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CHAPTER P
Preparation for Calculus

Section P.1 Graphs and Models

__3 = 2
1. y=-3x+3 7.y =4-x
x-intercept: (2, 0) x| -3 210123
-intercept: (0, 3
y pt: (0, 3) vyl =510 |4|0]| -5
Matches graph (b).

2. y =9 -2
x-intercepts: (=3, 0), (3, 0)

y-intercept: (0, 3)
Matches graph (d).

3. y=3-x2
x-intercepts: (\/5, 0), (—\/5 , O)

y-intercept: (0, 3)
Matches graph (a).

4. y = x> —x

x-intercepts: (0, 0), (=1, 0), (1, 0)

y-intercept: (0, 0)

Matches graph (c).
5.y = %x +2

x| 4| -210]2]|4

40 |
6. y =5-2x 7
x| -1 ]0([1]2 % 3 4
y |7 5(3(1]0 -1 | -3
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Section P.1 Graphs and Models 3

10.y=‘x‘—l 14. y = L
x+2
x| =3 2| -110 1 2 3
x| -6 | -4 | 3= -1 10 |2
yl|2 1 0 -1 10 1 2
¥ —% —% —1 | Undef. | 1 % %
1
_ _ 15.
1. y =/x -6 5 1 xmin = 5
Xmax = 4
0 1 4 16
Y o Xscl =1
vyl -6 |-5|-4|-3]-=2 Ymin = -5
Ymax = 8
y Yscl =1
‘ 2% L Note that y = -3 when x = 0 and y = 0 when
x = -1.
16. Xmin = 20
Xmax = 30
Xscl = 5
Ymin = —10
Ymax = 40
x| 2110 207 |14 Ysel =5
y |0 1 V2|23 |4 Note that y = 16 when x = 0 or 16.

17. y =~5-x

5

(~4.00, 3)
(2.1.73)

-3

@ (20)=02173) (y=~5-2=3~17)

®) (x 3) = (-4,3) (3 =5 _(_4))

18. y = x° - 5x

6
)

[N (0%}
—

y| -1] -3 | -3 | Undef. |3
05,247

L

3+ (1,(32)2) } v(l,—4)
: ’2(3,1) -6
SRR (@) (-0.5, y) = (-0.5, 2.47)
-3/ -2 -1 1 2 3
(23 () (x, —4) = (-1.65, —4)and (x, —4) = (1, -4)
=T 3
L=-3% T
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Chapter P Preparation for Calculus

19. y =2x -5
y-intercept: y = 2(0) =5 = =5; (0, -5)

x-intercept: 0 = 2x — 5

2 -/x

25. y = o

y-intercept: None. x cannot equal 0.

5=2x x-intercept: 0 = 2=
N ( s 0) S5x
2\2 0=2-+/x
20. y = 4x2 +3 x = 4(4,0)
y-intercept: y = 4(0)2 +3=3(0,3) 2%. y = x? + 3x2
x-intercept: 0 = 4x* + 3 (3x +1)
442 2
3= y-intercept: y = 0+73(0)2
None. y cannot equal 0. [3(0) + l]
21, y = x* +x -2 y = 0;(0,0)
2
y-intercept: y = 0% + 0 — 2 x-intercepts: 0 = Al 3)62
y= 2 (O, _2) (3x + 1)
x(x + 3)
x-intercepts: 0 = x* + x — 2 0= (3x + 1)2

O:(x+2)(x—1)
x==-2,1 (—2, 0), (1, O)

22, y? = X' — 4x
y-intercept: y*> = 0° — 4(0)
y = 0;(0,0)

x =0,-3;(0,0), (-3, 0)

27. X’y — x?

y-intercept: 0%(y

+4y =0

) - 0> + 4y =0
y =0;(0,0)

x-intercept: x*(0) — x> + 4(0) = 0

x-intercepts: 0 = x° — 4x x = 0:(0,0)
0 = x(x - 2)(x + 2) o
X = 05 iza (07 0)7 (iza 0) 28. y = 2x — \V Xz +1
; . _ _ 2
3.y = xm y-intercept: y = 2(0) 0 +1
y =-1(0, -1
y-intercept: y = 016 — 0% = 0; (0, 0) ( )
\/—2 x-intercept: 0 = 2x — /x? + 1
x-intercepts: 0 = x\/16 — x
2x = /¥ +1
0=ux (4—x)(4+x) 4 = 22 41
x =0,4,-4;(0,0), (4,0), (-4, 0) 32 = 1
24. = (x - 1)\/x2 +1 ¥ = é
y-intercept: y = (0 — N/ 0% + 1 ‘- +£
y = -1; (0, -1) \/_3 7
3 3
x-intercept: 0 = (x — I/ x* + 1 = T; [3’ OJ
x=1(L0
(1.0) Note: x = —/3 /3 is an extraneous solution.

29. Symmetric with respect to the y-axis because
y =(—x)2—6:x2—6.
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30.

31.

32.

33.

34.

3s.

36.

37.

38.

39.

40.

y=x*-x

No symmetry with respect to either axis or the origin.

Symmetric with respect to the x-axis because

(—y)2 = y2 = x’ - 8x.

Symmetric with respect to the origin because

(=) = (=) + ()

-y =-x—x

X+ x

y

Symmetric with respect to the origin because
(=x)(-y) = w = 4.

Symmetric with respect to the x-axis because
x(—y)2 = xp? = -10.

y=4-~x+3

No symmetry with respect to either axis or the origin.

Symmetric with respect to the origin because

(=9() =4 - (= -0

xw—~4-x2 =0

Symmetric with respect to the origin because
—x

. is symmetric with respect to the y-axis

(=) X

(~x) +1  x

because y =

y = ‘x3 + x‘ is symmetric with respect to the y-axis

3

because y :‘(—x)3 + (—x)‘ :‘—(x + x)‘ =‘x3 + x‘.

‘ y‘ — x = 3 is symmetric with respect to the x-axis
because
[-y[-x=3

‘ y‘ -x =3

Section P.1 Graphs and Models

41. y =2 - 3x
Intercepts: (0, 2), (%, 0)

Symmetry: None

42. y = -3x+6
Intercepts: (0, 6), (4, 0)

Symmetry: None
gl

6%(0,6)

43. y = %x -4
Intercepts: (8, 0), (0, —4)

Symmetry: none

4. y = %x +1
Intercepts: (0, 1), (—%, 0)

Symmetry: none

—
15
=
“
;
=
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Intercept: (0, 3)
Symmetry: y-axis

47. y = (x + 3)2
Intercepts: (-3, 0), (0, 9)

Symmetry: none
s

12

0
JO9

2

—+—+—+e% F—F> x
~10 -8 -6 (,3,0)2Jr 2 4

48. y=2x2+x=x(2x+1)

Intercepts: (0, 0), (—%, 0)

Symmetry: none

51.

52.

amere INOT-FOR SALE

6
45. y =9 - x? 49. y=x*+2
Intercepts: (0, 9), (3, 0), (-3, 0) Intercepts: (‘{/59 0)» (0, 2)
Symmetry: y-axis Symmetry: none
y y
51
o
n
©,2)
ol T
_3_2[_1” 1 2 3
46. y = x> +3 50. y = x* — 4x

Intercepts: (0, 0), (2, 0), (-2, 0)

Symmetry: origin

Yy =xJx+5
Intercepts: (0, 0), (=5, 0)

Symmetry: none

(=5,0) 0,0

y =257

Intercepts: (0, 5), (5, 0), (-5, 0)

Symmetry: y-axis

INSTRUCTOR USE ONLY

) ) © 2010 Brooks/Cole, Cengage Learning
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53.

54.

5S.

56.

x =y
Intercept: (0, 0)

Symmetry: origin

x=31y>-4
Intercepts: (0, 2), (0, —2), (-4, 0)

Symmetry: x-axis

Intercepts: none

Symmetry: origin

[ Y
I
t

10
x?+1
Intercept: (0, 10)
Symmetry: y-axis

y:

Section P.1 Graphs and Models

57. y =6 —‘x‘
Intercepts: (0, 6), (-6, 0), (6, 0)

Symmetry: y-axis

58. y = ‘6 - x‘
Intercepts: (0, 6), (6, 0)

Symmetry: none

y=x4+9
y=2Jx+9

Intercepts: (0, 3), (0, —3), (—9, 0)

Symmetry: x-axis
4

0,3

—
(JLV/A
-1 1

60. x* + 4y

Intercepts: (-2, 0), (2, 0), (0, -1), (0, 1)
Symmetry: origin and both axes
Domain: [—2, 2]

© 2010 Brooks/Cole, Cengage Learning



Chapter P Preparation for Calculus

.x+3y2 =6 65. >’ +y=6=y=06-x"
37 =6 - x x+y=4=>y=4—-x
~ +\/m 6-x>=4-x
TN 0=x>-x-2
Intercepts: (6, 0), (0, \/E), (0, —\/E) 0=(x-2)(x+1)
. x =2, -1
Symmetry: x-axis
3 The corresponding y-values are y = 2 (for x = 2) and
_1(0.v2) y =5 (for x = -1).
-1 &0 8
_‘F_ﬂ__ff’j Points of intersection: (2, 2), (—1, 5)
(0.-v2)
- 66. x=3-3yP=>y*=3-x
=x-1
.3x—-4y* =8 g 2
4% = 3x — 8 3-x=(x-1)
3—-x=x>-2x+1
y == %x -2
O:xz—x—Z:(x+l)(x—2)
Intercept: (%, 0) x=—-lorx =2
Symmetry: x-axis The corresponding y-values are y = =2 (for x = —1)
2 and y =1 (for x = 2).
8.0
6 (zb-’)‘f 12 Points of intersection: (—1, —2), (2, 1)

2

67. >+’ =5= 3y =5-x*

x—-y=1l=>y=x-1
x+y=8=y=8-x

~x? = (x =1V
dx—y=T=>y=4x-17 S (x )
— 42 = 2 _
8 — x = dy — 7 5-x x22x+1
15 = 5x 0= 2x —2x—4:2(x+1)(x—2)
3= x=-lorx =2
The corresponding y-value is y = 5. The corresponding y-values are y = -2 (for X = —1)
Point of intersection: (3, 5) and y =1 (for x = 2).
Points of intersection: (-1, —2), (2, 1
.3x—2y=—4:y:3x2+4 ( )( )
_ _ 3 2 2 =2 2 =25 — 2
Ax + 2y = 10 = y = 4x — 10 68. x° +y 5=y 5—-x
2 Bx+y=15=y=3x+15
3x+4:—4x—10 25—x2=(3x+15)2
2 2 2 2 = 9x% + 90 22
3x+4 = —4x — 10 3= X0 =07+ 90x + 225
75 = —14 0 = 102> + 90x + 200
X = -2 0=x>+9x+20
The corresponding y-valueis y = —1. 0= (x+5)(x+4)
Point of intersection: (-2, —1) x=-4orx=-5
The corresponding y-values are y = 3 (for x = —4)

and y = 0 (for x = -5).

