

0

A represents the average health care expenditures per
person (in thousands of dollars).
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f(xX)=x*+7x -4 97. f(x) = xsinx
f(x)=2x+7 Sf(x) = xcos x + sin x
S(x) =2 S7(x) = x(-sin x) + cos x + cos x

= —xsinx + 2cos x
f(x) = 4x° — 2x° + 57

£(x) = 20x* — 6x7 + 10x 98. f(x) = xcos x
f7(x) = 80x* —12x + 10 J'(x) = cos x — xsin x
S7(x) = —sin x — (sin x + x cos x) = —x cos x — 2 sin x
f(x) = 4x?
73 = 6" 99. f(x) =cscx
3 f'(x) = —csc x + cot x
7 — -1/2 - >
S ) = 3x X S7(x) = —csc x(—0302 x) — cot x(—csc x cot x)

, = csc® x + cot? x csc x
f(x) =2+ 3x73

S(x) = 2x = 9x7* 100. f(x) = secx
) = 2 + 3655 = 2 + g S(x) = sec x tan x
* S7(x) = sec x(sec2 x) + tan x(sec x tan x)
- _x = sec x(sec? x + tan® x
) = = ( )
f'(x) _ (x - 1)(1) - x(l) _ -1 101 f'(x) =xF — ¥
(x 1)’ (x = 1)’
) F) = 3 = 2o
f”(x) = 3 6
(x=1) f7(x) = 6x + —x¥ = 6x + g
x
243
f(x) = xx - 4x 102. fO(x) = Y = x5
_ (e ’ 4 5 4
) = (x —4)(2x + 3) z(x + 3x)(1) f( )(x) _ gx 55 o_ —
(x=4)
_ 2x% — 5x — 12 — x* — 3x _ x* —8x —12 103.  f"(x) = —sinx
(x - 4)2 x? —8x + 16 f(3)(x) — _cos x
o) = (x = 4)°(2x = 8) = (x> - 8x — 12)(2x - 8) F9(x) = sin x
' (x - 4)4 f(s)(x) = cos x
- 4)(x - 4)(2x - 8) - 2(x* — 8x — 12)] F9(x) = —sin x
(x4 F7(x) = —cos x
C(x—4)2x - 8) - 2(x* —8x - 12) FO(x) = sin x
i (x =4
207 —16x 432 - 2x° + 163 + 24 104, 71(e) =t cos ¢
(x -4 SO(6) = cost — tsint
56
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106.

110.

111.

113.

Chapter 2 Differentiation

7(8) = 25(2) + () o £
S(x) = 2g'(x) + H(x) 7 f(¥) h(x)
712) = 2¢0) + #0) 1 = Mg ) ~ gl
= 2(2) + 4 [H()]
=0 (= M2)E'(2) - 2(2)K(2)
1) = >
f(x) =4 - h(x) [h(2)]
£(x) = =K(x) _ (=2 —2(3)(4)
f(2)=-K?2)=-4 (=1)
= -10

108. f(x) = g(x)h(x)

)
J(%) = g(x)
)

H(x) + h(x)g'(x)
1(2) = g(2)K(2) + h(2)g'(2)
= (3)4) + (-1)(-2)
— 14

109. Polynomials of degree n — 1 (or lower) satisfy
f (")(x) = 0. The derivative of a polynomial of the Oth

degree (a constant) is 0.

To differentiate a piecewise function, separate the function into its pieces, and differentiate each piece.

If f(x) = x|x|, then on (-, 0) you have f(x) = —x*, f’(x) = —2x,and f”(x) = -2.

On (0, =) you have f(x) = x?, f'(x) = 2x,and f"(x) = 2.

Notice that £(0) = 0, /’(0) = 0, but /”(0) does not exist (the left-hand limit is —2, whereas the right-hand limit is 2).

N It appears that f is cubic, so 114. |
\, /" would be quadratic and
. I JS” would be linear.
) e
, 115. The graph of a differentiable function f'such that
It appears that /" is quadratic f(2) =0, < 0for —o < x < 2,and f* > 0 for
st s ’ i - -
\ / / so f*would be linear and 2 < x < oo would, in general, look like the graph
I / / 7 f” would be constant. below.
B U
]
/

A
AN .

i
\ “““ N One such function is f(x) = (x — 2)°.

RV W ——
737271\ 123 45
N 7
i
i
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Section 2.3 Product and Quotient Rules and Higher-Order Derivatives 155
116. The graph of a differentiable function f'such that f > 0 118. V(1) = 60t
and f” < 0 for all real numbers x would, in general, ) 2t + 15
look like the graph below. () = V(1) (2 +15)(60) — (607)(2) 900
a(t) =v(t) = =
N (21 +15)° (21 +15)°
(@ a(5) = &2 = 1.44 m/sec’
[2(5) +15]
I (b) a(10) = % = 0.73 m/sec?
' [2(10) + 15]
© a(20) = % ~ 030 m/sec?
7. w(t) =36-2,0<t<6 [2(20) + 15]
a(r) = V(1) = 21
v(3) = 27 m/sec
a(3) = -6 m/sec’
The speed of the object is decreasing.
_ _95:2
119. () = —=2.5¢* + 20¢ ¢ (sec) o |1 ) |3 4
v(t) = s'(¢) = =5t + 20
s(f) (m) 0 17.5 |1 30 | 37.5 | 40
a(t) = V() = -5
v(t) = 5'(¢) (m/sec) 20 | 15 10 | 5 0
a(t) = V(t)(m/sec’) | 5|5 |-5|-5 |5
Average velocity on:
[0,1] 17970 _ g5
[1, 2] 5307175 g5
2-1
[2,3])is 22730 _ 75
3-2
3, 4]is W0=375 _ s
4-3

120. s position function
v velocity function

a acceleration function

(b) The speed of the particle is the absolute value of its velocity. So, the particle’s speed is slowing
down on the intervals (0, 4/3) and (8/3, 4) and it speeds up on the intervals (4/3, 8/3) and (4, 6).
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121.

123.

124.

125.

Chapter 2 Differentiation

S(x) =2 122 f(x) =+
SO(x) = n(n = 1)(n = 2) - (2)(1) = * |
Note: n! = n(n —1)---3 - 2 - 1(read “n factorial”) FU(x) = D) ()l _)131(:,1[ =221 = (_x1n)+ln

@ f(x) = g)i(x) + hx)g'(x)
J7(x) = g()h"(x) + (D)W (x) + h(x)g"(x) + H(x)g'(x)
= g()h"(x) + 2¢/ (X)W (x) + h(x)g"(x)
I7(x) = g (x) + () (x) + 28" ()" (x) + 28" (x) (x) + h(x)g"(x) + F(x)g"(x)
= g(x)h”(x) + 3g"(x)n"(x) + 3g"(x)H'(x) + g”(x)h(x)
f(4)(x) = g(x)h(4)(x) + g (x)h”(x) + 38" (x)h”(x) + 3g"(x)h"(x) + 3g"(x)h"(x) + 3g”(x)H(x)

Note: n! = n(n — 1)---3 - 2 - 1(read “n factorial”)

[ ()] = o(x) + ()

[ ()] = () + £(3) + 1) = () + 2/ (%)

L ()] = 57(x) + £7(x) + 2/7(x) = 5"(x) + 3/"(%)
n general, [x/(x)]" = 3" (x) + nf")(x).

f(x) = x"sinx

S/(x) = x" cos x + nx""" sin x

When n = 1: f’(x) = x cos x + sin x
When n = 2: f/(x) = x* cos x + 2sin x
When n = 3: f/(x) = x* cos x + 3x? sin x
When n = 4: f/(x) = x* cos x + 4x”sin x

For general n, /’(x) = x” cos x + nx""" sin x.
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127.

128.

137.

138.

f(x) = cosnx = x™" cos x
x
f(x) = =x"sinx — nx™""" cos x

= —x7""!(x sin x + n cos x)

X sin x + ncos x

xn+l
X sin x + €os x

x2

When n = 1: f/(x) = -

xsin x + 2 cos x

x}

When n = 2: f'(x) = -

xsin x + 3 cos x

X4

When n = 3: f/(x) = -

x sin x + 4 cos x

XS

When n = 4: f'(x) =

xsinx + ncos x

xn+l

For general n, f'(x) = —

/__L //_l
xzay X3

2 1
3. 2.7 3 2 =2 2 =
X'y + 2x Yy =X |:73:| + 2x |:_72j| = - =

1
y ==Y
X

X

y =2x—6x+10

Yy =6x>-6
V' =12x
ylll - 12

-y = x" =2y = —12 = x(12x) — 2(6x” — 6) = —24x

129.

130.

131.

132.

133.

134.

135.

136.

Section 2.4 The Chain Rule 157

2sinx + 3

2 cos x
= —-2sin x

= -2sinx + (2sinx +3) =3

y =3cosx + sinx

”

”

y oty

= =3 sin x + cos x
= -3 cosx — sinx

= (-3 cosx —sinx) + (3cos x + sinx) = 0

False. If y = f(x)g(x), then

dx

Do g (x) + g0 (%)

True. y is a fourth-degree polynomial.

d"y
dx"

True

True

True

XU (x)g(x)h(x)] = 5[(f (x)g(x))A(x)]
= %[f (x)g(x) Jn(x) + £ (x)g(x)R(x)
= [/(x)g(x) + g(x)/(x) Ja(x) + f(x)g(x)H (x)
= [(x)g(x)h(x) + f(x)g"(x)h(x) + f(x)g(x)A (x)
@ (f&' - f8) = f&" + & - f&' - f ® (f)

= 18" - rg True

Section 2.4 The Chain Rule

1.

To find the derivative of the composition of two
differentiable functions, take the derivative of the outer
function and keep the inner function the same. Then
multiply this by the derivative of the inner function.

[F(e()] = £(e(x) &)

= Owhen n > 4.

- (& + /%)
— J ST 18+ S
— f+ 208 + [

# 8"+ fg

False

2. The (Simple) Power Rule is di(x") = nx""". The
e

General Power Rule uses the Chain Rule:

_y du

d n n
a(u ) = nu ;
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v = f(g() u = g(x) y = f(u)
3. y=(6x-5) u==6x-5 y=u'
4y—\3/4x+3 u=4x +3 y:ul/3
5.y = ! u=3x+5 y = 1
3x+5 u
2 s 2
6. y = —v— u=x"+10 y=—
Jx? + 10 N
7. y =csc x u = cscx y=u
8 = sin5—x u = 5x =sinu
Y 2 2 v
9. y=(2x-7) 15. y=V6x?+1=(6x+1)"
/ — _ 2 -
¥ =312x-17)(2) ¥ = l(6x2 + 1) 2/3(12x) _ 4x - 4x :
= 6(2x - 7) 3 (6x% +1) i/ (6x> +1)
0. y=502-x) 16. y =249 =209 -)"
4 3 3 —
Yy = 5(4)(2 - x3) (—3x2) = —60x2(2 - x3) y = 2(%)(9 _ xz) 3/4(—2x)
= 60x2(x3 - 2)3 —x —x
9 - x? </ — x2
1. g(x) = 3(4 - 9x)”° ( ) (=)
, 5 - _
) = 3@(4 ~9x) (-9) 17 y=(x-2)"
’ -2 -1
L5y gy o= e =
45 |
= - -1
2(4 — 9x)l/6 18. S([) = m = (4 -5t — tz)
, -
12, f(1) = (9 +2)" s(0) = =(4 =5t =22 (=5 - 2)
o2 s 6 o s+u 245
0) =29t +2)P(9) = ——— = =
10 =300+ 270) = 757 @-5-2) (P+se-4)
_ 2 — _r(52 /2 _
13. h(s) = —2+/5s% + 3 = =2(55% + 3) 19. g(s) = 6 _ o - 2)°

4. g(x) =4-3¢ = (4-32)"
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0. y=-r =32
(t-2)
12
Yy =12(t-2)" =
( ) (r - 2)5
21 ! -1/2
VS s Y
, 1 B
y = —5(3x +35)7703)
-3
2(3x + 5)"
_ 3
24/(3x + 5)3
1 2
22. g(t) = (2.2
(1) -— (-2
, 1 32
gl = -2 ()
_ —t
= (l«Z ~ 2)3/2
t

B () = - 2)

f(x) = 2x(x - 2)7 +7(x - 2)6x2
= x(x - 2)6[2()( - 2) + 7x:|
= x(x - 2)(0x - 4)
24. f(x) = x(2x - 5)’
F(x) = x(3)(2x = 5(2) + (2x = 5)°(1)

2x — 5)2[6)( +(2x - 5)]

= (2x - 5)’(8x = 9)

25. y = xm _ x(l B xz)l/z
v = 30- ) |+ (-
= —x2(1 _ xz)—l/2 + (1 B xz)l/z

= (1 - xz)_l/z[—xz + (1 _ xzﬂ
1—2x2

1-—x

26. y =

’

y:

27. y =

28. y =

Section 2.4 The Chain Rule 159

16 - x* = x2(16 - xz)l/z

216 - 7)) + 216 - 2)

(16_);2)1/2[2(16 - x) - 2]

x(32 - 3x2)

N

(—2x)x?

_(x+5j2
x> +2

)

_ 2(x + 5)(2 - 10x — x?)
(x2 + 2)3
=2(x + 5)(x* + 10x - 2)
= (xz N 2)3
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30.

31.

33.

34.

3s.

36.

37.

38.

39.

Chapter 2 Differentiation

Ho) - 2[ 2 ][(13 +2)(20) - £2(3¢%)

£+2 (¢ +2)
- 2t2(4t - t4) - 2t3(4 - t3)
C(F+2) (P 2y

0=+
~ 4[1 + tﬂ(t +3)1) - (1+ t)(l)}

t+3 (¢ +3)

)
~
PG
~
~

_ 41+
C o (e+3)
8(r +1)°
(t +3)

fx) = ((x* + 3)5 + x)2

=~

=
=

=
Il

g(x) = (2 + (x2 + 1)4)3

g(x) = 3(2 (x4 1)4)2(4(x2 + 1)3(2x)) = 24x(x? + 1)3(2 (x4 1)4)

y = cos 4x
@ _ —4 sin 4x
dx

y = sin wx
@ _ 7T COS 7TX
dx

g(x) = 5 tan 3x
g'(x) = 15sec? 3x

h(x) = sec 6x
H(x) = sec 6x tan 6x (6)

= 6 sec 6x tan 6x

sin(mc)2 = sin(7’x?)

<
Il

cos n*x? [271' x] = 27%x cos(;rzxz)

=
Il

= 272x cos(mc)2

2((x2 +3) 4 x)(S(x2 +3)'(2x) + 1)

2[10x(x2 £3) 4 (¢ +3) +102(x2 +3)' + x}

w s =[3d) = (35
2x + 3) (3¢* = 2)(2) - (2x + 3)(6x)
3x? -2 (3¢ - 2)

&) = z[

2(2x + 3)(—6x? — 18x — 4)
(3¢ - 2)

4(2x + 3)(3x* + 9x + 2)
(3x2 - 2)3

= 20x(x* +3) +2(x* +3)" +202°(x* + 3)' + 2x

2

40. y = csc(l - 2x)2
¥ = —ese(l - 2x) cot(l - 2x)* [2(1 - 2x)(-2)]
= 4(1 - 2x) esc(l — 2x)” cot(l — 2x)°
41. h(x) = sin 2x cos 2x

H(x) = sin 2x(-2 sin 2x) + cos 2x(2 cos 2x)

= 2 cos?2x — 2sin’2x

= 2 cos 4x
Alternate solution: 7(x) = %sin 4x
H(x) = %cos 4x(4) = 2 cos 4x

42. g(6) =seciftan 16
g'(6) = sec(iﬁ) secz(%e)% + tan(lﬁ) sec( 9) tan(ze)%

fsec(lé’)[sec (% )+ tan ( )J
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43.

44.

cotx  cosx

flx) = —=—

sinx  sin? x

sin? x(—sin x) — cos x(2 sin x cos x
- S i) = cos (2 s o)

sin® x
_ —sin? x —2cos’ x _ -1 —cos? x
sin® x sin® x

cos v .

g(v) = = cosVv - sinv

CsC v

g'(v) = cos v(cos v) + sin v(-sin v)

Section 2.4 The Chain Rule 161

48. h(t) = 2 cot’(nmt + 2)

#(1)

4 cot(mt + 2)[—csc2(m + 2)(7r)]

= —4x cot(mt + 2) csc*(mt + 2)

49. f(r) = 3 sec(mr — 1)2

£7(6) = 3sec(mt — 1) tan(zr - 1)* (2)(m - 1)(x)

6r(zt — 1) sec(zr — 1)° tan(zr — 1)°

50. y=5 cos(iz'x)2
o b ain2y —
= COS” v — sin“v = cos 2v = -5 Sin(”x)z(z)(”x)(”)
45. y = 4sec’x = —107°x sin(zx)’
y = 8secx - secxtan x = 8sec’ x tan x
51 y = sin(3x2 + cos x)
2
46. g(1) = 5cos’zmt = 5(cos 7t) ) = cos(3x2 + cos x)(6x ~ sin x)
g'(t) = 10 cos 7t(—sin 7t)(7)
= —107(sin t)(cos 7r) 52. y = cos(5x + csc x)
— 57 sin 271t ¥ = —sin(5x + csc x)(5 — csc x cot x)
47. f(6) = %sin2 20 = i(sin 2(9)2 53. y = siny/cot 3zx = sin(cot 37rx)l/2
1) = 2(%)(sin 26)(cos 26)(2) ¥ = cos(cot 37rx)1/2[%(c0t 372')6)_1/2(—0502 37rx)(37r)}
= sin 26 cos 20 = 1 sin 46
S <beos 250 3z cos(« /cot 37rx) csc?(37x)
- 2\/cot 37mx
54. y = cos,/sin(tan 7x)
, : - 1, . _12 5 —7 sin\/sin(tan 7zx) cos(tan 7x) sec’ 7x
y' = —sin\/sin(tan 7x) - f(sm(tan ﬂ'x)) cos(tan 7x) sec” 7x(7r) =
2 2\/ sin(tan 7x)
7
55.y:\/2;+1 56, y = |2
x* +1 x+1 y
,  1-3x* - 4532 y' _ 1 J .
= = 73/2 y
2Jx(x + 1) V2x(x +1) " Savwun i
The zero of )’ corresponds to the point on the graph of y ¥ has no zeros. B
where the tangent line is horizontal.
| e -
x
y v
= e B
Y 2x(x + 1) y
-2 " has no zeros. -
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58.

59.

63.

64.

Chapter 2 Differentiation

glx) =vx-1++x+1
g 1
g(x)_Z\/x—1+2\/x+l

’
g has no zeros.

6

8
I
-2 10

_coszmx + 1

- X
dy _ —7mxsin rx — cos 7x — 1
dx x?

7rx sin Tx + cos rx + 1

xZ

The zeros of y” correspond to the points on the graph of

y where the tangent lines are horizontal.

3

a

{E?}

y=~x* +8x = (x2 + Sx)]/z, (1,3)

2(x + 4)

Yy = %(x2 + Sx)_]/z(Zx +8) =

V)= 4 o5 S
Jresn o3

= (3@ +4x) ", (22)

<
|

v é(sxs +4x) (02 + 4)

9x? + 4

5(3)63 + 4)6)4/5

N | =

2x + Sx)l/ N S

60.

61.

62.

66.

67.

= 2 tan L
y = x” tan
X

4 2x tan L sec21
dx X X

The zeros of )’ correspond to the points on the graph of
y where the tangent lines are horizontal.

l_,-"// 5
i

-6

6

-4

y = sin 3x
¥ = 3 cos 3x
y(0) =3

3 cycles in [0, 27]

y = sin —

'—lcosf
Y 2 2
, 1

0) = —
Y(0) =5

% cycle in [0, 27]

_ 1 — (22 —3x)" 1
=Gyt “i5)
£(x) = 2(x* = 3x) (2 - 3) = ~22x - 33)

(x2 - Sx)
1=
4 )
T a(x + 22 (0,1)
’ gy -3 _ -8
Y =y
V(0) = ‘?8 _—
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B S 4(x? - 2x) ", (1,-4)
(x2 - Zx)

68. y =
¥ o= —12(x* - 2x) (2x - 2)
V(1) = -12(-=1)*(0) = 0
69.  y =26-sec’4x, (0,25)
' = =3 sec? 4x sec 4x tan 4x 4

= —12 sec® 4x tan 4x
¥(0) =0

70. y = 1 + Jeosx = x7' + (cos x)l/z, (%, gj
X

r
Y o=-x%+ l(cos x)fl/z(—sin x) = _1 __sinx
2 2 Jeos x
¥/(7/2) is undefined.

1@ f(x) = (222 -7)", (45)

)=

Tangent line:

y—5=§(x—4):>8x—5y—7:0

(b) 6
N7
-6 ;{ 6
72. @) f(x) = éx 2 +5 = +9)7,(2,2)

f(x) = %x[f(xz 5) 1/2(2)5)} + f(xz + 5)1/2
_ x* 1 [ 2
—72 —x2+5+3x+5

, 4 1 13
1(2) 30) =7

Tangent line:

y—22§(x—2):>13x—9y—8=0

(b) o

Section 2.4 The Chain Rule 163

3. y= (4 +3), (-L))

¥ =24 + 3)(12x7) = 24x7(4x° + 3)
V(-1) = 24

Tangent line:
y—1=-24x+1) = 24x+y+23=0

(b) 14

) /
-2 N 1

4. @) f(x)=(9-x)", (L4

, E o\ _ —4x
f()—3(9 ) (2) 3(9_ 2)1/3
w42

0= 357 =73

Tangent line:

y—4:—§(x—1):2x+3y—14:0

(b)

(1,4)

“Rs
-’-’f.'-'_'_

75. (a) f(x) = sin8x, (7.0)

/(%)

f(x)

Tangent line: y = 8(x — 7) = 8x — 87

® 2
A A
VY \{U vy

8 cos 8x
8

o

N

T

-2
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164 Chapter 2 Differentiation

_ Jrs _ 2 _ a2
76. (a) y = cos 3x, [Z,—\éij 79. f(x) =25 - = (25 X ) . (3.4
() = - 2 .
¥ = 3sin3 e e N e
[z _(37) _ 32 , 3
— | = —3 —_— | = — 3 - _2
y@ Sm(4] 2 @) =-
V2 32 T Tangent line:
Tangent line: y + — = 7()5 _ f) 5
2 2 ! y-—4=-(x-3)=>3x+4y-25=0
32 W V2 4
YET T Ty Ty :
-

U e janN

<mj
Al

80. f(x) = &2 =¥l - )" W
7@  f(x) = tanx, (E, 1] 2-x
4 2
f(x) = ———5 forx >0
Sf(x) = 2 tan x sec® x (2 — 2
{Z] = 200) - 4 =2

Tangentline:y -1 =2(x-1) = 2x—-y-1=0
Tangent line: & 7 ( ) Y
3

y—l=4[x—%):>4x—y+(l—7z)=0
(LD
2

(b) > -2

pavaNl 4

-4

78. (a) y = 2tan’x, [%,2]
3y = 6tan’x - sec’x
y’(fj = 6(1)(2) = 12
4
Tangent line:

y—2:12[x—%):>12x—y+(2—37[)=0

(b) s

™
—
(SIE]
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81.

82.

83.

84.

88.

2 cos x + sin 2x,

f'(x) = —2sin x + 2 cos 2x

0<x<2mw

=2sinx +2 —4sin’x =0

2sin’x +sinx —1=0
(sinx +1)(2sinx —1) = 0

86. f(x) =

sinx = -1 = x = 3z
2
. 1 T 57
sinx = - => x = —, —
2 6 6
Horizontal tangents at x = f’ 3—, R
6 2 6
Horizontal tangent at the points E, N3 R [3”, 0], d 5—”, —ﬂ
6 2 2
—4x
X) = ———
S = —
1/2 ~1/2
) = (26 = 1) (=4) + (42)(3)2x - 1)77(2)
(2x-1)
B (2x = 1)(-4) + 4x
(2x - 1)
4 -4
(2x - 1)
, 4 — 4x
S =0= oy !

Horizontal tangent at (1, —4)

f(x) = 52 - 7x)°
F(x) = 202 = 7x)*(<7) = -140(2 — 7x)’
f7(x) = —420(2 = 7x)’(=7) = 2940(2 - 7x)’
7(x) = 6(x* +4)
£7x) = 18(x* + 4) (3x7) = 54x%(x + 4)°
£7(x) = 54x2(2)(x* + 4)(3x2) + 108x(x* + 4)°
= 108x(x* + 4)[3x* + x* + 4]
= 432x(x* + 4)(x* + 1)
Sf(x) = sec’zx
Sf(x) = 2 sec mx(7 sec zx tan 7x)

= 27 sec® &x tan 7x

= 27% sec* x + 4n’sec® mx tan® mx

= 277 sec? ﬂx(se02 7x + 2 tan? frx)

= 277 sec? ﬂx(3 sec? Tx — 2)

87. f(x) =

x) = 27 sec’ zx(sec’ 7x)(7) + 27 tanzx(27 sec 7x tan 7x)

Section 2.4 The Chain Rule

=(lx — 6)"
1lx - 6 (11x - 6)

= —(11lx - 6) (1)
= —22(11x - 6)(11)

242(11x - 6)°°
242
(1x - 6)°

sin x?

2x cos x2

= 2x[2x(—sin xzﬂ + 2 cos x?

2(cos x2 — 2x% sin x2)

165
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166 Chapter 2 Differentiation

89. h(x) = 1(3x+ 1), (1)

H(x) = 13(3x + 1)2(3) (B3x + 1)’
h"(x) = 2(3x + 1)(3) =18x+ 6
H'(1) = 24

1 -2

) = =5+ 47

” 3 . =52 _ 3
S (x) = 4( + 4) 4(x + 4)5/2
) = =

91. f(x) = cosx?, (0.1)
f'(x) = =sin(x?)(2x) = —2x sin(x?)
f(x) = —2x cos(xz)(Zx) -2 sin(xz)
= —4x7 cos(x?) — 2sin(x?)

17(0) = 0

92. g(t) = tan 21, [%, \/gj
g'(t) = 2sec®(21)
g"(t) = 4 sec(2t) - sec (2¢) tan(2¢)2
= 8 sec’(2¢) tan(27)

)

The zeros of f” correspond to the points where the graph

of f'has horizontal tangents.

© 2018 Cengage Learning. All Rights Reserved.

94. y

f'is decreasing on (—°<>, —1) so f’ must be negative there.

fis increasing on (1, =) so /" must be positive there.

95. (a) g(x) = f(3x)

g(x) = /(3x)(3) = £'(x) = 3/ (3x)

The rate of change of g is three times as fast as the

rate of change of f.
®) g(x) = f(x*)

g'(x) = f'(xz)(Zx) = g'(x) = 2x f'(x2)

The rate of change of g is 2x times as fast as the rate

of change of .

2x =5
(3x + 1)’
(a) If h(x) = M, then write A(x)

g(x)

and use the Product Rule.