Points of intersection: (—4, 3), (—5, 0)

© 2010 Brooks/Cole, Cengage Learning



69.

70.

71.

y =X
y =X
X =x

X -x=

x(x+1)(x—1):0
x=0,x=-Lorx =1

The corresponding y-values are
y =0 (for x = 0), y = -1 (for x = —1), and

1 (for x =1).

y
Points of intersection: (0, 0), (—1, —1), (1, 1)

y=x —4x
y =—(x+2)
x374x=7(x+2)
¥ -3x+2=0
(x=1(x+2)=0
x=1lorx =-2

The corresponding y-values are
y =3 (for x = 1)and y = 0 (for x = -2).

Points of intersection: (1, —3), (—2, 0)

Analytically,
y=x-2x+x-1
y=-x>+3x-1

¥ -2xr+x—1=-x*+3x-1

X -x*-2x=0
x(x - 2)(x + 1) =0
x=-10,2.
Points of intersection: (-1, =5), (0, -1), (2, 1)

4 y=.\’372x2+xfl

2. D

Y =
Ls/

-8
)‘=7x2+3)c71

6

Section P.1 Graphs and Models

72. Analytically,

xt-2x? +1

73.

74.

y=Ji76
y = —ax

4
y=v/x+6 (37\/5) f—

-7

Points of intersection: (—2, 2), (—3, \/3) ~ (—3, 1.732)

VX + 6

y:

<
Il

/m

-2

Analytically,

<

2

x+ 6

xX“+5x+6
(x+3)(x+2)

—[2x - 3|+ 6

y=6-x

7

=]
(1,5)

7

P

8

- y=—|2¢-3]|+6

Points of intersection: (3, 3), (1, 5)

X

-x? — 4x
0

0

-3, -2.

Analytically, —|2x — 3|+ 6 = 6 — x
‘Zx - 3‘: X

2x =3

X

xor2x—3=

3 or

X =

© 2010 Brooks/Cole, Cengage Learning
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75.

77.

78. y

79.

80.

82.

Chapter P Preparation for Calculus

(a) Using a graphing utility, you obtain
y = —0.027£ + 5.73t + 26.9.
(b) 250

el

-50

The model is a good fit for the data.
(c) For2010, # = 40and y = 212.9.

C =R
5.5/x + 10,000 = 3.29x

(5.5\/5)2

(3.29x - 10,000)°

30.25x = 10.8241x* — 65,800x + 100,000,000
10.8241x* — 65,830.25x + 100,000,000

0

X

3133 units

Q

The other root, x = 2949, does not satisfy the equation R = C.

76. (a) Using a graphing utility, you obtain

y =077 + 2.1t + 4
(b) 240

0

The model is a good fit for the data.
(c) For2015, t = 25and y ~ 538 million subscribers.

Use the Quadratic Formula.

This problem can also be solved by using a graphing utility and finding the intersection of the graphs of C and R.

10,770

- 0.37
)

400

0

If the diameter is doubled, the resistance is changed by
approximately a factor of %. For instance,

¥(20) ~ 26.555 and y(40) = 6.36125.

Answers may vary. Sample answer:

y = (x + 4)(x — 3)(x — 8) has intercepts at
x=-4,x=3,and x = 8.

Answers may vary. Sample answer:

y = (x + %)(x - 4)(x - %) has intercepts at

x=—%,x=4,andx=%.

(@ v [Because y = _’a(—x)2 +3=3x + 3}

81. (a) If (x,y) is on the graph, then so is (—x, y) by y-axis

symmetry. Because (—x, y)is on the graph, then so
is (—x, —y) by x-axis symmetry. So, the graph is
symmetric with respect to the origin. The converse is

not true. For example, y = x° has origin symmetry

but is not symmetric with respect to either the x-axis
or the y-axis.

(b) Assume that the graph has x-axis and origin
symmetry. If (x, y) is on the graph, so is (x, -y)by

x-axis symmetry. Because (x, - y) is on the graph,

then so is (fx, 7(7)/)) = (—x, y) by origin
symmetry. Therefore, the graph is symmetric with

respect to the y-axis. The argument is similar for
y-axis and origin symmetry.

) i [Because y =3 -3x = 3x(x - 1)(x + 1) has x-intercepts (0, 0), (1, 0), (—1, 0)]

(c) None of the equations are symmetric with respect to the x-axis

(d) ii [Because (—2 + 3)2 = 1} and vi [Because v-2+3 = IJ

(e) i [Because 3(—)()3 - 3(—x) =-3x +3x = —y} and iv [Because Yx = 3Yx = —y}

H i [Because 3(0)3 — 3(0) = O} and iv [Because 3o = 0]

© 2010 Brooks/Cole, Cengage Learning



83.

84.

8s.

86.

Section P.2 Linear/Models and Rates of Change 11

False. x-axis symmetry means that if (—4, —5) is on the 87. A
4
graph, then (-4, 5) is also on the graph. For example, ©.3)
(4, —5) is not on the graph of x = y* — 29, whereas PR

(—4, —5) is on the graph.

True. f(4) = f(-4).

True. The x-intercept is (—;, 0),
a

b+ b2—4ac’0} 2\/(x—0)2+(y—3)2

True. The x-intercepts are {_

Il
=
=
|
(=}
~
o
+
—
~
|
(=}
~
S

Il
=
+

<

4[)62 +(y—3)2} 2
4x2+4yz—24y+36=)c2+y2
3x2 +3y? — 24y + 36 =

2+ 3P -8y +12=0

|
(=)

X2+ (y - 4)2 =4
Circle of radius 2 and center (0, 4).

88. Distance from the origin = K x Distance from (2, 0)

g4yt =K (x—2)2+y2,K¢1
x2+y2=K2(x2—4x+4+y2)

(1- K?)x* + (1 = K?)y? + 4K?x — 4K* = 0

Note: This is the equation of a circle!

Section P.2 Linear Models and Rates of Change

1.

m

m is undefined.

8. 1
m=-3 1 m=%
25) 6*/
44 m=0
m=3 |
R I N
,2,\
2-(-4) 6
0. m=2- A _0_y4
5-3 2
y
31
2T (5,2)
Tl [se
ol
3L
-4+ (3,-4)
_5p

© 2010 Brooks/Cole, Cengage Learning



12 Chapter P Preparation for Calculus

10. m = 72_ 11 _ % -2 (Ej_(_lj
o B dom= 2 4

11.

12. m

13.

4-4

The line is vertical

m

61 (4,6)

1+ “. 1

5-3 2

The line is horizontal

_5-(-5 0

3,-5 (5,-5)

2.1
3 6

m=—2_ =

e

A==

%5, undefined.

15.

16.

17.

18.

19.

Because the slope is 0, the line is horizontal and its
equation is y = 2. Therefore, three additional points are

(0,2), (1, 2), (5 2)

Because the slope is undefined, the line is vertical and its
equation is x = —4. Therefore, three additional points

are (-4, 0), (-4, 1), (-4, 2).

The equation of this line is
y-7=-3(x-1)
y = =3x + 10.
Therefore, three additional points are (0, 10), (2, 4), and
@3, 1.
The equation of this line is
y+2= 2(x + 2)
y = 2x + 2.
Therefore, three additional points are (-3, —4), (-1, 0),
and (0, 2).

>

(a) Slope =

&y _1
Ax 3
(b) -
/j 3
L 10 fi
‘ Y
e—— 30 ft ——>1
By the Pythagorean Theorem,
x? =307 +10% = 1000

x = 10~/10 =~ 31.623 feet.

20. (a) m = 800 indicates that the revenues increase by 800

in one day.

(b) m = 250 indicates that the revenues increase by 250
in one day.

(c) m = 0 indicates that the revenues do not change
from one day to the next.

© 2010 Brooks/Cole, Cengage Learning



Section P.2 Linear Models and Rates of Change 13

21. (a) X 25. x +5y =20
S
S 290
< 285 Therefore, the slope is m = —% and the y-intercept is
0.4
£ :
123 45 26. 6x — 5y =15
Year (0 <> 2000)
y = gx -3
(b) The slopes are:
285.3 — 282.4 s 9 Therefore, the slope is m = gand the y-intercept is
1-o 7 (0, -3).
2882 — 2853 _ )9
2 -1 27. x =4
291.1 — 288.2 - 29 The line is vertical. Therefore, the slope is undefined and
3-2 there is no y-intercept.
293.9 — 291.1
B EE 2.y = -
296.6 — 2939 27 The line is horizontal. Therefore, the slope is m = 0 and
5-4 o the y-intercept is (0, —1).
The population increased least rapidly from 2004 to
2005. 29. y=3x+3
22. (a) ‘ 4y =3x + 12
1001 0=3x-4y +12

801 y
60+

s
40

t >
5 10 15 20 25 30

(b) The slopes are:

71‘;_ 557 =34

- 30. The slope is undefined so the line is vertical.
85 - 74 29
15-10 x=-3

_ x+5=0
84 -85 _ 02 v
20 - 15 ’

— e
o1-% = -46 et - x
25 -120 -4 -3 2 -1 1

o
43 - 61 _ 36 (52 L
30 - 25 S
The rate changed most rapidly between 20 and 25 4T
seconds. The change is —4.6 mi/h/sec. ST
23. y =4x -3

the slope is m = 4 and the y-intercept is (0, —3).