) r(x) = (2x - 35)Bx + 1)

96. r(x) =

= /() (g(x))"

Gx+1) (2)

F(x) = (2x = 5)(-2)(3x + 1) (3) +
_ —6(2x = 5) + 2(3x + 1)
- (3x + 1)°
_ —6x 432
S Bx+1)
, (Bx + 1)°(2) = (2x = 5)(2)(3x + 1)(3)
© rlx) = (Bx + 1)4
 (Bx + 1)(2) - 6(2x - 5)
B (3x +1)°
_ —6x+32
S Bx+1)

(d) Answers will vary.
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97. (a) g(x) = f(x) -2= g'(x) = f'(x)
(b) h(x) = 2f(x) = H(x) = 2f(x)
(¢) r(x) = f(3x) = r(x) = f(-3x)(-3) = -3/"(-3x)

X -2 -1 0 1 2 3
So, you need to know f"(—3x). () 4 2 T
3 3
r(0) = =317(0) = (_3)(_%) =1 g'(x) 4 ]2 L -1 2| 4
F(=1) = -373) = (3)(4) = 12 Hx) | 8 |4 | 2] 2|4 -8
@ s(x) = f(x+2) = s(x) = f(x+2) (x) 12 1
So, you need to know f”(x + 2). s'(x) —% -1 | =2 | 4
s'(=2) = f(0) = —%, etc.
98. (a) f(x) =

) f(x) = g(h(x))
g

f5) = ¢B3)(-2) = -22'(3)
Not possible, you need g’(3) to find f7(5).

© 1) =50

h(x)
, h(x)g'(x) — g(x)A'(x)
S(x 3
T
_0O)6e) - (=3)(2) _12 _4
f(S) (3)2 - 9 - g

@ f(x) = [g()]

99. () h(x) = f(g(x).g(l) = 4,¢'(1) = —3, /(4) = -1
H(x) = f(g(x))g(x)
H() = (W) = S @) = (-1)(-4) = 4

)
(b) s(x) = g(£(x)). £(5) = 6, f(5) = -1, g'(6) does not exist.
s(x) = g(/(x) /(%)
S(5) = /()16 = £(6)(-1)

S'(S) does not exist because g is not differentiable at 6.
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100. (a) h(x) = f(g(x))
)

101.

102.

103.

104.

Chapter 2 Differentiation

H(x) = f(g(x)g(x)
K3) = f(23)g'3) = (5)) = %
®) s(x) = g(/(x))
s'(x) = &(/(x) /(%)
s9) = g(£9)79) = £'(8)(2) = (-1)(2) = -2
(a) F =132,400(331 —v)"
_— 2 - 132400
F’ = (-1)(132,400)(331 — v) (1) ot
When v = 30, F” ~ 1.461.
(b) F =132,400(331 + v)"'
. () = 132400
F = (=1)(132,400)(331 + v) (1) G

When v = 30, F’ = —-1.016.

4 cos 12t — 3 sin 12¢
Y = 4[-12sin 12¢] — 3[12 cos 12/]
= —48sin 12¢ — 36 cos 12¢

< <
[

When ¢ = z/8, y = 3cmand v = 48 cm/sec.

6 = 0.2 cos 8¢

The maximum angular displacement is @ = 0.2 (because

-1 < cos 8 < 1).
a0 _
dt

When ¢ = 3,d6/dt = —1.6 sin 24 = 1.4489 rad/sec.

0.2[-8 sin 8] = —1.6 sin 8¢

y = Acos wt
_22 _

(a) Amplitude: 4 5 1.1
y = 1.1cos wt

Period: 10 = w = 2i _r

10 5

Tt
= 1.1 cos —
Y 5

, T . 7t . Tt
b) v = = 1.l|——sin — | = =0.227 sin —
(b) Y { 5 5} .

105. (a)

106.

107.

(b)

©

(d)

T(r) = 15.16 5in(0.497 — 1.90) + 13.9

35

L] * : * °
° L]
° L]

0 |le2 e 13
-5

35

0 13
-5
The model is a good fit.

(1) = 7.4284 cos(0.49¢ — 1.90)

10

N

The temperature changes most rapidly around spring
(March—-May) and fall (Oct.—Nov.). The temperature
changes most slowly around winter (Dec.—Feb.) and
summer (Jun.—Aug.). Yes. Explanations will vary.

-10

(@) According to the graph C’(4) > C'(1).
(b) Answers will vary.
3 -2
N = 4001 — > | = 400 — 1200(¢> + 2)
( +2)
M) = 24002 + 2) " (26) = 0%
(?+2)
(@) N’(0) = 0 bacteria/day
4800(1
() N(1) = ()3 - 4800 177.8 bacteria/day
(1+2) 27
4800(2
() N'(2) = 7()3 = 2600 44.4 bacteria/day
(4 +2) 6
4800(3
(d N(3) = ( )3 _ 14400 10.8 bacteria/day
(9 + 2) 1331
4800(4
(e) N'(4) = ( )3 = 19200 3.3 bacteria/day
(16 + 2) 5832
(f) The rate of change of the population is decreasing as

t —> oo,
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_ K 112. (a) g(x) = sin’x + cos’x =1 = g'(x) = 0
108. (a) Vo=
Vit . g'(x) = 2sin x cos x + 2 cos x(—sin x) = 0
V(0) = 10,000 = =2 = k (b) tan’x + 1 = sec’x
p = 10000 _ 6o + 1) glx) +1=f(x)
Vit Taking derivatives of both sides, g’(x) = f"(x).
v Y- 10,000(—1j(t sy o 000 Equivalently,
dt 2 (r+1) J7(x) = 2sec x - sec x tan x = 2 sec” x tan x and
() = 53?0 176777 dollars/year g'(x) = 2 tan x - sec’x = 2 sec” x tan x, which
2 are the same.
ya  =5000 5000
() V'(3) = e 625 dollars/year 113. (@) 1f f(—x) = —/(x), then
109. f(x) = sin fBx [f x)] = 7[ Sl ]
(@ f(x) = Bcos fx S(=x)(=1) = =f(x)
f"(x) = =f* sin fx J(=x) = f(%).
S7(x) = =B cos Bx So, f(x)is even.
@ = B*sin Bx (b) If f(-x) = f(x),then
7 2 Y » A 2 (s —
o) f ((x))+ Br(x) k— B sin fBx + B*(sin fx) = 0 %[f(—x)] _ %[f(x)}
W (L \E Rk ; !
© ) =( l)kﬁ1 sin fx F=x)(=1) = £1(x)
f(2k*1)(x) — (_1) + ﬂZk—l cos ﬂx f/(_x) _ _f/(x)'
110. (a) Yes,if f(x + p) = f(x) for all x, then So, f"is odd.
S'(x + p) = f(x), which shows that fis 114. |u| = N
periodic as well. d _d 7] _ Loz ,
(b) Yes, if g(x) = f(2x), then g(x) = 2//(2x). v = ] = )
Because f”is periodic, sois g’. L L u'l, u#0
111. (x) = f ’
@) r,(x) f,(g(x))g, (x) 115. g(x) = ‘3x - 5‘
F(1) = f(g(1)g’(1)
, 3x -5 5
Note that g(1) = 4and f(4) = >-0_3 glx) = 3[ } *7 3
6-2 4
AlSO, g’(l) = 0. SO, r’(l) = 0. 116. f(x) — ‘x2 _ 9‘
() 5'(x) = g'(f(x)/(x) ) 29
(@) = ) A (] I
5 /5 6—-4 1
Note that f(4) = 5, g (5) = 76 P = 5 and 117. h(x) - ‘X‘COS x
(4) = 3 So, 5'(4) = 5)_2 H(x) = —|x|sin x + = cosx, x #0
477 2l4) 8 \x\
118.  f(x) =|sin x|
S(x) = cos x[m}x # kr
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170 Chapter 2 Differentiation

119. (@) f(x) = tan x f(z/a) =1 ®) s _
S(%) = secx S a4 =2 LA
S7(x) = 2sec” x tan x [ (7/4) = 4 P

B(x) = 2(x — 7/4) + 1 L
(x)

P(x) = %(4)(" - ”/4)2 +2(x - 7/4) + 1 (c) P, is a better approximation than 7.
= 2(x - ”/4)2 +2(x - m/4) + 1 (d "l;he: a:rc/lzr.acy worsens as you move away from
120 @ f(x) = secx ﬂMF%
S(x) = sec x tan x 1(x)6) = %
f7(x) = sec x(sec2x) + tan x(sec x tan x) 17(x)6) = %

= sec® x + sec x tan® x

2

B(x) = Z(x — 7/6) + 5
- (3 £0)

g0 S S

(b) 3

N;f%
_r""'f_’

P]

-1

W

2z
NG

(c) P, is a better approximation than A.

(d) The accuracy worsens as you move away from x = 7z/6.

121. True 123. True
122. False. f'(x) = —bsinxand f7(0) = 0 124. True
125. f(x) = @ sinx + a, sin 2x + -+ + a, sin nx

S(x) = a cos x + 2a, cos 2x + -+ + na, cos nx
f(0) =a +2a, + - + na,

f(x) - f(0)
x -0

/()

sin x

J(x)

sin x

in x
S Y <1

= lim
x—0

= lim

x—=0

X

a + 2ay + -+ + na,| :‘f'(O)‘: lim

x—0
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126.

Section 2.5 Implicit Differentiation

d | P,(x) _ (xk - l)nHPn'(x) - P(x)(n + 1)(xk - 1)nkx’"1 _ (xk - l)Pn/(x) -(n+ l)kxk’lP,,(x)
I (xk _ 1)n+ (xk _ 1) n+ (xk _ 1)n+
B(x) = (¢ =) Z{xk - J =

o) = (= f T = () - (o et

Pl = ~(n + DA

For n =1, %[xk 1_ J = (;{k"_k 11)2 = (x:)l(—X)l)z = B(l) = —k. Also, R(1) = 1.

You now use mathematical induction to verify that 7,(1) = (—k)"n!for n > 0. Assume true for n. Then

Pi(1) = ~(n + D)k B,(1) = ~(n + 1)k(=k)"nt = (=k)""(n + 1)L

Section 2.5 Implicit Differentiation

1.

Answers will vary. Sample answer: In the explicit form 7. X+ =16
of a function, the variable is explicitly written as a

4 4.7
function of x. In an implicit equation, the function is only SxT 45Ty =0

implied by an equation. An example of an implicit 5y*y" = —5x*
function is x* + xy = 5.In explicit form it would be i x*
y =-
y = (5 - xz)/x. y

. Answers will vary. Sample answer: Given an implicit 8. 2x*+3)° =64

equation, first differentiate both sides with respect to x.

6x* +9y%y =0
Collect all terms involving 3" on the left, and all other ~ i

2.0 _ g2

terms to the right. Factor out y” on the left side. Finally, 9yy = —bx

divide both sides by the left-hand factor that does not y = —6x7 - _ 2x*

contain y’. 9y? 3y?
. You use implicit differentiation to find the derivative )’ 9. Bmxy =7

when it is difficult to express y explicitly as a function

3 —-x) -y +2p =0
of x.
(2y = x)y =y -3x
. If y is an implicit function of x, then to compute ), you -3¢
differentiate the equation with respect to x. For example, V= 2)/7—x
if xp? = 1,then y*> + 2x19" = 0. Here, the derivative of
yiis 2y 10. xry + yPx = 2
R 5 ¥2y + 2xy + yr + 2" =0
xX° + yo = 9 2 ’ 2
2x + 2y =0 (x + 2XJ’))’ = —(y + 2xy)
. x ,_ o3+ 2)
yE=- x(x + 2y)
x? -y =25 11. ¥yP-y-x=0
2x -2y =0 3%y +3x%y =y -1 =0
y=2= (3x%y? = 1)y = 1-3x%°
Y , 1= 3xzy3
4 3x%y? —1

171
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172 Chapter 2 Differentiation

12. N = x2y+1 13. x3_3x2y+2xy2 - 12
2 _ 2.7 , 2 _

%(Xy)’l/Z(xy’ + y) =2xy + x2y' 3x 3x°y" — 6xy + 4xyy" + 2y 0
(4xy - 3X2)y' = 6xy — 3x% - 2)?

X , y 2.7
——y + —= = 2xy + Xy 22 9.2
RN W y =83 Ay
4xy — 3x
X 2| Yy
- X = 2xy —
[2 Xy Jy 7 2/ xy
y
2xy —
, a Xy
y:
X

, Ay -y

4 =x—2x2\/5

14. x*y —8xy + 307 =9

Il
(e}

x*y + 4x%y — 8xy” — 8y + 6xpy” + 37

(x4 — 8x + 6xy)y' = 8y — 4x°y — 3)?

, 8y —4x’y — 3y?

T x* — 8x + 6xy
15. i +2 2y =1
sin x cos 2y 2. x = secl
cos x — 4(sin 2y)y" = 0 y
’_ COoS X lz—%secltanl
45sin 2y Y Y Y
2
’ -y 2 1
= —>———— = —y“cos| — |cot
16. (sin 7zx + cos zy)’ =2 4 sec(1/y) tan(1/ y) g (J’j [JJ

2(sin 7zx + cos zy)| 7 cos zx — m(sin zy)y | = 0
( 1 ( ] 21. (a) x>+ )? = 64
7 cos wx — 7r(sin wy)y = 0

¥ =64 - x?
, _ COSTTX
= _ / 2
sin 7y y =164 —x

(b) A

17. cscx = x(1 + tan ) .2,,
—cscxcotx = (1 + tan y) + x(sec2 y)y' K\

,_ _cscxcotx +1+tany T\ B S
7 xsec? y | i
18. coty =x-—y T
(—csc2 y)y' =1-y (c) Explicitly:
dy 1 -1/2 Fx
’ 1 1 2 - = +7(64 - xz) (-2x) = ———=
= = = —tan -
Y TC esc’y  —cot’y 7 dx 2 N64 - x?

X
19. y = sin xy /64 — 2 y

’

¥ = [+ y]cos(xy) (d) Tmplicitly: 2x + 2 = 0
¥ — xcos(xy)y” = y cos(xy) , ¥
y =-=
, ¥ cos(xy) y
Yy =T 3
1 — x cos(xy)
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22. (a) 25x% +36y* =300

36y” =300 - 25x” = 25(12 - x7)

(b) :

(c) Explicitly:

& _ J_i[lj(lz — ) (~2v)

dx 612
S
RN
25x
T
(d) Implicitly: 50x + 72y - 3" = 0
,  —50x
= 72y

24. (a) ¥+ 2 —4x+6y+9

(x2—4x+4)+(y2+6y+9)=

(x =27 +(y+3) =
(r+3) =

y+3=

y
(c) Explicitly:

o 2x
36y

0

-9+4+9

4

4—(x-2)

+./4 - (x-2)

344 - (x-2)

d 1 22
d—i :i5[4—(x—2)} [-2(x - 2)]
o x -2
T 4-(x-2)
__x—2
y+3

Section 2.5

23. (a) 16> - x* =16

16y* = x> + 16
2
2 X
= —-]—1 =
T
_ x* +
r = 4
(b) :
o
4
~— T

(c) Explicitly:

Implicit Differentiation 173

1 -1/2
& _ 15( 2 +16) (-2x)
dx 4
_ tx . *x _ X
4x 116 A(x4y) 16y

(d) Implicitly: 16y — x> =16

32y —2x =0
32y = 2x
2x _ x

’

Y T3y T ey

®

- A
L 23 4 5 6
2

3

WAL y=-3+V4-(x-2)7

e

(d) Implicitly:

2x + 2y -4+ 6y =

2y + 6y
¥(2y +6)

’

y =

=0

=-2x+4

=-2(x - 2)

C2(x-2)  x-2
2(y +3) y+3
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174 Chapter 2 Differentiation

25. xy =6 30. X+ = 6xy -1
0+ (1) =0 3x2 + 3y’ = 61" + 6y
Xy = -y (3y2 - 6x)y' =6y — 3x*
o2
| 7 3y — 6x
At (=6, -1): Y = —— _
6 At(23) y = 2712_ 6 _2
27 — 12 15 5
26. 3x*y =6
By =2 31. tan(x + y) = x
32y +x°y =0 (L+))sec’(x + y) =1
¥y = -3x%y ,_ 1=sec’(x + y)
Yy =
, =3x%y 3y sec’(x + y)
o x - _? 2
_ —tan’(x + y)
2
- 1
At (1’ 2): Y = 3(2) -6 tan (x + y) +
1 = —sin’(x + )
2 2
, _ X" =49 X
27. y_x2+49 X2 +1
;o (67 49)(2x) — (x7 - 49)(2x) At (0,0): ¥ =0
2y = 5
(x* + 49)
32. xcosy =1
2y = sz x[-)"sin y] + cos y = 0
(x> + 49)
, _ COSy
_ 98x 7 X sin y
g (x* + 49)2
x
4 = lcot y
At (7,0): y is undefined. x
_coty
2 x
28 4y =2 = . |
X'+ 36 At (2, —]: Yy = —=
(7 36)(2x) - (3 — 36)(3%?) 3 23
12y = >
(x* +36) 33. (x> +4)y =8

, _ T2x + 108x% — x*
120%(x + 36)

()c2 + 4)y' +y(2x) =0

;. 2xy
At (6, 0): »’ is undefined (division by 0). YT s
—2x[8/ (x2 + 4)}
29. (x+) =x+)° T 214
¥+ 3%y + 302 + 3P =0+ )P _ lex
3x%y +3x% =0 (x2 N 4)2
vy =0 , =32 1
¥}y 4+ 2xy + 200+ 3P =0 At (2,1): )y = -

(xz + 2xy)y' = —(yz + 2xy)

, y(y + 2x
PR

(Or, you could just solve fory: y = — 8 j
x* +4

At (-1 1)y = -1
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34.

35.

36.

37.

38.

(4-x)y* =x
(4 - X)) + (1) = 3

, 3 2 + 2
yo= T
2y(4 - x)

At (2,2): ) =2

(2 + ) =

2(x2 + yz)(2x +2y) =

4x? y

4x® + 4x*yy’ + 4xp* + 4y =

4xyy" + 4y%y — 4x?y’ = 8xy — 4x® — 4x)?
4(2xy - X - xyz)

4y'(x2y + 33 = xz) =

y =

4x?y" + »(8x)

4x*y" + 8xy

, 2xy - X — xp?

Oy 4+ - a2
At (L1):y =0
X+ —-6xy =0
3x2 +3y%)" —6x) — 6y =0
y'(3y2 - 6x) = 6y - 3x?
;o 6y — 3x? _ 2y — x?
e 3y? — 6x - ¥ - 2x
At [i §j , (16/3) - (16/9) _32_4
33) (64/9) — (8/3) 40 5

(y=3) =4x-5), (61)
Ay -3y =4
, 2
Yy v -3
, 2
At (6,1): y = —— = ~1
(6.1): ¥ 1-3

Tangent line: y — 1 = —1(x — 6)
y=—-x+17

(x +2)7 +(y-3) =37, (4,4

20x+2)+2(y=-3)y =0
(=3 =~(x+2)

J = (x+2)

At (4,4): Y = —? = -6

Tangent line: y — 4 = —6(x — 4)
—6x + 28

y

39.

40.

41.

Section 2.5 Implicit Differentiation

x2y2 - Ox? — 4y2

x22yy" + 2xp% — 18x — 8y’

’

At (~4,2/3): ' =

0, (—4, 23 )

0

18x — 2xp?
2x%y — 8y

18(—4) — 2(-4)(12)

24

3

2 ’
EST -13

2
+ 2 =0
3y

At (8,1): ) = —%

+ 37 =5, (8,1)

2(16)(2/3) - 163/3

1 V3

(x + 4)

x+§\/§

Tangent line: y — 1 = ——(x — 8)

<
I
I
| —
=
+
(9]

3(x2 + y2)2 =

100(x? = »?),

6(x* + y?)(2x + 2y') = 100(2x - 23y)

At (4,2):

6(16 + 4)(8 + 4)) = 100(8 — 4y)
960 + 480y’ = 800 — 400y’

880y = —160
Y=
Tangent line: y =2
Ily + 2x - 30
y

-Z(x - 4)

_2 30
TRARINT

FENCREE N
/3

Tangent line: y — 2+/3 = e

_ 3
Y 6

(4.2)

175
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176 Chapter 2 Differentiation

202 4 2} _ 92 2 2
42. V4 7) = 26 (L) 4. @) - =1 (-2
P22 4yt = 2y
2 2 3 s XYy
2yyx” + 2xy° + 4y°y = 4x 3 4y
At (L, 1): Yoy X
Ly =z
2y +2+4y =4 4 3
6y =2 y'=4*x
Y =1 ”
-3
4(3
A2y =20,

Tangent line: y — 1 = L(x - 1)

3(-2)

y=gx Tangent line: y + 2 = =2(x — 3)
. y=-2x+4
43. Answers will vary. Sample answers:

2 2 ’ 2
x _y72_1:>2x 2yy:O: , xb

2 b)) = = LN -
xy=2:>y=; ®) a> b a> b ya®
—x xob? .
W Hx=2=y= Y = ¥y = ——(x = x,), Tangent line at (x,, y,)
x? Yoa
Xay=4 Wo _ ¥ _xx %
T L
2 2
Mo _ Y _ XX _ W _
44. The equation x> + y* + 2 = limpliesx®> + y* = —1, Because @ b I, you have a? p: L.
which has no real solutions.
Note: From part (a),
L )
5. @ — o+ =1 (L2) EC N o . N S N,
, 6 8 2 4
«+22 —o Tangent line.
4
, 4y 47. tany = x
- _7 V' sec’y =1
At (1,2): " = =2 Y = 12 =cos’y,~ T <y< 2
sec”y 2 2
Tangent line: y — 2 = —2(x — 1) sec’y = 1 + tan’y = 1 + x?
y=-2x+4 1
Y =
xr P 2x 2/ ,  —b*x 1+ x?
b) 5 +5=l=2>—S+—=-=0=y =
®) a* b a? b* d a’y
, 48. cosy = x
Y=Y = _l; xo(x — x), Tangent line at (x,, y,) —siny -y =1
a Yo
, -1
M_ng—xox+ﬁ y_siny’ O<y<r
b b2 a? a?
sin’y + cos’y =1
X Yoy | XX
Becausea% + b% = 1, you have bo—z + ﬁ =1. siny =1 - cos’y
: _ 2 _ 2
Note: From part (a), Siny = \/1 —cosTy = Ji-x
-1
1 2 ! = -
@+@=121y=—1x+1:>y=—2x+4, Y= 1 2’ l<x<l
2 8 4 2 - X

Tangent line.
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Section 2.5 Implicit Differentiation

49. x*+3y? =4 50. ¥ty —4x =5
2x + 2/ =0 X2y +2xp —4=0
’ —X , 4 — 2.Xy
y == =
y Y x2
. =)+ X2y + 2% + 2% + 2y =0
Yy o=
Y xzy"+4x|:4_22x}}}+2y=0
oy x(=x/y) X
- 2 4.7 _ 2. —
y 'y +4x(4 - 2x) + 2xPy = 0
_ -y =X x*y” + 16x — 8x%y + 2x%y = 0
v x*y” = 6x°y — 16x
-4 , 6wy —16
3 0
y y ¥
51. X2y -2=5x+y
2xy + x%y =5+ )
(x2 - l)y' =5-2xy
, 5= 2xy
r = x? -1
2xy" + (x2 - l)y” = -2y - 2%/
(xz - l)y” = -2y -4y = -2y - 4){5 2_ 2ij
x° =1
w =2y 4x(5 - 2xy)
PUY S ey
C=2y(F = 1) = 20x + 8x%y a2y — 20x + 2y
= 2 = 2
(x2 - 1) (x2 - 1)
32. xy —1=2x+ ?
X +y=2+2y
0 -2 =2-y
(x=2y)y' =2-y
’ 2 -
y=="2
x =2y
” ’ ’ ” n2
07+ Y+ =207 + 2))

<,
[

<

\<\
I

z(y/)2 _ 2_)/

(x = 29)y” Z(y')z—2y’:2[2_yj2_2[2—y]

x =2y x =2y

s 22-02 -y -(-20)] 202-y)2-x+y)

(x - 2y)3 (x - 2y)3
2(4—2x+2y—2y+xy—y2) B 2(y2—xy+2x—4)
(x = 2y)° (29 =)’
2(-5) 10

177
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178 Chapter 2 Differentiation

53. Txy + sin x
Txy" + Ty + cos x

’

y
Txy” + 7y + 7y —sin x

”

Txy

54. 3xy — 4 cos x
3xy" + 3y + 4sin x

’

y
30" + 3y + 3y + 4cosx

”

3xy
y//
55. x4y =5
Vo1 s
—x77° 4+ — =0
> 2)’ Y
’ _’\/;
y =
Jx
, 2
At (9,4) ) = -=
3
Tangent line: y—4
2x + 3y - 30

2
0
-7y — cos x
Tx
0
. , . =Ty — cos x
sinx —14y" = sinx — 14 ———
Tx
Sin x 4+ 14y + 2 cos x
X
sinx 14y + 2cos x
+
Tx 7x*
xsin x + 14y + 2 cos x
7x?
= -6
=0
—4sin x — 3y
3x
=0
= -6y —4cosx = —6(wj —4cos x
3x
8sin x + 6y — 4x cos x
x
8sin x + 6y — 4x cos x
3x?
d s6. =21
x° +1
- ;A0 - -D@x) 2 1-2x 4 2
] 14 (Xz + 1)2 (X2 + 1)2
B ¥ = 1+ 2x — x?
2y(x2 + 1)2
2 1
= —— — 9 3
2-9) 5]
_ o ) _'_'__,_l/,,._.——lz'_._'_ ]
N
-
At;iizy— 1+4-4 1
5 QJQ , 10</5
(4+1)
5
Tangent line: - ﬁ = #(x -2)
5105
10/5y —10 = x - 2
x—10/5y +8 =0
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Section 2.5 Implicit Differentiation 179

57. x*+ 3?2 =25 58. x*+ 3?2 =36
2x + 2y =0 2x + 2y =0
’ —X ) X
y = y =-=
y
At(4,3):

At (6, 0); slope is undefined.

Tangent line: Tangent line: x = 6

y—3=%4(x—4)24x+3y—25:0 Normal line: y = 0
8

Normalline:y—3:%(x—4):>3x—4y:0 /’

0
12
. N
/,— .3) s
-9

9
™, -5
// At 5,\/ﬁ,slo eis ——.
= ( ). stop J1
. =5
At (=3, 4) Tangent line: y - NITIE ﬁ(x )
Tangent line: \/ﬁy —11=-5x+ 25
yod=2(x+3) > 3x—dp+25=0 5x + /11y =36 =0
! . Vi
4 Normal line: y — V11 = —(x - 5)
Normal line: y —4 = —(x +3) = 4x +3y =0 5
3 S5y — 511 = l1x - 5411
6
S5y — V1lx =0

W) s
N /]

\

12
AN

-8

59. x4+ y? =7

2x + 23 =0
3 = =X = slope of tangent line
y
DA slope of normal line
x

Let (X, ¥) be a point on the circle. If x, = 0, then the tangent line is horizontal, the normal line is vertical and, hence, passes
through the origin. If x, # 0, then the equation of the normal line is

Yo

Y= = (x—xo)
Xo
yzﬁx
Xo

which passes through the origin.
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60.

62.