24, x+y =1
y=x+1

The slope is m = 1and the y-intercept is (0, 1).

© 2010 Brooks/Cole, Cengage Learning



« aaerr -INOT-FOR SALE

3y =3 3. m=5"0_
3y = 2x 0 ;_00
0 =2x -3y y=0=2x-0)
y =2x
y
0=2x-y
ol
y
N
2+ 8 4,8)
4 6T
oo o
‘ IR L1
M oo/
4 a6
32. y = I
y—4 = _
36. m = > -0 =-5
y 1-0
s+ y—-0=-5x-0)
o) y = —5x
T 5x+y =0
T y
T Lok s
[ T s

33. y+2=3(x—3)

(0,0)
y+2=3x-9 _;_;_;A;;‘ X
y=3x-11 !
0=3x-y-11
1-(3)
y 37. m = =2
A4 2-0
2+ -1 = —
T / y-1=2(x-2)
EE NIRRT/ R yol=2v-4
24 (3,-2) 0:2x—y—3
sl
s
st
%,1)
34. y—4=—%(x+2) 34 s
5y-20=-3x-6
3x+5y-14=0
y
s
44
(=2,4)

INSTRUCTOR USE ONLY

) ) © 2010 Brooks/Cole, Cengage Learning
© Cengage Learning. All Rights Reserved.



NOT FGa: Sfbd oo o

I ) R
BEE R

= (2) = 3(x - (-2))

y+2=3(x+2)

38. m

y=3x+4
0=3x-y+4
¥y
Tha
6
4
R ey ag
-2,-2)
9. m=-5-0_8
2-5 3

40. mzﬁz_—“:—l
y-2=-1(x-1)
y—-2=-x+1

x+y-3=0

8§-3

41. m = —— = %, undefined

T 6-6

The line is horizontal.

x=6
x—6=0

(6,8)

(6,3)

42. m =

34

44

3
B.om=24-

L RS

INSTRUCTOR USE ONLY

© Cengage Learning. All Rights Reserved.
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e amr -NOT-FOR SALE

3 (L 48. 2+ Y
44 m——4 4 —L——§ 2 2
(3 23 3
8 4 8 By
2 2
+l—_—8x—§ 3x+y=-2
R ; ;_o
12y + 3 = =32x + 40 Tryres
2x +12y =37 =0
Y 49. 2+ X o
y a a
A l+£=1
a a
T 3
2 -
T (%’%) a
B }1\(};_1; a=3=>x+y=3
T o x+y-3=0
45, x=3 5. Z+2 21
a a
x-3=0 3 4
) —+—=1
a a
2+ l:l
L a
L (3.0) a=1=>x+y=1
v 4 x+y-1=0
ot
2+ 51.y2—3
y
)1
o
46.m=—2 > x
a -3-2-1 | 1 2 3 4 5
o
y=_—bx+b
a ot
5L
—x+y=5b 6T
a
.Y 52. x =4
a b v
y 1
N5 T
L
T A
ot
@0 2T
N
53. y = 2x+1
x ¥y
47. X
2 3 r
3x+2y-6=0 L

S\

INSTRUCTOR USE ONLY
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55.

56.

57.

58.

y = %x -1
.
14
R
©0,-1)
L
o
Ll
_ 3
y=2=30-1
_ 3 1
y=arty

y—1=3(x+4)
y =3x+13
16
]2{
16128/ IR
at
—8+
2x -y -3=0
y=2x-3
>
-2 7[_]” 2 3
i
7
xX+2y+6=0
y=—%x—3

t t t t x
-0 -8 -e\

44

—6+

Section P.2 Linear Models and Rates of Change 17

59. (a) 5

60.

61.

62.

T

-5

The lines do not appear perpendicular.
(b) 2

L/

—4

The lines appear perpendicular.
The lines are perpendicular because their slopes 2 and
—% are negative reciprocals of each other. You must use

a square setting in order for perpendicular lines to appear
perpendicular. Answers depend on calculator used.

ax + by =4

(a) The line is parallel to the x-axis if ¢ = 0 and
b # 0.

(b) The line is parallel to the y-axis if b = 0and

a# 0.
(c) Answers will vary. Sample answer: a = —5 and
b = 8.
-Sx +8y =4
y :%(5x+4):§x+%
(d) The slope must be —3.
Answers will vary. Sample answer: a = 5and
b= 2.
S5x+2y =4
y=H5x+4)=-3x+2

() a = %and b = 3.

5 _

Ex + 3y =4

5x + 6y =8
The given line is vertical.
(@ x=-T,orx+7=0
b) y=-2,ory+2=0
The given line is horizontal.

(@ y=0
b)) x=-Lorx+1=0
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18 Chapter P Preparation for Calculus

63. 4x -2y =3

y—-1l=2x-4
0=2x-y-3
(b) y—lz—%(x—Q)

2y -2 =-x+2

64. x +y =17
y=-x+17
m= -1

y—-2=-x-3
x+y+1=0
b y-2=1x+3)
y—-2=x+3
O=x-y+5
65. 5x -3y =0
y=3x
m=3
@ y-i-i-
24y — 21 = 40x — 30
0=40x -24y -9
7 _ _3 3
(b) ~f=-x-3)

40y — 35 = —24x + 18
24x + 40y — 53 = 0

66. 3x +4y =7

4y = 3x+7
y=-3x+1
m=-3

@ y-(5)=-3(x-4

3

y+5=—3x+3
4y +20 = -3x + 12
3x+4y+8=0

(b) - (-5)
y+5

3y +15

0

67. The slope is 250. V' = 1850 when ¢ = 8.
V = 250(z,-+8)=18501= 2507 = 150

- 4)
4, _ 16
3 3
4x — 16
4x — 3y - 31

68.

69.

70.

71.

72.

The slope is 4.5. V' = 156 when ¢ = 4.
V = 45(t — 4) + 156 = 4.5¢ + 138

The slope is —1600. V' = 17,200 when ¢ = 8.
Vo= —1600(t - 8) + 17,200 = —-1600¢ + 30,000

The slope is —5600. V' = 245,000 when ¢ = 4.
Vo= —5600(t - 4) + 245,000 = —-5600¢ + 267,400

5

2.4

G0 |

-1

You can use the graphing utility to determine that the
points of intersection are (0, 0) and (2, 4). Analytically,
2

x? = dx — X2
2% —4x =0
2x(x—2):0

x=0=y=0=(0,0)
x:2:>y=43(2,4).
The slope of the line joining (0, 0) and (2, 4) is
m = (4 - 0)/(2 - 0) = 2.So, an equation of the line is
y—-0-= 2(x - 0)
y = 2x

2

y=x>—4x+3,y=-x*+2x+3

6

1IN

-6

You can use the graphing utility to determine that the
points of intersection are (0, 3) and (3, 0). Analytically,

x> —4x+3=-x2+2x+3
2x2 —6x =0
2x(x—3):0

x:0:>y=3:>(0,3)
x=3=y=0=(30).

The slope of the line joining (0, 3) and (3, 0) is
m = (0 - 3)/(3 = 0) = —1. So, an equation of the line is

y—3=—1(x—0)
y =-x+3.
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Section P.2 Linear Models and Rates of Change 19

1-0 77. Equations of altitudes:
3. m = — = -1
-2 - (—1) _a-b
= (x + a)
S 2-0 _ 2
2T o) 3 x=>5
a+b
m# m, y=- (x —a)
c
The points are not collinear. Solving simultaneously, the point of intersection is
a* — b?
-6 — 4 10 b A
74. my = = —— s c
7-0 7
11-4 7 )
my = = ——
-5-0 5
m # m,

The points are not collinear.

75. Equations of perpendicular bisectors: 7
c a-b a+b £a.0)
y-3= X =
2 c 2 . b ¢
78. The slope of the line segment from | —, — | to
c a+b b—a 33
y-< = X -
2 —c 2 a* - b*).
b, is
Setting the right-hand sides of the two equations equal ¢
and solving for x yields x = 0. [(az _ bz)/cJ — (¢/3)
Letting x = 0 in either equation gives the point of m = h_ (b /3)
intersection:
2 2 2
P IR S _ (3a - 3b —c)/(3c) _ 342 — 3p2 — 2
This point lies on the third perpendicular bisector, The slope of the line segment from (g, gj to
x =0.

| 2 2 2
) (0) a® +b +c]is:
2c

~ [(—az + b2+ cz)/(Zc)J - (c/3)

\ m, =
) 0—(b/3)
/j: (—3a2 +3b% + 3¢ — 202)/(66) 3a% —3p% — 2
a.0) - —b/3 o 26k
m = my
76. Equations of medians: Therefore, the points are collinear.
y = %x 79. Find the equation of the line through the points (0, 32)
and (100, 212).
-_¢ — 180 _ 9
Y a9 m =G0 =3
¢ F=-32=23C-0)
y = (x —a)
3a+ b F=2C+32
or

Solving simultaneously, the point of intersection is (é, f}
33 C = §(5F - 160)

5F —9C -160 = 0

For F = 72°, C = 22.2°.

80. C = 0.48x + 175
For x =137, C = 0.48(137) + 175 = $240.76.

Ca0 0.0 @0
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Chapter P Preparation for Calculus

81. (a) W, = 0.75x + 14.50

W, =1.30x + 11.20
(b) 25

%

-2 10
0

Using a graphing utility, the point of intersection is
(6,19)

1
1

Analytically,
Wy =w,
0.75x + 14.50 = 1.30x + 11.20
3.3 = 0.55x
6 =x

y = 130(6) +11.20 = 19,

(c) When six units are produced, the wage for both
options is $19.00 per hour. Choose option 1 if you
think you will produce less than six units per hour,
and choose option 2 if you think you will produce
more than six.