Chapter 2 Differentiation

y? = 4x
2y =4

y = 2 =lat(L2)
y

Equation of normal line at (1, 2) is
y —2 =-1(x —1), y = 3 — x. The centers of the

circles must be on the normal line and at a distance of
4 units from (1, 2). Therefore,

(x-17 +[B-x-2] =16
20x - 1)* = 16
x =122,

Centers of the circles: (1 + 2\/5,2 - 2\/5) and

(1 ~2J2,2 + 2\/5)

Equations: (x -1- 2\/5)2 + (y -2+ 2\/5)2 =16

(x—1+2\/5)2+(y—2—2\/§)2

16

4 + y* - 8x +4y+4=0
8x +2y) —8+4)y =0

, 8 —8x 4 - 4x

T2y +4 y+2

Horizontal tangents occur when x = 1:

417 + )2 = 8() + 4y + 4 = 0

V+4y=y(r+4)=0=>y=0-4

Horizontal tangents: (1, 0), (1, —4)
Vertical tangents occur when y = -2:

4 + (22 —8x + 4(-2) + 4 =0

4x* —8x =4x(x -2)=0=> x=0,2

Vertical tangents: (0, —2), (2, -2)

61. 25x% +16y* + 200x — 160y + 400 = 0

50x + 32y + 200 — 160" = 0
, _ 200 + 50x
Y T 160 - 32y
Horizontal tangents occur when x = —4:
25(16) + 16y + 200(~4) — 160y + 400 = 0
»y-10)=0=y=0,10
Horizontal tangents: (=4, 0), (=4, 10)
Vertical tangents occur when y = 5:
25x% + 400 + 200x — 800 + 400 = 0
25x(x+8) =0=x=0,-8
Vertical tangents: (0, 5), (—8, 5)

(=4, 10)
104+

6
(-8.5) ©,5)
4
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63. Find the points of intersection by letting > = 4x in the equation 2x*> + 3 = 6.
2x* +4x =6 and (x +3)(x-1) =0

The curves intersect at (1, +2). 22 +y2= 6] [12= 4]
Ellipse: Parabola: >
T 6 l\

4.x + 2)/3/’ = O Zyy, = 4 (1,-2)
, 2x , 2
y = - y = — -4
y y

At (1, 2), the slopes are:
Y o=-1 y =1
At (1, -2), the slopes are:
y' =1 y' = -1
Tangents are perpendicular.
64. Find the points of intersection by letting y* = x°in the equation 2x* + 3)? = 5.

222 4+3x° =5 and 33 +2x2 -5=0

2x2+3y%=5
Intersect when x = 1. 2 [V +
Points of intersection: (1, £1 74 D
(1, £1) . 7 )

¥ = x% 2x% +3y? = & \M_ (1,-1)
2y = 3x? 4x + 6y =0 -2 2=
3 P2
y 2y y 3y
At (1, 1), the slopes are:
’ é ’ _g
d 2 7 3
At (1, —1), the slopes are:
’ _E 7 g
7 2 ¢ 3
Tangents are perpendicular.
65. y = —x and x =siny
Point of intersection: (0, 0)
y =-x X = sin y:
y =-1 1 =ycosy
, 4
rooe [=om]
At (0, 0), the slopes are: . .
’ ’ © 07
y =-1 y =1 )
Tangents are perpendicular. 4 [r4y=0
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66. Rewriting each equation and differentiating:

¥ =3y-1 x(3y—29) =3
x? 1(3 J
=X = {2 +29
4 3 7 3\x
’ , 1
y:xz yo=-=

Y

-3

For each value of x, the derivatives are negative
reciprocals of each other.
So, the tangent lines are orthogonal at both points of

intersection.
67. xy =C 2=yt =K
x»+y=0 2x =2y =0
, , X
X y

At any point of intersection (x, y) the product of the

slopes is (—y/x)(x/y) = —1. The curves are orthogonal.

70. (a) The slope is greater at x = —3.

68. x*+ y? = (C? = Kx
2x+ 2y =0 vy =K

, x

y =—-=

y

At the point of intersection (x, y), the product of the
slopes is (—x/y)(K) = (—x/Kx)(K) = —1. The curves

are orthogonal.

K=-1 ™, c=

69.

Use starting point B.

(b) The graph has vertical tangent lines at about (—2, 3) and (2, 3).

(c) The graph has a horizontal tangent line at about (0, 6).

71 () x* = 447 - y7)
10
4y* = 16x* — x*
{7
y? = 42 - ixzt -10 ,
=+, [4x% — =x* 10
Y 4
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(b) y=339=4x2—ix4

36 = 16x> — x*
x*=16x*+36=0

+ _
o 16256144 o o

2

Note that x2 = 8 + /28 = 8 + 2/7 = (1 + \/7)2 So, there are four values of x:
1 =71 -7, +7,1+7
3 x(8 B xz)

RETE

To find the slope, 2y)” = 8x — x

For x = -1 — /7, y = %(\/7 + 7), and the line is

yl=é(\/7+7)(x+1+\/7)+3=%[(\/7+7)x+8\/7+23}

For x = 1 — /7, y = %(\/7 - 7),andthe line is

¥, :%(\/7—7)(x—1+\/7)+3=%|:(\/7—7)x+23—8\/7:|.
For x = -1 + /7,y = —%(\/7 - 7), and the line is

s = —%(«/7 ~)x+1-~7) 43 = —%[(\/7 -7 - (23 - 87)]

For x =1+ \/7, y = —%(\/7 + 7), and the line is

v = =5(VT T x = 1= NT) 43 = 5[V + e - (8T + 23))
(c

~

Equating y; and y,:
—é(ﬁ—7)(x+1—\/7)+3 —é(\ﬁ+7)(x—1—\/7)+3

(N7 = s+ 1-33) = (T + s -1 -3)
Nix +T-7-Tx=7+7 =VTx =T -7+7x-7-7/7

167/7 = 14x
87
X =—
7
If x = ﬁ, then y = 5 and the lines intersect at[gf, 5].
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72. x + iy = /e

L + 1 dl =0
Wax o 2y
o _y
dx x
Tangent line at (xg, yo): ¥ — o = —— Yo (x = xp)

NES
x-intercept: (xo + \/Z \/% , 0)
y-intercept: (0, Yo + \/xT) \/E )

Sum of intercepts:

(x0+\/x70\/%)+(y0+\/x70\/%)=x0+2\/x70\/%+y0=(\/x70+\/%)2:(\/2)220

73. y = xl’/‘l; D, q integers and q > 0 74. x2 + y2 = 100, Slope — E
yq — x]’ 4
gy = pxt™! 2x+ 2y =0
B , 3 4
p xP! p xPly y = X2 =y =-=X
y=£. = £ y 4 3
g ¥y g . (16,
p—1 x4+ |—x"| =100
- P x,,, vl = Poplg-1 (9 j
q X q 25,
—x~ =100
So,if y = x",n = p/q, then y' = nx""". 9
x = 16

Points: (6, —8) and (6, 8)

2 2
75 42 -1 (40
4 9
g+2yy:0
4 9
;o
y 4y
9x y-0
4y x—4

—Ox(x — 4) = 4y°

But, 9x? + 4y? = 36 = 4y? = 36 — 9x%.S0, —9x% + 36x = 4y? =36 - 9x* = x = 1.

Points on ellipse: (1, + %\/3]

SRy A
Al (l’ Eﬁ)’y Sy 4G 2

At (l, —%\/5} Y = 3

2
Tangent lines: y = —73(); -4) = _éx + 2.3
y=73(x—4)—§x—2\/§
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76. x =y
1

Il
-
<

’

vy = —, slope of tangent line
2y

Consider the slope of the normal line joining (x, 0) and

(x.») = (¥, ) on the parabola.

2y = }2} —0
Yo =X
1
V-x = S
1
Vi=x - 2
(@) If x, = 4, then y* = L — 1 = —1, which is
impossible. So, the only normal line is the x-axis
(v =0)
(b) If x, = 3, then y* = 0 = y = 0. Same as part (a).

(c) If x, = 1, then y* = % = x and there are three

normal lines.

1 1
The x-axis, the line joining (x,, 0) and (, j,

2’2

1 1
and the line joining (x,, 0) and | —, ———
J g (%, 0) ( ) \/3]
(d) If two normals are perpendicular, then their slopes
are —1 and 1. So,

y—=0 1
2y =-1= = = —
Y % y 5
and
1/2 1 1 3
— =l Xy == = X, = —
(1/4) - x, 4 2 4
The perpendicular normal lines are y = —x + %
3
and y = x — —.
7 4

Section 2.6 Related Rates

1. A related-rate equation is an equation that relates the
rates of change of various quantities.

2. Answers will vary. See page 153.

3.

(b)

©

y

L

di
&
dt

Section 2.6 Related Rates

2 2
7+y7 1
8
LI
32 8 4y

4

.

—4

, —4 1
At (4,2):) = — = ——
(4.2)y 12" 2
Slope of normal line is 2.
y—2:2(x—4)
y=2x-6
£+M:1
32 8
X7+ 4(4x7 — 24x + 36) = 32
17x* = 96x + 112 = 0
(17x = 28)(x —4) = 0 => x = 4, =

Second point: ﬁ, _36
17" 17

N

- (2\15}%

PN
di

(a) When x = 4 and dx/dt = 3:

dy 1 3

RN
(b) When x = 25and dy/dt = 2:
% = 225(2) = 20

185
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186 Chapter 2 Differentiation

4. y =3x* - 5x 7. y=2x"+1
D (ox -5 = &,
dt dt dt
& = L & L = 4xﬁ
dt  6x -5 dt dt dt
Wh = -1

(a) When x = 3and dx = 2: @) en x

dt dy

D 4(-1)(2) = -8 ey
Ul (-1)(2) cm/sec

o [6(3) —5]2 = 26
dt (b) When x = 0:
dy d
= —_— = N y
(b) When x = 2 and 0 4: > = 4(0)(2) = 0 cm/sec
e _ 1 5 4 (c) When x = 1:
= ( ) =
i~ 6(2) -5 7 ;
di)t} = 4(1)(2) = 8 cm/sec
5 Xy = 4
dy dx 1 dx
g 8. y=— -5
Ya T a Y 2
dy ( y] dx dy _ “2x  dx
dt x) dt (14 XZ)Z dt
& _ [ x|y I N b
dt y) dt = =

(1+2)  (+2)

Wh =8,y =12 dx/dt = 10:
(a) en x , Y ,and dx/ (a) When x = —2:

d_ V200 S

10) = —= _ _
dt 8 (10) 8 % = 7( 12)( 2)2 = ? mm/sec
t 2
(b) When x = 1,y = 4,and dy/dt = 6: [1 +(-2) }
& _ —1(—6) _3 (b) When x = 0:
dt 4 2
iz = 7_12(0) = 0 mm/sec
6. x2 + y? =25 dt (1+ 0)2
zx@ + ZyQ =0 (¢) When x = 2:
dt dt
-12)(2
dy x| dx @=(7)()2=—§mm/sec
AR D dt (1 + 22) 25
dt y) dt

@-@%@

dt x) dt

(a) When x = 3,y = 4,and dx/dt = 8:
dl 3

-2(8) = -6
dt 4( )
(b) When x = 4,y = 3,and dy/dt = -2:
dv _ 3 3
dt 4 2
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10.

11.

12.

y = tan x,

dy
dt

by
t

X
= sec’x - — = sec’x(3) = 3 sec’x
t

(a) When x = —%:

dy

dt

= 12 mm/sec

=3 secz(—gj = 3(2)°

(b) When x = —%:

2
@ _ secz(—zj = 3(\/5) = 6 mm/sec
dt 4
(c) When x = 0:
dy = 3 sec’(0) = 3 mm/sec
dt
Y = COS X, Xy
t
L —sin x - @ _ —sin x(4) = —4sinx
dt dt
(a) When x = ur
6
ﬂ = -4 sln[—] = —4[1) = -2 cm/sec
dt 6 2

(b) When x = %

@ _ _4 Sm[ﬁj _4[\/5] = —2/2 cmsec
dt 2
(c) When x = —

dt 2

A = mr?

ar _

dt

a4 = 27xr dr

dt dt

dA 2 )

When r = 37, =~ = 27(37)(4) = 296 7 cm?/min.

A = Sz\/g

4

o5

dt

A _ N3 g ds 3 ds

d 4 d 2 dt
When s = 41,? = ?(41)(13) 533\[ m?/min.

t

13.

14.

15.

Section 2.6 Related Rates

Vzﬂﬂr
3

dr
dt
dv , dr
dr di
(a) When r =9,
dv
dr

When r = 36,
av
dt

|
N
S

= 47(9)*(3) = 9727 cm*/min.

= 47(36)°(3) = 15,5527 cm’ /min.

(b) If dr/dt is constant, dV/dt is proportional to

V = i7[}"3,[1—1/ = 4712 ﬂ
3 d dt
ar = 800
dt
@ dr _ dv/dt
dt drr?
At r = 30, dr_ 300 5 = 2 cm/min.
dt 47(30) m
At r = 85, dr_ 800 =~ = cm/min.
dt 47r(85) 2897

(b) g depends on 7*, not r.
t

Vo=
dx
dt
v = 3x? dx
dr dt

(a) When x = 2,
dv
dr

(b) When x = 10,
av
dr

=6

3(2)2(6) = 72 cm’/sec.

= 3(10)°(6) = 1800 cm*/sec.

6x2

©
I

2 _6

AP

dt dt
(a) When x = 2,
ds

o = 12(2)(6) = 144 cm?/sec.

(b) When x = 10,
ds
dt

= 12(10)(6) = 720 cm?/sec.

187
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188 Chapter 2 Differentiation

— 2
1. v = Lo - 1JI(EhZJh [because 2r = 3] 18 V= arh
3 3 \4 dv
— =150
_ 31113 dt
4 h =10
=10r > r =—
h V4
Ve l|h="Tp
av._9m., dh _ dh _ 4(””//2"’) (10} 100
dt 4 dt dt 9rzh v 3m o, dh
When 4 = 4, dt 100 dr
4(10 dh 100 dV
@: ()Z:Lm/min. -\ = 2
dt 9”(4) 187 dt 3zh” dt
When h = 35,@ _ 100 (150) = 200 cm/sec.
dt  37(35)

(a) Total volume of pool = %(2)(12)(6) + (1)(6)(12) = 144 m’
Volume of 1 m of water = %(1)(6)(6) =18 m? (see similar triangle diagram)

% pool filled = %(100%) — 12.5%

(b) Because for0 < 4 < 2,b = 6h,you have

Vo= %bh(@ = 3bh = 3(6h)h = 18h?

20. ¥V = %bh(lZ) = 6bh = 6h* (since b = h)

@ W A1
dt dt dt 124 dt
When 4 = landd—V = 2,@ = L(2) = lm/min.
a a0 6

(b) If % = 2.5 cm/min = 0.025 m/min and & = 2 m, then CZ—Z/ = (12)(2)(0.025) = 0.6 m*/min.
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21. X+ y? =107
2x@ + 2yﬂ =0
dt dt
& _x & 2 e ® o2
dt y dt 3y dt 3
_2(2 _
(a) When x = 2,y = ~/96 = 4\/g,ﬂ = () = /e = —0.136 m/sec.
dt 3(4\/3) 18
-2(6
When x = 6,y = /64 = S,Q = L = —lm/sec.
dr — 3(8) 2
-2(8
When x = 8,y = 6,d—y = 7() = —§m/sec.
dr ~ 3(6) 9
(b) 4= lx
> Y
dA 1[ dy dx
— = | x—= 4+ y—
dt 2\ dt dt
From part (a) you have x = 6, y = 8,@ = %, andd—y = —l. So,

dt 3 dt

) ) o

(c) tan 8 = X
y
seczé’ﬁzl~ﬁ—i2
dt y dt y
49 = cos’8 L &
dt y dt
Using x = 6,y = S,Q =
dt
0 _ [8) 1(3) _ 6
dt 10) | 8\3 (3)2
22. x* + y? =25
2xé + Zydl =0
dt dt
&y Y
dt x dt

When x = 2.5,y = \/18.75,% = -

&
t y
_x &
y:oodt
g, & = 1 and cos 8 = E, you have
3 dt 2 10
1 1
(—fj = — rad/sec.
2 12
013y (because Q = 0.15]
X dt
18.75

0.15 = —0.26 m/sec.

2.5

Section 2.6 Related Rates

10

189
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190 Chapter 2 Differentiation

23. When y = 6,x = /122 — 6> = 6/3,and s = /x* + (12 — )’ = /108 + 36 = 12.

) s
12—y
Y
1 (x,y)
! |
1 12 .
| ‘ =
¥+ (12 - y)z = §?
dx dy ds
o & o2 - ) = 2%
g A2 G = 2y
dx dy ds
K- 1)2 =8
TR Ty
Also, x* + y* = 122
2x@+2yQ:0:>ﬂ:_—x@
di dr di v di
So, x@ +(y - 12) X sé.
dt v dt dt
12)(6 — _
dx v— x4 12X sé = L _(2)(0) (-0.2) = il —\/gm/sec(horizontal)
dt y dt  dt  12x dt (12)(6\/5) 53 15

_ _ /3
P = X dx 6/3 ( ) = 1 m/sec (vertical)
dt y dt 6 15 5

24. Let L be the length of the rope.

(a) 2 =4 + x2 (b) If% =-12,and L = 5.2:

dL dx
2L = = 2x =
a - dr dL _ xdx 4810y o 11l misec
dc L dL 1.2L dL diLdt 52
LA (since— =-12 m/secj 2
dt x dt x dt dL _ x dx _ L—4(_12)

a Ldt L

Speed of the winch decreases as the boat
gets closer to the dock.

When L = 5.2:

NP -4 =-/27.04 -4 =438
1.2(5.2

x = - (5 ) = _6.24 = —1.3 m/sec

dt 48 4.8

Speed of the boat increases as it approaches the dock.

X
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25. (a) 2= xr +)?

@ = —450
dt
Y = —600
dt
2s§ = 2x@+ ZyQ
dt dt dt
ds _ x(dx/dt) + y(dy/dr)
dt K
et N
—100 100 200 300

When x = 225 and y = 300, s = 375 and
ds _ 225(—450) + 300(—600)

= —750 km/h.
dt 375
(b) tzﬁ:lh = 30 min
750 2
260 x4yt =42
2xﬁ+0=23§ becauseﬂzo
dt dt dt
dr _sds
dt x dt
When s = 10, x = /100 — 25 = /75 = 53,
dx 10 960

Ezﬁ(480)— NG

29. (a) %: J

y—x
s,
Y73
é =1.5
dt
& =3, & = E(1.5) = 2.5 m/sec
dt 3 dt 3
d —
b) M:Q—@ =25-1.5 = 1m/sec
dt dt dt

2= = 320~/3 = 554.26 km/h.

Section 2.6 Related Rates

27. 52 =907 + x?

x =20

& _ s

dt
9g B _ L ds _x &

dt dt dt s dt
When x = 20,5 = ~/90? + 20> = 10-/85,
ds 20 =50
— = (=25) = =~ —5.42 ft/sec.
dr 10/85" ) /85

2nd
20 f
3rd// Ist
90 ft
v Home
28. s? =90% + x?
x=90-20=70
4 _ os
dt
ds _ x dx
dt s dt
When x = 70, s = ~/90% + 70> = 10/130,
s — (25) = 175 _ 15.35 ft/sec.
dt  10/130 130
2nd/\2/0ft

3rd

Home ~

el ——

|— 10 =]

—— X —|

191
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192 Chapter 2 Differentiation

_ Ay —
30. (a) 7o (b)Mzdl_@
2 y-—-x dt dt dt
Ty —Tx =2y ; = -2.1-(-1.5)
Sy =Tx _ = —0.6 m/sec
A
N ;
y 5 h |<—X—_>\
& s
dt
& T Z(—1.5) = —2.1 m/sec
dt  5dt 5
1 . ot , 5 3. 5 5
31 x(¢) = =sin—,x* + »* =1 32. x(¢) = =sinzt, x> + y* =1
2 6 5
. 2r . 2z
(a) Period: % = 12 seconds (a) Period: = = 2 seconds
V4
2 e
(b) When x = l, 12 1 3 m. (¢) When x = i,y =,[1- [l] = VI and
2 2 10 4 4
J3 33 o 1
Lowest point: EN 0 gsm mt = sin wt = 5 =t = 5
ax _ = 7 cos 7t
(c) When x = Z, dr
¥+ =1
2 e
y = 1—[lj = 15andt—l zxﬁ_kzyl:o dy _ —x dx
4 4 d dt dt  y dt
! “da 15045 6
2 2 _
x+y =1 97 95z
Zx;lﬂJrz Zi_oégzj% 255 125
y
|25 s0s
dy 1/4 7 [”j Speed = s |~ sec
So, = — - — cos| —
dt 154 127 (6
_ -ﬂ(ljﬁ _or L _
J1s\12) 2 2445 120
Speed = /57 = \/_” m/se
120 120

33. Because the evaporation rate is proportional to the surface area, dV/dt = k(47rr2). However, because V = (4/ 3)7rr3, you

have &7 = ag2 & Therefore, k(47rr2) S L
dt dt dt dt
34. () (a) @x negative = @ positive (ii) (a) ax negative = @ negative
dt dt dt
(b) & positive = ax negative (b) @ positive = ax positive
dt dt dt dt
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35. (a) dy/dt = 3(dx/dr) means that y changes three times 40. ang = 2
as fast as x changes. 50
(b) y changes slowly when x = 0 orx = L.y changes & = 4 m/sec
more rapidly when x is near the middle of the dt
interval. sec26 - a9 - Ldy
dt 50 dt
36. No.V:s3,d—V:3sZ§ ﬁzicoszﬁ-@
dt dt dt 50 dt
If s is constant, then a is 3s?times that constant. Y
dt dt
37. 1 = L + €
R R R
@R ’
dt 0 .
50
g .
4 r 2
When y = 50,8 = —, and cos § = —. So,
1 @R _ 1 dR 1 dR g 4 2
R* dt R* dt R}? dt 2
1 2 a6 _ 1 ﬁ (4) = Lrad/sec
When R, = 50 and R, = 75: dr 50l 2 75 :
R =130
dR o 1 1 41. sin 0 = =
— = (30) (1) + +(1.5)| = 0.6 ohm/sec x
dt (50) (75) dx
— = (-0.4) m/sec
dt
38. V = [R cos a(ﬁ) _ ;4 . @
dl — [d7R + Rﬂ dt x> dt
dt dt dt do j@(sec )
ar _ 14V 1dR dt X2 dt
dt R dt R dt _4 10
dv - W(_OA) 2 2
When V = 12,R = 4,— = 3, and 10© — 4
dR Vv 12 “ = 16 = 2
o " 2,1 = e 3 and 100~/84  25+/21
2+/21
% = %(3) — %(2) = —% amperes/sec. = 525 =~ 0.017 rad/sec
39. sin18° = =
y
g _x 1 d
y* odt oy dt
dx  x dy . oo
— == . = = (sin18°)(275) ~ 84.9797 km/h
dt y dt

=
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194 Chapter 2 Differentiation

42. tanHzZ,y=5
x
dx = —600 km/h
dt
(seczﬁ)ﬁ = —iz s
dt x° dt

deé 2 ( 5 de x2( 5 jdx
— =cos O —— |— = |- |—
dt x¥*)dt P\ x*)dt

(a) When 6 = 30°,

ﬁ = 120 = 30rad/h = 1 rad/min.
dt 4 2

(b) When 6 = 60°,

d—g =120 3 = 90 rad/h = 3 rad/min.
dt 4 2
(c) When @ = 75°,
de ., .
E =120sin” 75° = 111.96 rad/h = 1.87 rad/min.
43. tan @ = -
20
do .
o 30(27) = 607 rad/min = 7 rad/sec
sec’) 46y _ 1[dx
dt 20\ dt
dx

— =20 seczé’(ﬁj
dt dt

20 m I

]

(a) When 6 = 30°,% 80?ﬁm/sec
(b) When 6 = 60°,% = 80z m/sec.
(c) When @ = dx

7O°,E =~ 170.977 m/sec.

44. % = (10 rev/sec)(2z rad/rev) = 20z rad/sec

X
a cos @ = —
(@) 30
—sin @ ﬁ = i@
dt 30 dt
@ = —30sin @ ﬁ
dt dt
= 30 sin 6(207)
= —6007 sin 6
(b) 2000

| IWAWA'S
\/

—2000

(c) |dx/dt| =|-6007 sin 6is greatest when
|sinf|=1= 6 = % +nz (or90° + n - 180°).
| dx/dt|is least when @ = nz  (orn - 180°).

(d) For 6 = 30°,

ax —6007 sin(30°) = —6007zl = —300x cm/sec.
dt 2
For 8 = 60°,
dx .
— = —6007 sin(60°)
dt
- —6007[? = _300~/37 cm/sec.
1/2)b
5. sin8 = W2y ain®
2 K 2
0 h 0
coSs— = — => h = scos—
2 K 2
A= lbh = 1(2_? sin Q)(s cos Qj
2 2 2 2

2 2
=S—2singcosg =S—sin9
2 2 2 2

(b)

(c) Ifs anda‘;—e is constant, Z—A is proportional to cos 6.
t t
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46. tan6’=%:> x =10 tan @

& _ 10sec26’ﬁ
dt dt
2 = 10sec26’ﬁ
dt
ﬁ=lcoszt9, Zcg<t
dt 5 4 4

47. (a) Using a graphing utility,
r(f) = 0.0096f3 — 0.559 /2 + 10.54f — 61.5.

(b) dr_drdf _ (0.0288/% — 1.118/ + 10.54)£
dt  df dt dt

For t = 9, f = 16.3 from the table under the year
2009.

Also, z—f = 1.25, so you have
t

dr
dr

(0.0288(16.3)" — 1.118(16.3) + 10.54) (1.25)

—0.03941 million participants per year.

49. x* + y* = 10%; acceleration of the top of the ladder = d

First derivative: 2x@ +2 yﬂ =0
dt dt

x@ + yﬂ =0
dt dt

2 2
d°x  dx dx_l_ dy+@.@_

Second derivative: x——— + —

da?  di dt ydﬂ dt dt

48. (1)

dt
¥(1)

¥(1)

Section 2.6 Related Rates 195

= —4.9 + 20

-9.8¢

—4.9 + 20 = 15.1
=-98 20

(0, ())I

By similar triangles: 20 =2
x x =12
20x — 240 = xy
When y = 15.1: 20x — 240 = x(15.1)
(20 - 15.1)x = 240
240
X =—
4.9
20x — 240 = xy
20@ = xd—y + y@
dt dt dt
& x @
dt 20— ydt
Att = l,@ = M(—9.8) =~ —97.96 m/sec.
d 20-15.1

Ey (1) Lx (i) (dY
dt? dt? dt dt
2
When x = 6,y = 8, L = —l, and @ = 2 (see Exercise 21). Because @is constant, T oo
dt 2 a3 dt dr?

- Lo (3] 51

} ~ —0.0868 m/sec?
36
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196 Chapter 2 Differentiation

2
50. I’ = 4 + x%; acceleration of the boat = %
First derivative: 2Ld—L = 2xé
dt dt
Ll _
dt dt
PL A dL_ dx e ds

Second derivative: L—— + =x
>  dt dt d®  dt dt

d’x (1) d’L (dsz (dsz
- == L— 4+ | — — | ==
dr’ x)|  dt? dt dt
2
When L = 52,x = 4.8, ax = -1.3,and ar = —1.2 (see Exercise 24). Because d—Lis constant, aL = 0.
dt dt dt dr?

o
dr?

1
48

[52(0) + (-1.2)" - (-1.3)’]
1

—[1.44 — 1.69] = i[—o.zs] = —0.052 m/sec’
4.8 4.8

Review Exercises for Chapter 2

1. f(x) =12 2. f(x)=5x-4
, X + - flx , . x + Ax) — f(x
_ Alx_)o 12A—xlz = im [5(x+Ax)—4]—(5x—4)
Ax—0 Ax
- 1im X =0 g X SAY-4-5r+4
Ax—0 Ax Ar—0 Ax
= lim&=5
A—0 Ax

3. f(x)=x—2x+1
F(x + Ax) - f(x)

[(x) = lim e
[(x + Ax)3 - 2(x + Ax) + 1} - [x3 —2x + 1]
= lim
Ax—0 Ax

i X+ 3x2(Ax) + 3x(Ax)2 + (Ax)3 - 2x = 2(Ax) +1 - X +2x -1
= lim

Ax—0 Ax

3x%(Ax) + 3x(Ax)2 + (Ax)3 - 2(Ax)

Ax—0 Ax
2 2
i 3x* + 3x(Ax) + (Ax) 2
Ax—0 1
=3x* -2
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6
4., f(x) = —
x
Ax) —
F(x) = fim L0 A0 = S()
Ax—0 Ax
6 _—
i X+ Ax leim6x—(6x+6Ax): i —6 Ax _
Ax—0 Ax a0 Ax(x + Ax)x a0 Ax(x + Ax)x

5. g(x) =2x* = 3x,c =2

oy o &%) - 8(2)
g(2) = lim ="
(20 = 3x) - 2
=lim-—
x—2 x =2
_ lim (x=2)2x +1)
X2 x =2
= lim (2x +1) = 2(2) + 1 = 5
f(x) = ! c=3
' x+ 4
- f(3
£0) = tim 3 =7C)
x—3 x -3
1 _1
— hmx +4 7
x=3 x -3
- hmu
=3(x = 3)(x + 4)7
-1 1

lim = —-——
x—>3(x + 4)7 49

7. fis differentiable for all x # 3.