82. (a) Depreciation per year:

83 = 8175
y = 875 - 175x

where 0 < x < 5.
1000

0 6
0

(b) y =875 -175(2) = $525
(c) 200 = 875 — 175x

175x = 675
3.86 years

X

Zl

83. (a) Two points are (50, 780) and (47, 825).

The slope is
825 - 780 45
m=——=—-=

= = —15.
47 — 50 -3
p — 780 = —15(x — 50)
p = —15x + 750 + 780 = —15x + 1530
or
x = L(1530 - p)
15
(b) 0
0 1600
0
If p = 855, then x = 45 units.
(c) If p.= 795, then x = %(1530 — 795) =.49units.

84.

8s.

86.

87.

(@) y = 1891+ 3.97x

(x = quizscore, y = test score)

(b) 100

0 20
0

(©) If x =17, y = 1891 + 3.97(17) = 86.4.

(d) The slope shows the average increase in exam score
for each unit increase in quiz score.

(e) The points would shift vertically upward 4 units. The
new regression line would have a y-intercept 4
greater than before: y = 22.91 + 3.97x.

The tangent line is perpendicular to the line joining the
point (5, 12) and the center (0, 0).

y

Slope of the line joining (5, 12) and (0, 0) is %
The equation of the tangent line is

y-12 = $(x - 5)

_ =5 169
yEnrt

5x +12y — 169 = 0.

The tangent line is perpendicular to the line joining the
point (4, —3) and the center of the circle, (1, 1).

P
Slope of the line joining (1, 1) and (4, —3) is 1 = —.

Tangent line:

y+3=%(x—4)
y=—x-6
0=3x-4y-24

4x+3y-10=0 = d =

Il
|
Il

N
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88.

89.

90.

93.

Section P.2 Linear Models and Rates of Change

21

‘4(2) +3(3) - 10‘ 7 91. A point on the line x + y = 1is (0, 1). The distance
dx+3y-10=0=4d = J& 13 -3 from the point (0, 1)to x + y — 5 = 0is
[1(0) +1(1) = 5| |1-5] 4
-2) + (-1)(1) - = = = =22
x_y_zzojd:\l(zﬂ(l)(l) 2| NPT NCRENA)
NIUSE
5 52 92. A point on the line 3x — 4y = 1is (—1, —1). The
NG distance from the point (-1, —1)to 3x — 4y — 10 = Ois
1(6 0)(2 1 3(—1)—4(—1)—10 -3+4-10 9
criz0ma O O@ a- 0] 3oy
12 + 0 \/32 +(-4)

If 4 =0,then By + C = 0is the horizontal line y = —C/B. The distance to (xl, i) is
b (_c) _ | By, + C| _ | Ax, + By, + C|
R |B] Ny
If B = 0,then Ax + C = 0 is the vertical line x = —C/A. The distance to (x;, y,)is
(—Cj |Ax, + C| | Ax + By, + C|
x —|—|= = .
Kl Ny2

d =

d =

A
(Note that A and B cannot both be zero.) The slope of the line Ax + By + C = 0is —A/B.
The equation of the line through (x;, »,) perpendicular to Ax + By + C = 0 is:

y=» zg(x—xl)
Ay — Ay, = Bx — Bx;
Bx; — Ay, = Bx — Ay
The point of intersection of these two lines is:
Ax + By = -C = A’x + ABy = —AC 1
Bx — Ay = Bx; — Ay, = B?x — ABy = B%x, — ABy, (2)

(A2 + 32)96 = ~AC + B’x; — ABy, (By adding equations (1) and (2))
‘- —AC + B*x; — ABy,

A* + B?
Ax + By = —C = ABx + B’y = -BC (3)
Bx — Ay = Bx; — Ay, = —ABx + Azy = —ABx, + A2y1 (4)
(A2 + Bz)y = ~BC — ABx + Ay, (By adding equations (3) and (4))

_ —BC — 4Bx + A%y,
Y A> + B?

—AC + B*x; — ABy, —BC — ABx; + A%y,
A> + B? ’ A> + B?

] point of intersection

The distance between (x;, y;)and this point gives you the distance between (x;, y;)and the line Ax + By + C = 0.

A* + B? A* + B?

r 2 2
—AC + B’x, — AB —BC — ABx, + A*
d—\/ 1 yl_xl:| +{ 1 yl_yl:|

[-AC — 4By, — A4x, | [-BC - 4Bx, — B*y, |
+
A* + B? A* + B?

[-A(C + By, + 4x)T  [~B(C + 4 + By) P (4 + B)C+ Ax + By) | ax, + By, + C|
- A* + B? A* + B? N (A2+Bz)2 NV
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94.

95.

96.

Chapter P Preparation for Calculus

y=mx+4=>m+(-)y+4=0

|4 + By + C| ‘m3 +(=1)(1) + 4‘ ~|3m + 3]

d
VA + B \/m2+(_1)2 N
The distance is 0 when m = —1.In this case, the line y = —x + 4 contains the point (3, 1).
8
o ——

— 9

(=1,0)

4

For simplicity, let the vertices of the thombus be (0, 0),
(a,0), (b, ¢), and (a + b, c), as shown in the figure. The

. c

slopes of the diagonals are then m, = and
a+b

m, = . Because the sides of the rhombus are

-a
2 _ g2 2
equal, a® = b° + ¢, and you have

c c c c |
mm, = . = = —— = —
a+b b-a »: -4 -2

Therefore, the diagonals are perpendicular.

y

(b, ¢) (a+b,c)

0,0 (a,0)

For simplicity, let the vertices of the quadrilateral be

(0, 0), (a, 0), (b, ¢), and (d, e), as shown in the figure.

The midpoints of the sides are

(a ](a+b cj(b+d c+ej (d e)
~° 0 > s S s > and R
2 2 2 2 2 22

The slope of the opposite sides are equal:

<o cte e

2 _ 2 2 _¢
at+b a b+d d p

2 2 2 2
0_¢ ¢ _cte

2 __ 2 2 ___ ¢
a d at+b b+d a—d
2 2 2 2

(d, e) (¥ ,TH,)
N\
([, F) ///, \\ (b, ¢)
27278 ' ah c
N L ( 2 '2)
\\ /,’ i
(0,/0) (% 0) (a, 0)

97. Consider the figure below in which the four points are

98.

99.

100.

collinear. Because the triangles are similar, the result
immediately follows.

* *
Y2 =N
* *
Xy — X

_ Y2 N
Xy — X

If m = —1/m,,then mm, = —1.Let L;be a line with
slope m; that is perpendicular to L,. Then mym; = —1.

So, my = my = L, and L;are parallel. Therefore,

L, and L, are also perpendicular.

True.
ax + by = ¢ :y——gx+ﬂ:m =-2
: b b Yo
b ¢ b
bx—ay=¢c, > y=—x-—>=>m = —
a a a
1
m, = —
m
False; if m is positive, then m, = —1/m, is negative.
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Section P.3 Functions and Their Graphs

1. (2) Domainof f —4 < x < 4 = [4, 4] 4. () f(4)=J4+5=1=1
Range of £ -3 < y <5 = [-3, 5] ®) f(11) =11+5 =16 = 4
Domain of g: -3 < x <3 = [-3, 3] (©) f(-8) = ~/=8 + 5 = /=3, undefined
Range of g: —4 < y < 4 = [4, 4] d f(x+Ax)=-/x+Ar+5

b) f(-2) = -1
2(3) = —4 5.(a) g(0)=5-0*=5
(c) f(x) = g(x) forx = -1 (b) g(\/g) =5- (\/g) =5-5=0
) f(x)=2for x = © g(-2)=5-(2=5-4=
(e) g(x) = Ofor x = ~1,1and2 d gt-1)=5-(-17 =5-(-2t+1)
=442t -1
2. (a) Domainof f: -5 < x < 5 = [-5, 5]
Rangeof fi 4 <y <4 > [—4, 4] 6. (@) g(4) - 42(4 B 4) =0
Domainofg: -4 < x <5 = [—4, 5] (b) g(%) = %)2(% - 4) = Z(_%) = _%
Range of g: 4 < y <2 = [-4, 2] © glc) =c*c—-4) =" -4
) f(-2) = 2 () g(t+4)=(c+4)(t+4-4)
2(3) = = (r+ 41 =7 +8 + 161
(© f(x) = g(x)for x = 2and x = 4 7. (@) £(0) = cos(2(0)) = cos 0 = 1
d = 2for x = —
(@) f(x) = 2for x &4 (b) f(—zj = cos[2(—”D = cos(—zJ =0
() g(x) = Ofor x = I 4 4 2
AN LA N S
3.(a) f(0)=7(0)-4=—4 © 7 (Ej - CO{Z[JJ o 2
) f(-3) =7(-3)-4=-25 8. () f(z)=sinz=
© f(b)=170b)-4=71b-4 5 s2) 2
(b) f(— = sin(—j - e
d fx-1)=7(x-1)—-4=7x-11 4 4 2
(c) f(%r = sin[%rJ = 73
9. fx+ Ax) - f(x) _ (x + Ax)3 - x* _ x® + 3x?Ax + 3x2(Ax)2 + (Ax)3 -x = 32 4 3xAr 4 (Ax)z, Ar £ 0
Ax Ax Ax
I U N U BT Rt | N C) BN
x -1 x -1 x -1
oS- @) (V1)
) x -2 x -2
_ 1 -~x-1 .1+\/x—1: 2-x _ -1 2
(=21 T a1 (-2 -1+ V1) Vr-(l+x-1)
. =) P oxo0 dxrix-l) =x(x+1),x =1

x —1 x—1 x—1

23
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24 Chapter P Preparation for/Calculus

13. f(x) = 4x? 22. f(x) =~/x? —3x +2

Domain: (—o0, ) X =3x+22>0

Range: [0, =) (x=2)x-1)=0
Domain: x > 2 or x <1
_ 2
. g(x) =27 =5 Domain: (—, 1] U [2, »)

Domain: (-0, o)

2
23. = —
Range: [-5, ») g(x) 1 —cos x
1—cosx #0
15. g(x) = V6x cos x # 1
Domain: 6x > 0 Domain: all x # 2n7, nan integer
x>0=> [0, )
1
Range: [0, =) M. h(x) = m
16. h(x)z—\/x+3 sinx—%io
Domain: x +3 > 0 = [-3, «) ) 1
sin x # —
Range: (—, 0] 2
Domain: all x # zy 2nr, 3 + 2n7z, ninteger
7t 6 6
17. f(1) = sec—-
1
25. f(x) = ——
%¢7(2n+1)ﬂ:t¢4n+2 \x+3\
. . |x+3|#0
Domain: all # # 4n + 2, n an integer
x+3=#0

Range: (—o0, — 1] U [1, ) Domain: all x # -3

18. h(t) = cot ¢ Domain: (~o0, =3) w (=3, =)
Domain: all ¢ = nz, n an integer 26. g(x) _ R
Range: (=0, o) [+ - 4]
3 ‘xz - 4‘ # 0
19. (x) =~ (x-2)(x+2) %0
Domain: all x # 0 = (=, 0) U (0, ») Domain: all x # £2
Range: (o, 0) U (0, ) Domain: (o, =2) U (-2, =)
20~ 2 7=
Domain: (-0, 1) U (1, ) (@ f(-1)=2(-1)+1=-1
Range: (-, 0) U (0, ) (b f(0)=20)+2=2
21 f(x) = x+1-x © /@) =22)+2=6
>0 and 1—x3> 0 @ f(2+1)=2+1)+2=2"+4
x>0 and x <1 (Note: 2 +1 > 0forall #)
Domain: 0 < x < 1 = [0, 1] Domain: (—co, o)

Range: (—oonl) wi250)
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29.

30.

31.

(Note: s> + 2 > 1foralls)
Domain: (—o0, )

Range: [2, «)

B ‘x‘+1,x<1
f(x)_{—x+1,x21
@@ f(-3)=[3+1=4

(-

b f(1)=-1+1=0
© f(3)=-3+1=-2
) f(B* +1) = ~(b + 1) + 1 = -
Domain: (~o0, o)

Range: (—o0, 0] U [1, ®)

Vx+4,x<5
f(x) = )
(x—5),x>5
@ f(3)=~3+4=1=1
) 7(0)=~0+4=2
© f(5)=~5+4=3

@ £(10) = (10 - 5)* = 25
Domain: [—4, o)
Range: [0, «)

f(x) =4-—x

Domain: (—o0, ©)

Range: (—o0, ®)

sz+2):2(s2+2)2+2:2s4+8s2+10

Section P.3 | Functions and Their Graphs

32.

33.

34.

35s.

g(x) =

Domain:

—00, 0) V] (O, oo)

Range: (-, 0) U (0, )

\4
(=]

Domain: x — 6 >

X

v
[e))
U

)

&

Range: [0, «)

£(x) = 10 43

f (x) =9 - x2
Domain: [-3, 3]

Range: [0, 3]

—4-3-2-1 | 1 2 3 4

25
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36.

39.

Chapter P Preparation for Calculus
f(x) =x+ 4 -

Domain: [—2, 2]

Range: [-2, 24/2] = [-2, 2.83]

y-intercept: (0, 2)

x-intercept: (—\/5 , 0)

The student travels i — g = % mi/min during the first 4

minutes. The student is stationary for the next 2 minutes.

= 1 mi/min during

Finally, the student travels 160

the final 4 minutes.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

x-12=0= y=+J/x

y is not a function of x. Some vertical lines intersect the
graph twice.

m—y=0:>y:m

y is a function of x. Vertical lines intersect the graph at
most once.

y is a function of x. Vertical lines intersect the graph at
most once.

xz-!—y2 4

y =z 4 — x?

y is not a function of x. Some vertical lines intersect the
graph twice.

¥+ =16 = y = £/16 — x?

y is not a function of x because there are two values of y
for some x.

¥ +y=16=y =16 — x*

v is a function of x because there is one value of y for
each x.

yZ:xz—lzy:i\/xz—l

v is not a function of x because there are two values of y
for some x.

2

2 2
xXy—-x"+4y=0=y =
Y Y YT v a

v is a function of x because there is one value of y for
each x.

y = f(x + 5)is a horizontal shift 5 units to the left.
Matches d.

y = f(x) — 5is a vertical shift 5 units downward.
Matches b.

y = —f(~x) — 2 is areflection in the y-axis, a

reflection in the x-axis, and a vertical shift downward 2
units. Matches c.

y=—f (x — 4) is a horizontal shift 4 units to the right,

followed by areflection in thex=axiszMatches a.
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53. y = f(x + 6) + 2 is a horizontal shift to the left 6

units, and a vertical shift upward 2 units. Matches e.

54. y = f(x — 1) + 3is a horizontal shift to the right 1 unit,
and a vertical shift upward 3 units. Matches g.

55. (a) the graph is shifted 3 units to the left.

y

Section P.3 | Functions and Their Graphs

(f) The graph is stretched vertically by a factor of i.

(b) The graph is shifted 1 unit to the right.

(©)

(d)

(e)

56. (a)

(b) g(x) = f(x + 2)

Shift f left 2 units
A
51
*To.1)
/._
S s a0 [
(=6,-3) 3T

44

(©) g(x) = f(x)+4

Vertical shift upwards 4 units

6 2.5

oL

s
_/

-4 T
—t—+—+— —t+— X
-5-4-3-2-1 | 1 2 3

ol

@ g(x) = f(x) -1

Vertical shift down 1 unit

T o

543201 | 23
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28  Chapter P Preparation for Calculus

(@ g(x) = 2/(x) 58. () h(x) = sin(x + (7/2)) + 1is a horizontal shift
g(2) =21(2) =2 7/2 units to the left, followed by a vertical shift 1
g(_4) =2 f(_4 - _6 unit upwards.

(b) h(x) = —sin(x - 1) is a horizontal shift 1 unit to the
1 G2 right followed by a reflection about the x-axis.
59. () f(g(1) = f(0) =0
®) g(/(1) = (1) =
© g(7(0)) = g(0) = -1

(f) g(x) = 17(x) @ flg(-4) = £(15) = V15

g(2) = % (2) = % (e) f(g(x) = f(x2 - 1) =x? -1

NCS) 60. f(x) = sin x, g(x) = 7x

57.(a) y =x+2

S (O g(f(x)) = g(sin x) = 7 sin x
Vertical shift 2 units upward
®) v = Jx 61. f(x) = 2%, g(x) = /x
(f © g)x) = f(g())
= /(Vx) = (Vx) =xxz0

Domain: [0, )
(g°.)0x) = &/ () = &l*) = Vo =
Domain: (—o, ©)

Reflection about the x-axis No. Their domains are different. (f o g) = (g o f)for

x > 0.

(© y=~x-2

Horizontal shift 2 units to the right
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62.

63.

67.

68.

f(x) = 2* =1, g(x) = cos x
(f o 2)(x) = f(g(x)) = flcos x) = cos”x — 1
Domain: (oo, o)

(g )x) = gx* 1) = cos(x® - 1)
Domain: (oo, )

No, fog# go f.

f(x) = %, g(x) =x* -1
(= 9 = F(ao) = (5 1) = >
Domain: all x # 1 = (—o0, —1) U (=1, 1) U (1, )
(g o f)x) = g(/()
3 3) 9 9 - x?
- (2] (*J “lEal=Ta
Domain: all x # 0 = (-, 0) U (0, =)

No, feg# ge f.

F(x) = 2x -2
Let h(x) = 2x, g(x) =x—2and f(x) = Jx

Then, (f ogo h)(x)

[Other answers possible]

F(x) = =4 sin(1 - x)

Let f(x) = —4x, g(x) = sin xand A(x) = 1 — x. Then,

(f o goh)x) = f(g(l - x)) = f(sin(l - x)) = —4 sin(l - x)

[Other answers possible]

69. f(=x) = (=x)'(4 = (=x)7) = (4 - %) = /(x)
Even

70. f(-x) = J=x = -Ax = —f(x)
Odd

71.

72.

f(=x) = sin*(—x) = sin(—x)sin(-

Even

Section P.3 | Functions and Their Graphs 29

65.

66.

= f(Wx+2) = N

Domain: (—2 0

R

You can find the domain of g o f by determining the

intervals where (1 + 2x) and x are both positive, or both

negative.

+ o+ -4+ + 4
S L S

—t
-2 -1_1 0 1 2
2

Domain: ( 0, —ﬂ (0, )

@ (fe g)<)
®) g(/(2) =

© g(r(5) 5) which is undefined
@ (fog)-3) = f(e(-3)) = /(-2) = 3
© (go/)-1) = glf(-1) = g(4) = 2
() f(g(-1)) =

f(~4), which is undefined

= 0.367t*

(4o r)(t) = A(r(r)) = A(0.61) = 7(0.61)’

(A o r)(r) represents the area of the circle at time 7.

x) = (-sin x)(-sin x) = sin® x

= f(g(2x)) = £((2x) - 2) = \J(2x) - 2 = V2x - 2 = F(x).

F (x)
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73. (a) If f is even, then (%, 4) is on the graph.

(b) If f is odd, then (%, —4) is on the graph.

74. (a) If fis even, then (-4, 9)is on the graph.

(b) If fis odd, then (—4, —9) is on the graph.

75. f is even because the graph is symmetric about the
y-axis. g is neither even nor odd. % is odd because the
graph is symmetric about the origin.

76. (a) If f is even, then the graph is symmetric about the
y-axis.

(b) If f is odd, then the graph is symmetric about the

origin.
6L
N\ Ll
TN
at
ot
4 — (-6
77. Slope = y = 10 =-5
-2-0 -2

y—4=-5x-(2)
y—4=-5x-10
y=-5x-6
For the line segment, you must restrict the domain.
f(x)=-5x-6-2<x<0

78. Slope = 8-1 = 7
5-3 2
7
-1=—(x-3
y S(x=3)
=122
7 PR
N
YT
For the line segment, you must restrict the domain.
7 19
x)=—x—-—3<x<5
f( ) 2 2
8+ (5,8)
ol
Nl
T dey
3 A
L
79. x+32 =0
V= —x

81.