8. fis differentiable for all x # —1.

9.

10.

11.

12.

13.

25

S(x) =% - 11¥?
3x? — 22x

'\,1
—
=
Nas
Il

g(s) = 3s° — 2s*
g'(s) = 15s* - 8s°

h(x) = 65/x +33/x = 6x + 3x°

H(x) =3xV + x = 3oL

\/; 32

14. f(x) =

15.

16.

17.

18.

19.

20.

21.

22.

Review Exercises for Chapter 2

2 %

5 5y’
40 — 5sin @
4 —5cos b

4cosa + 6

—4 sin o

3cos @ — sin 6

—3sin 8 — cos 6

5sin o

3
5
coso:_2

- 20

3x% — 4x, (1,—1)
6x — 4
6—-4=2

197
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198

23.

24,

25.

26.

27.

28.

Chapter 2 Differentiation

f(x) = 4x° + 3x — sin x, (0, 0)
f(x) = 20x* +3 — cos x
F0)=3-1=2

f(x) = 5cos x — 9x, (0, 5)
f(x) = -5sinx -9
£(0) = =5sin0 - 9 = -9

F = 200/T
, 100
F(t) = ﬁ

(a) When T = 4, F'(4) = 50 vibrations/sec/Ib.

(b) When T =9, F'(9) = 33% vibrations/sec/Ib.

S = 6x?
ﬁ = 12x
dx

When x = 4,2—5 = 12(4) = 48 cm?/em
X

s(t) = —4.9% + vyt + 50559 = 200, v, = =10

(@) s(r) = —4.97 — 10t + 200

s(1) = v(r) = =9.8: = 10
3) - s(1
(b) Average velocity = w
1259 - 185.1
2
= —29.6 m/sec

(©) v(1) = -9.8(1) — 10 = —19.8 m/sec
v(3) = -9.8(3) — 10 = —39.4 m/sec

() s(r) = 0= —4.9 - 10¢ + 200

Using a graphing utility or the Quadratic Formula,
t = 5.449 seconds.

(e) When ¢ = 5.449,
v(t) = —9.8(5.449) — 10 = —63.40 m/sec.

) = 4.9 + 150

) =s(t) = -9.8¢

v(2) = —-9.8(2) = —19.6 m/sec
v(5) = —9.8(5) = —49 m/sec

29.

30.

31.

32.

33.

34.

35s.

f(x) = (sz + 8)(x2 —4x - 6)

f(x) = (5x +8)(2x — 4) + (x* — 4x - 6)(10x)
=10x> + 16x — 20x> — 32 + 10x> — 40x* — 60x
= 20x° — 60x? — 4dx — 32
= 4(5x* = 15x? — 11x - 8)

g(x) = (2x3 + 5x)(3x - 4)

g'(x) = (22 + 5x)(3) + (3x — 4)(6x? +5)
= 6x° +15x +18x% — 24x + 15x — 20
= 24x — 24x% + 30x — 20

f(x) = (9x — 1)sin x

S(x) = (9x = 1)cos x + 9 sin x

= 9xcos x — cos x + 9sin x
f(t) = 2Pcos t
f(¢) = 26°(-sin t) + cos t(10t4)

= 2¢%sin ¢t + 10¢*cos ¢

o) = S
f'(x) _ (x2 - l)(2x + 1)2 - (xz +x - 1)(2x)
(= 1)
_ —(x2 + 12)
(x* - 1)
1) =5
) = (x* + 4)(2)2— (2x2 +7)(2x)
(x + 4)
_ 2x2 + 8 — 4x* — 14x
(x +4)
_ -2 - ldx+8 _ 20+ T7x - 4)
(v +4) (v +4)
re

,  (cosx)4x® — x*(-sin x)
y = 2
cos?x

4x3cos x + x* sin x

COSZX
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36.

37.

38.

39.

40.

41.

42.

43.

sin x
Y=
y = (x“) cos x — (sin x)(4x3) _ xcosx — 4sinx
- - 5

() g

y = 3x% sec x

y = 3x% sec x tan x + 6x sec x

y = —x’ tan x

— 32 cap?
y = —x"sec” x — 2x tan x
y = XcosXx —sinx

y = —xsinx+ cosx — cosx = —xsin x

g(x) = x* cot x + 3x cos x
g'(x) = 4x° cotx + x4(—csc2 x) + 3 cos x — 3xsin x

= 4x3 cot x — x* csc? x + 3cos x — 3xsin x

f(x)=(x+ 2)()c2 + 5), (-1, 6)

f(x) = (x+2)(2x)+(x2 +5)(1)
=2x> +4x+x*+5=3x> +4x +5
S(-)=3-4+5=4

Tangent line: y — 6 = 4(x + 1)
y = 4x + 10

f(x) = (x = 4)(x* + 6x — 1), (0, 4)

f(x) = (x = 4)(2x + 6) + (x* + 6x — 1)(1)
=2xr = 2x - 24+ x* + 6x — 1
= 3x% + 4x - 25
f(0)=0+0-25=-25
Tangent line: y — 4 = —25(x — 0)
y=-25x+4
x+1(1
= | =3
f(x) x—l(Z j
, x—1)—-(x+1 -2
=Dl 2
(x-1) (x=1)

GRS

Tangent line: y + 3

1]

|

fole)
o
=

|

N | —
N

Il

|
(o]
=
+
—_

Y
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Review Exercises for Chapter 2 199

44 f(x) _ 1+ cosx (E, lj

1—cosx (2

(1 = cos x)(=sin x) — (1 + cos x)(sin x)

(1- cosx)2
_ 2sinx
(1- cosx)2
A 7T -2
| =— =22
"5)-3

Tangent line: y — 1 = —Z(x - %j

y=-"2x+1+nm

45. g(t) = -8 =5t + 12
g(t) = 24> -5
g’(t) = —48¢

46. h(x) = 6x72 + 7x%

h/(x) = —12x73 + 14x

h'(x) = 36x7* +14 = % + 14
47. f(x) = 15x7?

S(x) = B2

2
() = B = B3

48. f(x) = 203/x = 204"
f(x) = 4578

77 _16 . 16
f (x) = Tx ” = _5x9/5
49. f(6) =3tan @
f(6) = 3sec’ 6
S7(6) = 6sec f(sec 6 tan 6)
= 6sec’ O tan

50. Ah(t) =10cost —15sin¢
H(t) = =10sin ¢t — 15 cos ¢
h’(t) = =10 cos ¢ + 15sin ¢

51. g(x) = 4cotx
g'(x) = —4csc® x
g”(x) = =8 csc x(—csc x cot x)

8 csc? x cot x



200 Chapter 2 Differentiation

52. h(t) = —12csct 59. y = 5cos(9x + 1)
H(t) = =12(—csct cot t) = 12 csc t cot ¢ ¥ = =5sin(9x + 1)(9) = —45sin (9x + 1)

h'(t) =12 csc t(—csc2 t) + 12 cot #(—csc ¢ cot ¢)
60. y = —6sin 3x*

y =-6 cos(3x4)(12x3) = —72x* cos 3x*

—12(<:sc3 ¢t + csc t cot? t)

53. (1) =20-2,0<1<6 .
i 61 _ X _sin2x
) = ¥ = -2 y-iosm
3) =20 -3 =11m/
"G) see y = LI 2x(2) = l(1 - cos 2x) = sin’x
a(3) = -2(3) = -6 m/sec’ 2 4 2
300 62. y - sec’x  sec’x
54. v(t) = : - -
0= s 7 3
0 (4t + 80)300 — 300¢(4) »" = sec®x(sec x tan x) — sec*x(sec x tan x)
a =
(4t + 80)° = sec’x tan x(sec’x — 1)
_ 24,000 - 1500 . = sec’x tan’x
(4t +80)"  (z +20)
63. y = x(6x + 1)
(a) a(l) = 15020 =~ 3.40 m/sec’ ( ) . B
21 ¥ = x5(6x + 1) (6) + (6x + 1)°(1)
(b) a(5) = 1;;)20 = 2.4 m/sec’ = 30x(6x + 1) + (6x + 1)°
= (6x + 1)*(30x + 6x + 1)
(¢) a(10) = 1500 1.67 m/sec? 4
900 = (6x +1)*(36x + 1)
55. y = (7x +3)* 52
=Y 64. f(s) = (7 = 1) (s +5)
, 3 3
= 47x + 3)(7) = 28(7x + 3
VA ) = 28 76) = (7 =7 E) + (7 )7 - )2
56. y = (x* - 6) = s(s* = 1) [3s(s> = 1) + 5(s° + 9)]
, 2 2
y = 3(x2 - 6) (2x) = 6x(x2 - 6) = s(s2 - 1)3/2(853 - 3s + 25)
57. y = . (x2 + 5)_3 65 X '
. = 3 = . =
(< +9) -7
y = —3()62 + 5)74(2)6) , X ? (x + 5)]/2(1) x(i)(x + 5)_1/2
f(x) =3
_ 6x \/x +5 x+5
=-— .
(x* +5) 3 [2x +5) - x
| . S x+5| 2x+5)”
58. f(x)=——5 =(5x+1)
(5x + 1) _ 3x%(x +10)
10 20x + 57
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66.

67.

68.

69.

70.

76.

h(x) = [;‘2 J:rszj 71.
vy A x+S (xz + 3)(1) - (x + 5)(2x)
") = Z(xz + 3) (x* + 3)2
2(x + 5)(—x* - 10x + 3)
- (x + 3)3 72.
f(x) =~1-x%(-2,3)

) = 2 ) = 2

-12 73.

A
(qy = 23) _ 1
05 2
_ x+8
f(x) = G )" (0,8) )
fx) = Gx +1)7(1) - ();x++8)1(;)(3x L 170)
£0) =2 —14(3) 4
3x + 1
f(x) = (4r - 3)3, (1, 4)
o\ (4x - 3)3(3) - (3x + 1)(3)(4x _ 3)2(4)
f(x) = - 3)6
) = 22 41(3)(4) s
y = xsin® x
3" = sin® x + 2x sin x cos x

2sin x cos x + 2 sin x cos x + 2x cos? x — 2x sin? x

4 sin x cos x + 2x(0052 x — sin? x)

Review Exercises for Chapter 2

1 T 1
= —csc2x, | —, —
2 42

y =
¥y = —csc 2x cot 2x
-
y = csc 3x + cot 3x, [%, 1)
y" = =3 csc 3x cot 3x — 3 csc? 3x
y’(%):0—3=—3
y = (8x+5)

¥ = 3(8x + 5)°(8) = 24(8x + 5)°
¥ = 24(2)(8x + 5)(8) = 384(8x + 5)

y =

Sx +1

L. (5x + 1)

¥ o= (-D)Bx +1)7(5) = =5(5x + 1)

7 (Z5)(=2)(5x By 90
V= S0 = s
cot x

= —2 csc x(—csc x - cot x)

2 csc’x cot x

201
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202 Chapter 2 Differentiation

77. T = L’O
2 +4t+10
T = 700(¢2 + 4t + 10)

, —1400(t + 2)
(¢ + 40 +10)"

(a) Whent =1,
—1400(1 + 2
T = 42 =~ —18.667 deg/h.
(1+4+10)
(b) Whent = 3,
—1400(3 + 2
T = % ~ —7.284 deg/h.
(9 +12 +10)
(c) Whent = 5,
. —1400(5 + 2)
I" = —————— = -3.240 deg/h.
(25 + 20 + 10)
(d) Whent = 10,
, —1400(10 + 2)
7' =———" = —0.747 deg/h.

(100 + 40 + 10)°

78. y =lcos8t—lsin8t
4 4

y = % (—sin 8¢)8 — %(cos 81)8

= —25sin 8 — 2 cos 8¢

Attimet = T
o3)- sl -4l(3)
= (1) =  meter
W(t) = y'[%) = -2 sin{S[j):' ~ 2cos
)

79. x>+ )* =64

2x + 2y =0
2y = =2x
, X
y =-
y
80. X2 +dxy -y =6

2x + 4xy + 4y —3y% =0
(4x - 3y2)y' = -2x -4y

, _ 2x+ 4y
3y% — 4x

81. ¥y -x° =4
¥y +3x%y —x3yH -y =0
¥y = 3x%y = ¥ - 3x%y

y'(x3 - 3xy2) = y* - 3x%y

V= —ij - ;i;{*
2 g2
e
82. Jo o= x -4y
Vi Y

+
N NE
x +y =2Jxy - 8 Jxyy

X+ 8 /xyy = 2Jxy -y

PN -y
y =7
x + 8/ xy
=2(x—4y)—y
x + 8(x — 4y)
_ 2x -9y
9x — 32y
83. xsiny = ycosx
(xcos y)y" +siny = —ysinx + " cos x
Y(xcosy —cosx) = —ysinx —sin y
, _ysinx +siny
4 COS X — X COS
84. cos(x +y) =x

—(1+))sin(x+y) =1
-y sin(x + y) =1+ sin(x + y)
,  l+sin(x+y)

=T L ese(x+1) = 1
7 sin(x + y) esel +1)
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85. x* + 12 =10
, 6.1
2x + 2y =0 (/_ﬁ/
-6 6
, —X /’)<
y = —

Y "4
At(3,1), Y = -3
Tangent line: y-1=-3x-3=>3x+y-10=0
Normal line: y—l=§(x—3)2x—3y=0
86. x> — y* =20 88. Surfaccarea = 4 = 6x%, x = length of edge
2x =2y =0 dx
N Z 8
y = ;
3 L P 12(6.5)(8) = 624 cm?/sec
AL(6.4).) = 3 di dr
3 89. tanf = x
Tangent line: y—4=>(x-6) 40
2 2~ 3(27) rad/min
3 5 dt
y=-x-
2 sec@[ﬁ] s
2y —3x+10 =0 i) dr
dx
Normal line: y - 4 = _g(x — 6) E = (tan29 + 1)(67[) = 671'()(2 + 1)
y=—2x+8 Whenle,
3 2
3y +2x-24 =0
yr P sl L 1) = B nmin = 4507kmvm,
7 dt 4 2
©.4)
-1 _f 1
-1
87. y=+/x
L2

2 units/sec

dt

dy 1 dx dx dy
= = == == 2 = A
dt  2-/x dt dt Yt *

(a) When x %, % = 2+/2 units/sec.