\
—
=
Il
|
Iy
=
=
IN
S

Answers will vary. Sample answer: Speed begins and
ends at 0. The speed might be constant in the middle:

y

Speed (in miles per hour)

Time (invhours)
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82. Answers will vary. Sample answer: Height begins a few 88. (a) For each time 7, there corresponds a depth d.
feet above 0, and ends at 0. (b) Domain: 0 < 7 < 5
X Range: 0 < d < 30
©
.—E‘J 30+
é 25+
/\ ol
x 15+
10+
Distance
st
83. Answers will vary. Sample answer: In general , as the A

price decreases, the store will sell more.
) (d) d(4) ~ 18. At time 4 seconds, the depth is

approximately 18 cm.

89. (a) A
500
5 E 400

300

Number of sneakers sold

200

Price (in dollars)
100

Average number of
acres per farm

t
84. Answers will vary. Sample answer: As time goes on, the 5152535 45 55

; Year (5 ¢ 1955
value of the car will decrease ear (5 © 1933)

! (b) A(20) ~ 384 acres/farm

\\— 90. (a) =

Value

8 0 o 100
2 x x Y x
8s. y=~Nc-x (b) H(—j = o.ooz(—j + 0.005(—] - 0.029
Y2 1.6 1.6 1.6
yo=c-
5 , . = 0.00078125x% + 0.003125x — 0.029
x° + y° = ¢, acircle.
For the domain to be [-5, 5], ¢ = 25. 9L f(x) =|x|+[x - 2|
If x < 0, then f(x) = —x—(x—2) = -2x + 2.

86. For the domain to be the set of all real numbers, you

must require that x* + 3cx + 6 # 0. So, the If 0 < x < 2,then f(x) =X - (x - 2) = 2.
discriminant must be less than zero:

If x > 2, th = -2)=2x-2.
(30)2_4(6)<0 b then f(x) x+(x ) X

So,
9¢? < 24
-2x+2, x<0
*<$
3 f(x)=2, 0<x<2
—%<c< % 2x -2, x =22

—% 6<c<%\/g

87. (a) T(4) = 16° T(15) = 23°
b) If H (t) =T (t - 1), then the changes in temperature
will occur 1 hour later.
(c) If H (t) =T (t) — 1, then the overall temperature

would be 1 degree lower.
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92.

94.

9s.

96.

97.

Chapter P Preparation for Calculus

pi(x) = x> — x + Lhas one zero. p,(x) = x° — x has 93. f(~x) = ap(—x)"" + - + ay(—x)’ + ay(~x)
three zeros. Every cubic polynomial has at least one _ _[az P b a® alx]
zero. Given p(x) = Ax® + Bx* + Cx + D, you have 109

=—f(x

p > —oas x > —wand p > © as x > ©if
A > 0. Furthermore, p — o as x — —ooand Odd
p = —was x - o if 4 < 0.Because the graph has

no breaks, the graph must cross the x-axis at least one time.

f(—x) = a2n(—x)2" + a2n,2(—x)2"72 + o+ az(—x)2 + a,
= X" + ay X+ e+ ax? + a
= /(%)
Even
Let F(x) = f(x)g(x) where f and g are even. Then F(-x) = f(-x)g(-x) = f(x)g(x) = F(x).

So, F(x)is even. Let F(x) = f(x)g(x) where f and g are odd. Then

F(=x) = f(=x)g(=x) = [-/@)][-e(x)] = /(x)e(x) = F(x).

Let F(x) = f(x)g(x)where f is even and g is odd. Then

F(=x) = f(=x)g(=x) = f([-e(x)] = ~f(*)g(x) = ~F(»)

@ V = x(24 - 2x)’
Domain: 0 < x < 12
(b) 1100

-1 12
-100

Maximum volume occurs at x = 4. So, the dimensions of the box would be 4 x 16 x 16 cm.

(©)

x | length and width volume

1 24 - 2(1) [24 - 2(1)] = 484
2 24 - 2(2) 2[24 - 2(2)] = 800
3 24 - 2(3) 24 -203)] =972
4 24 - 2(4) 424 - 2(4)]2 = 1024
5 24 - 2(5) 5[24 - 2(5)]" = 980
6 24 - 2(6) 6[24 - 2(6)] = 864

The dimensions of the box that yield a maximum volume appear to be 4 x 16 x 16 cm.
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98. B tine sl y—-2 0-2 103. First consider the portion of R in the first quadrant:
- By equating siopes, 0-3 x-3 x>0,0< y<land x — y < 1; shown below.

6

-2 =
7 x-3 5
6 2x
y:x—3+2:x—3’ 1-<0‘1)| @1
2 t l t x
L= 2+ yz ) +( 2x j ~1 (0,0) (1,0) 2
x -3 1

99. False. If f(x) = x*,then f(-3) = f(3) = 9, but 3

The area of this region is 1 + - = 2

>
=3 # 3.
By symmetry, you obtain the entire region R:
100. True i
101. True. The function is even. 2,1 . @

y

o

102. False. If f(x) = x* then, f(3x) = (3x)° = 9x*and
3f(x) = 3x2. So, 3f(x) # f(3x). -2,-1) 2, -1

2L

The area of R is 4(%) = 6.

104. Let g(x) = c be constant polynomial.

Then f(g(x)) = f(c)and g(f(x)) =c
So, f(c) = c. Because this is true for all real numbers c,

/ is the identity function: f(x) = x.

Section P.4 Fitting Models to Data

1. Trigonometric function 6. (a) 20
2. Quadratic function g 0 8
0e% '.
3. No relationship s
0 20

. . 0
4. Linear function

No, the relationship does not appear to be linear.
5. (a), (b) (b) Quiz scores are dependent on several variables such
as study time, class attendance, etc. These variables
may change from one quiz to the next.

7. (@) d = 0.066F
50+ (b) 2

fF—t—"t—t—t—>x
L A m

Yes. The cancer mortality increases linearly with
increased exposure to the carcinogenic substance. o 110

(c) If x = 3,then y ~ 136. °
The model fits the data well.

(¢) If F = 55,then d ~ 0.066(55) = 3.63 cm.
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8.(a) s =97t+04

10.

11.

12.

(b)

©

. (a)

(b)

©

(d)

(@
(b)

(©)

@

(b)

(@
(b)

©

45

-5
The model fits the data well.
If 1 = 2.5, s = 24.65 meters/second.

Using a graphing utility,
y = 0.151x + 0.10

The correlation coefficient is » ~ 0.880.

200

Greater per capita energy consumption by a country
tends to correspond to greater per capita gross
national product. The four countries that differ most
from the linear model are Venezuela, South Korea,
Hong Kong and United Kingdom.

Using a graphing utility,

y = 0.155x + 0.22 and r ~ 0.984.

Linear model: H = —0.3323¢ + 612.9333

600

0 1300
0

The model fits the data well.
When ¢ = 500,

H = —0.3323(500) + 612.9333 = 446.78.

3, = 0.040407° — 0369572 + 1.123¢ + 5.88
y, = 0.264¢ + 3.35

y; = 0.014397 — 0.1886¢2 + 0.476¢ + 1.59

18

——— 3
0 8

Foryear 12, y, + y, + y; = 47.5 cents/mile.

S = 180.89x* — 205.79x + 272

25000

0 14
0

When x = 2,S' ~ 583 .98 pounds.

13.

14.

15.

(a) ¢ = 0.002s> — 0.04s + 1.9
(b) 20

0 100
0

(c) According to the model, the times required to attain
speeds of less than 20 miles per hour are all about
the same.

(d) Adding (0, 0) to the data produces
t = 0.002s% + 0.02s + 0.1

(e) No. From the graph in part (b), you can see that the
model from part (a) follows the data more closely
than the model from part (d).

(@ N, =3.72t + 31.6
N; = —0.09327° + 1.735¢% — 3.77¢ + 35.1
(b) 90

0 116

30 :
(c) The cubic model is better.
(d) N, = —0.221#> + 6.81z + 24.9

The model does not fit the data well.
(e) For2007, t = 17,and N, = 94.8 million and
N; = 14.5 million. Neither seem accurate. The

linear model’s estimate is too high and the cubic
model’s estimate is too low.

(f) Answers will vary

(@) y = —1.806x> + 14.58x> + 16.4x + 10
(b) 300

0

(c) If x = 4.5, y = 214 horsepower.
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16.

17.

21.

(@) T =2.9856x10"p> —0.0641p> + 5.282p + 143.1
(b) 350

0 1 110

150 :

(c) For T = 300°F, p ~ 68.29 Ib/in>.

(d) The model is based on data up to 100 pounds per
square inch.

(a) Yes, yis a function of #. At each time ¢, there is one
and only one displacement y.

(b) The amplitude is approximately
(2.35 - 1.65)/2 = 0.35.

The period is approximately
2(0.375 — 0.125) = 0.5.

(c) Onemodelis y = 0.35 sin(47t) + 2.
(d ¢

(0.125, 2.35)

(0.375, 1.65)

0 0.9
0

The model appears to fit the data.

Review Exercises for Chapter P 35

18. (a) S(r) = 5637 + 25.47 sin(0.5080 — 2.07)

(b) 100
M

M(1)

0

The model is a good fit.
(C) 100

P

st

0

The model is a good fit.

(d) The average is the constant term in each model.
83.70°F for Miami and 56.37°F for Syracuse.

(¢) The period for Miami is 27/0.4912 ~ 12.8. The
period for Syracuse is 27/0.5080 ~ 12.4.In both
cases the period is approximately 12, or one year.

(f) Syracuse has greater variability because
25.47 > 7.46.