1, @ = 4 units/sec.
t

(b) When x

(¢) Whenx = 4,% = 8 units/sec.

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



204 Chapter 2 Differentiation

90.  s(1) = 60 — 4.9

s(r) = -9.8t
s =35 =60 — 4.9
4.9 = 25
P
J49
1 s(t
tan 30 = ﬁ = xit;
x(t) = ~/3s(t) 0
& _ 3% \/3(—9.8)i ~ —38.34 m/sec = )
dt dt 4.9
Problem Solving for Chapter 2
1. (@) x> +(y - r)2 = 12, Circle
x* = y, Parabola
Substituting: 3
(y-r)=r-y
V=2 +rt=rt—y s s
V=2 +y=0

yiy-2r+1) =0

2
. 1
Because you want only one solution, let 1 — 2 = 0 = r = % Graph y = x*and x* + [y - fj =

1
2 4

(b) Let (x, y) be a point of tangency:

x2+(y—b)2 :1:2x+2(y—b)y':ij':%,Circle
-y

y = x* = )’ = 2x, Parabola

Equating: S
2% = >
b-y
-3 3
2b-y) =1

1 1

b— =7jb: + —

7 2 7 2
Also, x* +(y—b)2 = land y = x? imply:
N[ 1 3 5
y+(y—b)2=1:>y+{y—(y+ﬂ =l=>y+ =1=>y="adb=7

2 4
Center: [0, éj
4

2
Graph y = x?and x* + (y - Zj =1.
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2. Let (a, az) and (b, —-b* +2b — 5) be the points of tangency. For y = x?,)" = 2xand for y = —x> + 2x — 5,

¥y = -2x+2.80,2a = -2b+2 = a+b=1or a=1- b Furthermore, the slope of the common tangent line is
@ —(-b*+26-5) (1-bY +b>-2b+5
(a—b ) )(l—b)—b s
- 1—2b+b12_+2bbz—2b+5=_2b+2
= 2b% —4b+ 6 = 4b* — 6b + 2
=27 -2b-4=0
=> b -b-2=0
=>®B-2)b+1)=0
b=2-1

For b = 2,a = 1 - b = —1and the points of tangency are (—1, 1) and (2, —5). The tangent line has slope
2y-l==2(x=1)=y=-2x-1

For b = —1,a = 1 — b = 2and the points of tangency are (2, 4)and (-1, —8). The tangent line has slope
4:y—4:4(x—2):>y:4x—4

y

3. Let p(x) = A3 + B* +Cx+ D
p'(x) = 34x* + 2Bx + C.
At (L, 1): At (-1, -3):
A+ B+ C+D 1 Equation 1 A+ B- C+D -3 Equation 3
34+ 2B+ C = 14 Equation 2 34+ 2B+ C = -2 Equation 4

Adding Equations 1 and 3: 2B + 2D = -2
Subtracting Equations 1 and 3: 24 + 2C =4 D = %(—2 - 2B) = -5.

Adding Equations 2 and 4: 64 + 2C = 12
Subtracting Equations 2 and 4: 4B = 16

So, B = 4and D = 1(-2 - 2B) = —5. Subtracting 24 + 2C = 4and 64 + 2C = 12,

you obtain 44 = 8 = 4 = 2. Finally, C = 1(4 = 24) = 0. So, p(x) = 2x’ + 4x* - 5.

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



206 Chapter 2 Differentiation

4. f(x) =a+bcoscx

S(x) = =besin ex

At(0,1): a+b =1 Equation 1
At (z, é] a+b cos(ﬁJ = 3 Equation 2

4 2 4 2
—bc sin(%j =1 Equation 3

From Equation 1, a = 1 — b. Equation 2 becomes

3

(1—b)+bcosg =f:>—b+bcos%=l.
4 2 4 2

5.() y=x%) = 2xSlope = 4at(2,4)
Tangent line: y — 4 = 4(x — 2)
y=4x -4

(b) Slope of normal line: —%

Normal line: y—4=—%(x—2)
=12

TETTY
1 2

=——Xx+=-=x

PETYT,

= 4x>+x-18=0
:>(4x+9)(x—2):0

x = 2,—2

From Equation 3, b = _71 So:
c sin (czr/4)

! T os(ﬁ) 1
csin(cr/4) ¢ sin(cﬂ'/4)v 4 2
cr 1 . (cw
1 — cos| — | = —c sin| —
(5ol

Graphing the equation

(c) = lc sin(gj + cos(gj -1
& 2 4 4 ’

you see that many values of ¢ will work. One answer:

1 3 3 1
c=2b=—-—a=== f(x)==—-—cos2x
2 2 f() 2 2

(d) Let (a, az), a # 0, be a point on the parabola y = x°.

Tangent line at (a, az) is y = 2a(x — a) + a’.
Normal line at (a, az) is y = —(1/2a)(x — a) + "

To find points of intersection, solve:

x2 :—L(x—a)+a2
2a
LRI N
2a 2
¥+ —x 12:a2+l+ 12
2a 16a 2 16a

1 .
X+—=a+— = x =a (Point of tangency)
. . . 9 81 4a
Second intersection point: | ——, —
416 1 [ 1 j 1 2a% + 1
X+—=—a+—|=>x=—-a-—=-—
(c) Tangentline: y = 0 4a 4a 2a 2a
L 2
Normal line: x = 0 The normal line intersects a second time at x = _2a2 b 1,
a
6. (a) f(x) = cosx R(x) = ay + ax () f(x) = cosx P(x) = ay + ayx + ax*
f(o)zl Pl(o)=00:>ao=1 f(0)=1 PZ(O)=‘103110=1
f(0)=0 P0)=a = a =0 S(0)=0 P0)=a = aq =0
Alx) =1 £0) = -1 P(0) = 2a, = a, = -1
B(x) =1-1x°
© X -1.0 -0.1 -0.001 | 0 | 0.001 0.1 1.0
COS X | 0.5403 | 0.9950 | =1 1| =1 0.9950 | 0.5403
Pz(x) 0.5 0.9950 | =1 1| =1 0.9950 | 0.5

P,y(x) is a good approximation of f(x) = cos x when x is near 0.
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(d) f(x) =sinx B(x) = ay + ax + apx* + ax’
f(0)y=0 P0)=ay = ay =0
f(0) =1 PO0)=a = q =1
f7(0)=o0 P0)=2a, =>a =0
£7(0) = -1 P(0) = 6a; = a3 = —¢
P3(x) =x -1y
7. (@) x* = a’x? - a%? (c) Differentiating implicitly:
a’y* = a*x* - x* 4x® = 2a%x - 2a°yy’
+a2x? - x* 2y 453 x(a® - 2x? +
yziax * y’:zax24x= ( 2 )=O:>2x2=a2:>x=;a
a 2a‘y ay NG
2.2 _ 4 22 2
Graph: y; = Y4 =% [a =a [] —a*y?
a 2
a*x? - x* a*  a*
and y, = — — = — —a%?
2 a s 2 Y7
4
(b) 2 — a2y2 _ %
_3 K\l 3 2 _ aZ
yr==
lwy a=2 4
a= a
-2 y = iE

(a, 0) are the x-intercepts,
Four points: S N P
along with (0, 0). \V2 22 2S

8. (@ by =x(a-x); ab>0

=35

x3a—x
o Xla=x)

x*(a - x)
b
(b) a determines the x-intercept on the right: (a, 0). b affects the height.

Graph y, = fand Yy = —

(c) Differentiating implicitly:
207y = 3x*(a - x) — x> = 3ax? — 4x?

, (3ax2 - 4x3) 0
= 2%y
= 3ax? = 4x°
3a = 4x
_3a
4
3 3
o= (e-3)-
4 4 64 \ 4
, 274 334>
yo= ;===
256b 16b
. 3a 3\/§a2 3a 3\/§a2
Two points: | —, 5| T T
4 16b 4 16b
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208 Chapter 2 Differentiation

Line determined by (0, 10) and (30, 2):

10_2(x—0):—£x:—ix3y:—ix+10
0-30 30 15 15

y—10 =

]

[
\%
—_

When x = 33: y = —%(33) +10
Not drawn to scale

As you can see from the figure, the shadow determined by the man extends beyond the shadow determined by the child.

b 3 Line determined by (0, 10) and (20, 2):
y—10= éo__zf)(x -0) = —%x = y= —§x+ 10

When x = 23: y = 2(23)+10:§<1

s

\ % 5 !

Not drawn to scale
As you can see from the figure, the shadow determined by the child extends beyond the shadow determined by the man.

(c) Need (0,10), (d, 2), (d + 3,1) collinear.

10-2_ 2-1 :>§:l:>d=24meters
0-d d-(d+3) d 3
(d) Let y be the distance from the base of the street light to the tip of the man’s shadow. You know that dx/dt = _?5
DA A AN y = éxand & _ Sk _ _—25meters per second.
10 2 4 dt 4 dt 24

ALTERNATE SOLUTION for parts (a) and (b):
(a) As before, the line determined by the man’s shadow is
4
=—-——x+10

The line determined by the child’s shadow is obtained by finding the line through (0, 10) and (33, L):

10 -1
0-33

9
-10 = x-0) =y =-—x+10
g (=0 = e =53
By setting y,, = y. = 0, you can determine how far the shadows extend:
4 1
Man:y,, =0 = —x =10 = x = 37—
15 2
. 9 2
Child:y, =0 = —x =10 = x = 36—
33 3

The man’s shadow is 37% - 36% =~ % meter beyond the child’s shadow.
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(b) As before, the line determined by the man’s shadow is

2
w = ——Xx + 10
7 5

For the child’s shadow,
10 - 1

—10 =
Y 0- 23

9
-0) = =-——x+10
(r=0) = y. =~
2
Man:y,,,:0:>gx:102x:25
Child:yc=O:>ix=10éx=@=25é
23 9 9

So the child’s shadow is 25% -25 = g meter beyond the man’s shadow.

dy 1 _,dx
10. (a) y = ¥} = = = x 2=
@ y=x a3 i
1, \-23dx
1=—8)"7"—
3() dt
(3 = 12 cm/sec
dt
dx [ dt) + y(dy / dt
b)) D=+/x*+) = %) = %(x2 + yz)(Zx% + 2y%j G )2 y(zy )
X4y

8(12) + 2(1
= ( )+ ()— B _ Y cm/sec

J6a+ 4 Jes /17
d6 _ x(dy/dt) — y(dx/dt)

dt x?

(c) tan @ = L = sec?d -
X

—]
2

8(1) — 2(12 -
From the triangle, sec 8 = \/68/8. So 46 = M = -16 = _4 rad/sec.
dt 64(68/64) 68 17

1. () v(r) = -5 + 8 m/sec
a(t) = —% m/sec’
(b) v(r) = —%t+8 =0= %t =8 = ¢ = 5seconds
5(5) = —4(5)" +8(5) + 2 = 22 meters

(c) The acceleration due to gravity on Earth is greater in magnitude than that on the moon.

12. E(x) = AlimoE(x : ? ~ 20 Av—0 Ax Av—0

But, £(0) = lim E(Ax) - E(0) _

Ax—0 Ax Ax—0

AZ))C_ L 1. So, E'(x) = E(x)E'(0) = E(x)exists for all x.

For example: E(x) = ¢

= i BB Z B E(x)(E(AZx)_lj _ () 1im £ =1

209
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210 Chapter 2 Differentiation

_ o L) LAY - L) ()
Ar—0 Ax Ax—0 Ax A0 Ax

L(Ax) - L(0)

. But, L(0) = 0because L(0) = L(0 + 0) = L(0) + L(0) = L(0) = 0.

14. @) | (gegrees) | 0.1 0.01 0.0001
sin z
0.0174524 | 0.0174533 | 0.0174533
zZ
() lim 22 < 0.0174533
z—0 z
In fact, lim smz_ L.
>0z 180
sin (z + Az) — sin
© Lisinz) = fim SmEFA) = sinz
dz Az—0 Az
. sinz-cosAz + sin Az - cos z — sin z
= lim
Az—0 Az

. . cos Az — 1 . sin Az
lim |sin zj ——— || + lim |cos z
Az—0 Az Az 0 Az
b4 V4
= (sin z)(0) + (cos z)| — | = — cos
(sin 2)(0) + ( Z)(180] 180

V4 V4
d) S(90) = sinj] —90 | = sin— =1
@ ( ) [180 j 2

C(180) = cos(iISOJ = -1
180

%S(z) - %sin(cz) - ¢ - cos(ez) = 2C(2)

(e) The formulas for the derivatives are more complicated in degrees.

15. j(z) = d(1)

(a) Jj(#) is the rate of change of acceleration.

(b) s(t) = —2.5* + 20¢
v(t) = =5t + 20
a(t) = =5
d(t) = jt) =0

The acceleration is constant, so j(¢) = 0.

(¢) ais position.
b is acceleration.
cis jerk.
d is velocity.
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