19. Answers will vary.

20. Answers will vary.

Yes, 4 < 4,.To see this, consider the two triangles of areas 4, and 4,:

T

cy

For i =1, 2, the angles satisfy ai + fi + yi = 7. Atleastoneof o < a,, B < f, 71 < y, must hold.

Assume @, < a,.Because a, < 7/2 (acute triangle), and the sine function increases on [0, z/ 2], you have

4 = %blcl sin ¢ < %bzcz sin ¢

IA

1byc; sin @y = 4,

Review Exercises for Chapter P

1.

y=5x-8

=0: y = 5(0) — 8 = -8 = (0, —8) y-intercept
y=00=5x-8=>x=5> (%, O)x-intercept
y=(x—2)(x—6)

x=0:y=(0-2)0-6) =12 = (0, 12) y-intercept

<
Il

0: 0 = (x - 2)(x - 6) =>x=2,6> (2, 0), (6, 0) x-intercepts
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'y:x—3 9.—%x+%y=l
x—4 ) 6
—g.x + y = 5
x =0 —E—ED 0é -intercept 2 6
) 0—4 4 ) 4 y P y = gx + 5
- Slope: 2
y=0:0=2 SR YN (3, 0) x-intercept. Pe s
- y-intercept: $
cxy =4 ¥
x = 0and y = 0 are both impossible. No intercepts. 3T
. Symmetric with respect to y-axis because /
2 2
-Xx —(—x) +4y =0 f— >
(=) v = (=x) + 4y e
X2y —x* +4y = 0. a4
. Symmetric with respect to y-axis because 10. 0.02x + 0.15y = 025
y= (=)' = (2 +3 2x + 15y = 25
y =x* - x* +3. y=—%x+%
._2
y = —Lx +% Slope: —%
: . 5
Slope: — % y-intercept: (O, 3)

-2 11. y =9 -8x —x? = —(x—l)(x+9)
. 6x -3y =12 y-intercept: (0, 9)
3y = —6x + 12 x-intercepts: (1, 0), (-9, 0)
y=2x-4 )
Slope: 2 28

y-intercept: (0, —4)

6 -4 5_27/2 4 6
- 12. y = x(6 - x)

/st y-intercept: (0, 0)
x-intercepts: (0, 0), (6, 0)

y

10

8

6
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13. y =24 - x

Domain: (-0, 4]

51

4. y =|x—-4|-4

15. y = 4x> - 25

Xmin = -5
Xmax = 5
Xscl =1
Ymin = -30
Ymax = 10
Yscl =5

16. y = 83/x -6

Xmin = —40
Xmax = 40
Xscl = 10
Ymin = —40
Ymax = 40
Yscl = 10

17. 5x +3y = -1 = y = }(-5x - 1)

X-y=-5=>y=x+5
6

o

=1
Using a graphing utility, the lines intersect at
(-2, 3). Analytically,
HSx-1)=x+5
—Sx-1=3x+15
-16 = 8x
-2 =x
For x ="=2,ly =x+5= 245 =30

Review Exercises for Chapter P 37

18. x—-y+1=0=>ypy=x+1

y-x*=7T=>y=x*+7

y=x+1
(x+1)—x2=7

X2 —-x+6

(e}
Il

No real solution.
No points of intersection.
The graphs of y = x + land y = x* + 7 do not

intersect.

19. Answers will vary. Sample answer:

You need factors (x + 4) and (x — 4).

Multiply by x to obtain origin symmetry.
x(x + 4)(x - 4) = x* - 16x

y
20. y = i’
(@ 4=4k(1) =k =4and y = 4x°
() 1=k(-2)" = k =-Land y = -1x°
(©) 0 = k(0)’ = and k will do!
@ -1=k(-)) 2 k=1=y=2x

21. v

NS \\J‘b)\ w
| W

Slope = =
(3]
2

22. The line is horizontal and has slope 0.

y

(=7,8) (=1, 8)
6+

(SRS

-8 -6 -4 -2
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(-5 -1-5
2. 0-(-8) 2-(-8)
-5 -6
810
t-5 3
8 s
5t-25=-24
5t =1
;=1

5

3.1 3-8
4 _ 3
33— 11
44 = 9 4 3
253 = 3
53

t=-=

3

26. Because m is undefined the line is vertical.

x=-8orx+8=0
ol
o
LI T |
6 4 2 >
ol
St
27. y-0=-3x-(3)
y = —%x -2

2x+3y+6 =0

28. Because m = 0, the line is horizontal.
y—4-= O(x - 5)
y=4ory—-4=0

g+

6+

2+

29. (a) y-=5 =%(x+3)
16y — 80 = 7x + 21

0="7x-16y + 101
(b) 5x — 3y = 3 has slope %

y—S=%(x+3)

3y —15 =5x + 15
0=>5x-3y+30
5-0 5

©m=7376="73

y—=5 —%(x+3)
3y =15 = -5x =15

5x+3y =0
(d) Slope is undefined so the line is vertical.
x=-3
x+3=0
30. (a) y—4-= —%(x -2)

3y —12 = 2x+ 4
2x+3y-16=0

(b) x + y = 0hasslope —1. Slope of the perpendicular

line is 1.
y—4 1(x—2)
y=x+2

O=x-y+2
© m=-—0=-2

—-2)

4y —16 = 3x + 6
3x+4y-22=0

<

|
N

Il

(d) Because the line is horizontal the slope is 0.

y=4
y—-4=0
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31.

32.

33.

34.

35. y

The slope is —850.
V = -850¢ + 12,500.

V(3) = -850(3) + 12,500 = $9950

(a) C =9.25¢ +13.50f + 36,500 = 22.75¢ + 36,500
(b) R = 30¢
() 30r = 22.75t + 36,500
7.25t = 36,500
5034.48 hours to break even

.‘
Q

x—-y =6
y==%Jx-6

Not a function because there are two values of y for
some x.

y

4+
34
24

—t
4 8 10 12 14

o+

a4
o4
s
Lt

o
L

2 —-y=0

Function of x because there is one value for y for each x.

y

64

51

yun

34

24

14

|x - 2|
x—2

y is a function of x because there is one value of y for
each x.

36.

37.

38.

39.

40.

Review Exercises for Chapter P 39

x=9-)32

Not a function of x since there are two values of y for
some Xx.

S =

x
(a) £(0) does not exist.

f(x)_{x2+2,x<0

‘x—Z,xZO

(@) f(-4) = (-4)" + 2 = 18 (because —4 < 0)

() f(0)=]0-2|=2

© f() =[1-2]=1

(a) Domain: 36 — x* > 0 = —6 < x < 6 or [-6, 6]
Range: [0, 6]

(b) Domain: all x # 5or (—, 5) U (5, =)
Range: all y # Oor (=, 0) U (0, )

() Domain: all x or (o, )

Range: all y or (-0, o)
f(x) =1-xand g(x) = 2x +1
(a) f(x) - g(x) = (1 - xz) - (2x + 1) = —x? - 2x
b) f(x)g(x) = (1-x*)2x +1) = 2> = x* + 2x + 1

(c) g(f(x)) = g(l - x2) = 2(1 - xz) +1=3-2x7
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41. (a) f(x) =x"+c,c=-2,02 43. (a) Odd powers: f(x) = x, g(x) = X, h(x) = x°

(d) f(x) =, c=-20,2 ®)

3 c=2
jﬂ 0 44. (a)

" 6 (b)

(2,-4)

6

(a) The graph of g is obtained from f by a vertical shift
down 1 unit, followed by a reflection in the x-axis:

g(x) = _[f(x) - l:l = x> +3x2 +1

(b) The graph of g is obtained from f by a vertical shift
upwards of 1 and a horizontal shift of 2 to the right.

gx) = f(x—=2)+1=(x-2) =3(x—2) +1

2 g

é’/
-3 3

-2
The graphs of £, g, and 4 all rise to the right and fall
to the left. As the degree increases, the graph rises
and falls more steeply. All three graphs pass through
the points (0, 0), (1, 1), and (-1, 1) and are

symmetric with respect to the origin.

Even powers: f(x) = x%, g(x) = x*, h(x) = x°
4z

h 'y

-3 3
0

The graphs of £, g, and / all rise to the left and to the
right. As the degree increases, the graph rises more
steeply. All three graphs pass through the points

(0, 0), (1, 1),and (-1, 1) and are symmetric with

respect to the y-axis.

All of the graphs, even and odd, pass through the
origin. As the powers increase, the graphs become
flatter in the interval —1 < x < 1.

y = x” will look like /(x) = x°, but rise and fall

even more steeply. y = x®will look like

h(x) = x°, but rise even more steeply.

S(x) = x(x = 6)

The leading coefficient is positive and the degree is
even so the graph will rise to the left and to the right.

100

/\

g(x) = x3(x - 6)2

The leading coefficient is positive and the degree is odd
so the graph will rise to the right and fall to the left.

300

-100
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Problem Solving for Chapter P 41

© h( x) _ x3(x _ 6)3 46. For company (a) the profit rose rapidly for the first year,
and then leveled off. For the second company (b), the
The leading coefficient is positive and the degree is profit dropped, and then rose again later.
even so the graph will rise to the left and to the right.
200 47. (a) 3 (cubic), negative leading coefficient
B 0 ! “ (b) 4 (quartic), positive leading coefficient

(¢) 2 (quadratic), negative leading coefficient
(d) 5, positive leading coefficient

48. (a) y = —1.204x + 64.2667

—-800

(b) 70
45. (a) Y .
. . LN 5
0 33
- 0
(c) The data point (27, 44) is probably an error. Without
2x+2y =24 this point, the new model is
y=12-x y = —1.4344x + 66.4387.
4=x = x(12 B x) 49. (a) Yes, y is a function of 7. At each time ¢, there is one
(b) Domain: 0 < x < 12 or (0, 12) and only one displacement y.
2 (b) The amplitude is approximately

(0.25 — (<0.25)) /2 = 0.25. The period is

approximately 1.1.

(c) One modelis y = i cos(z—ﬂtj ~ i cos(5.7¢)

’ * 11
0
0.5
(c) Maximum areais 4 = 36 in. . In general, the (d) o
maximum area is attained when the rectangle is a \ .f(.\'\ i E/-
square. In this case, x = 6. 0 v U 22
(0.5,-0.25)

-05

The model appears to fit the data.

Problem Solving for Chapter P

1. (a) X2 —6x+1* -8y =0
(x2—6x+9)+(y2—8y+16)=9+16
(x =37 +(y-4) =25

Center: (3, 4); Radius: 5

(b) Slope of line from (0, 0) to (3, 4) is g Slope of tangent line is —%. So, y -0 = —%(x - 0) =y = —%x Tangent line

(c) Slope of line from (6, 0) to (3, 4) is : — 2 = —g.

Slope of tangent line is % So, y -0 = %(x -6)=>y= %x - % Tangent line

303 9
d) -2y =2x-2
@ = =373
309
3.9
2
x =3

Intersection: (3, —%]
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2. Let y = mx + 1be a tangent line to the circle from the point (0, 1). Because the
center of the circle is at (O, —1) and the radius is 1 you have the following.

x2+(y+1)2:1
(1417 =1
(m2+1)x2+4mx+3=0

Setting the discriminant b* — 4ac equal to zero,

16m> — 4(m* +1)(3) = 0
16m* — 12m* = 12
4m* =12

mzi\/g

Tangent lines: y = 3x + land y = —V3x + 1.

3H() I, x>0 4y (d)H( ) , x<0
. X) = T —Xx) =
0, x<0 3+ 0, x>0
gt )
: P A
-4 -3 -2 —1_1” 1 2 3 4 3l
2+ 2+
i —_—
—4 — ———> ¢
432 11203
@ HE) -2 -1, 0 o1
a x)-2=
2, x<0 T
: 1 ! x20
4+ ) =
3+ (e) EH( ) =32
oL 0, x<0
L
SRS WY |
A
L N
34 a1
-4+ L
s + + + + X
G321 |1 23 4
. X :
b) H(x —2) = Ll
(b) H(x-2) {O’xd
¥ T
A
3+ 1, x>
2l f) —H(x —2) +2 =
L e 2, x<2
o1 y
3+ W1
-4 3t
e O
1 1+  e—
-1, x> L L
(c) _H():{O, 20 41 R ENEEER
34 27
2+ 3T
1+ 4+
g NI
Ll
Sl
4l
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Problem Solving for Chapter P 43

4. (@) f(x+1) @ f(|x])

100 — x
2

100 — x x?
1 Alx) = xy = x = —— + 50x
: (9 = = o 105) - 2
Domain: 0 < x < 100or (0, 100)

(b) 1600

(b) f(x)+1 5.(a) x+2y =100 = y =

0 110
0

Maximum of 1250 m?at x = 50m, y = 25 m.

(© A(x) = —4(x* - 100x)

—4(x? = 100x + 2500) + 1250

~1(x - 50)" + 1250

A(SO) = 1250 m?is the maximum.

@ f(-x) x=50m,y =25m

T 6. (2) 4y+3x:300:>y:¥

_ _ 242
A(x) = x(2y) = x(3002 3xj _ By ; 300x

L Domain: 0 < x < 100
®

© -/(x)

Maximum of 3750 ft>at x = 50 ft, y = 37.5 ft.

Nl (© A(x) = —3(x* - 100x)

~~
-
SN
~
—
=
-
|

= —3(x* ~ 100x + 2500) + 3750

= —3(x - 50)" + 3750

A(50) = 3750 square feet is the maximum area,

2
/\/\/W\ . where x = 50 ftand y = 37.5 fi.
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Chapter P Preparation for Calculus

7. The length of the trip in the water is ~/2? + x?,and the

length of the trip over land is /1 + (3 - x)z. So, the
J4 + x2 . I+ (3 —x)2
2 4

total time is 7 = hours.

. Let d be the distance from the starting point to the beach.

distance

Average speed = —
time

2d

120~ 60
= 80 km/h

. (a) Slope = % = 5. Slope of tangent line is less

than 5.

(b) Slope = % = 3. Slope of tangent line is greater

than 3.

441 -4
c) Slope = ——
© P 21-2

less than 4.1.

f(2+n) - £(2)
(2+h) -2

= 4.1. Slope of tangent line is

(d) Slope =

(2+h) -4
h
4h + h?
h
4+ h h#0

(e) Letting / get closer and closer to 0, the slope
approaches 4. So, the slope at (2, 4) is 4.

10.

11.

i
N
T @.2)
al
SRR R
ot
(a) Slope = ;_ i = % Slope of tangent line is greater
than —.
(b) Slope = % = % Slope of tangent line is less
than 1
3
21-2 10 .
¢) Slope = ——— = —. Slope of tangent line is
© P 441-4 41 P g
greater than B
41
@ Slope = f(4+h) - f(4) _ e+ h-2
(4+h) -4 h
© NAd+h-2 NA+h-2 NA+h+2
h h Na+h+2
(4+h) -4
h(\/4 +h+ 2)
; h#0
Ja+h+2

As h gets closer to 0, the slope gets closer to i The

slope is % at the point (4, 2).

Using the definition of absolute value, you can rewrite
the equation.

y +|y|= x +|x|
2y, ¥y >0 2x, x>0
{o, ySO_{O, x<0
For x > 0and y > 0,youhave 2y = 2x = y = x.
Forany x < 0,yisany y < 0. So, the graph of

y+‘y‘: X + x‘isasfollows. v
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I 21
12. (a) .
X (x-3) o
x> —6x +9 = 2x? ! ' : ’
X +6x-9=0
x = 0336+ 36 “26”6 = 3 +-/18 ~ 1.2426, —7.2426
I 21
(b) =
Xty (x - 3)2 +
(x - 3)2 +y? = 2(x2 + yz)

x2 —6x + 9 + y* = 2x% + 27

X2+ P +6x-9=0
(x+3) + > =18

Circle of radius /18 and center (-3, 0).

1 kI
13. =
(a) x2 + y2 (x _ 4)2 + yz
(x - 4)2 k(x +y )

(k = 1)x* +8x+( 1)y* =16
If £ = 1,then x = 2 is a vertical line. Assume k # 1.

, | 8x , 16
Xt + + 3= —
k-1 k-1
o, 8 16 , 16 16

t——+ )y = 5
k=1 (k-1) k=1 (k-1)

2
(x L4 ) +3? = Lkz, Circle
k=1 (k-1

(c) As kbecomes very large, T 4 1 — Oand

The center of the circle gets closer to (0, 0), and its radius approaches 0.
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14. dd, =1
I:(x + 1)2 + y2:||:(x - 1)2 + y2:|
(e PG =1 (1 (e 1) ]+ 0* =

(x2 - 1)2 + yz[Zx2 + 2] +yt =1

1

¥t -2 1+ 2x%2 + 27+t =1

(x4 + 2x%y% + y4) —2x*+2y* =0

(x2 + yz)2 = Z(xz - yz)

2.0 'T /2.0
/

x
-2 2

~14(0,0)

Let y = 0.Then x* = 2x> = x = Oor x* = 2.

So, (0, 0), (\/5, 0) and (—\/5, O) are on the curve.

1
1-x

15. f(x) =y =
(a) Domain: all x # lor (-0, 1) U (1, «)

Range: all y # 0or (—o, 0) U (0, =)

1 1 1 l-x x-1
(b) f(f(x))=f(1_x)=l ( 1 )_1—)6—1: _x = N
1-x 1-x
Domain: all x # 0, Lor (—o, 0) U (0, 1) U (1, )
-1 1 1
© A7) - A JI[I)T
X X

Domain: all x # 0, 1or (o0, 0) U (0, 1) U (1, )
(d) The graph is not a line. it has holes at (0, 0) and (1, 1).
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CHAPTER 1
Limits and Their Properties

Section 1.1 A Preview of Calculus

48

(=)

. Precalculus: (20 fi/sec)(15 sec) = 300 ft

. Calculus required: Velocity is not constant.
Distance ~ (20 ft/sec)(15 sec) = 300 ft

. Calculus required: Slope of the tangent line at x = 2 is
the rate of change, and equals about 0.16.

. Precalculus: rate of change = slope = 0.08

. (a) Precalculus: Area = %bh = %(5)(4) = 10 sq. units

(b) Calculus required: Area = bh

z2(2.5)
= 5 sq. units
) = ~x
(b)slope:m=\/;72
x—4
_ Jx -2
(Vx +2)/x - 2)
= ! x =4
NCEY)
x=1m= ! —1
' Ji+2 003
1
x=3m=——— = 02679
\/§+2
1
x=5m=—~ 02361
\/§+2
(c) At P(4, 2) the slope is; =l = 0.25.
NI

You can improve your approximation of the slope at
x = 4 by considering x-values very close to 4.

8. (a) For the figure on the left, each rectangle has width %

7. f(x) = 6x — x*

(a) ‘

(6x-2%) -8  (x-2)4-x)

b) slope = m = =
®) P x =2 x -2
=(4—x),x;t2
Forx =3, m=4-3=1
3
Forx=2.5,m=4—2.5:1.5:5
5
Forx=1.5,m=4—1.5=2.5=5

(¢) At P(2,8),the slope is 2. You can improve your

approximation by considering values of x close to 2.
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Section 1.2 |Finding Limits/Graphically and Numerically 49

. . T . 3z .
sin — + sin — + sin — + sin 7
4 2 4

\/5+1+\/5
2 2

V2 +1

4

T =~ 1.8961

For the figure on the right, each rectangle has width %

Area

T . 7w . . . 2r 5w .
—|sin — + sin — + sin — + sin — + — + sin 7
6 6 3 2 3 6

V4mt \/E \/5 1
—|=+—+1+—+ =
6|2 2 2 2
\/§6+ 2 ~ 19541

(b) You could obtain a more accurate approximation by using more rectangles. You will learn later that the exact area is 2.

9. (a) Area

Area

(b) You could improve the approximation by using more rectangles.

Q

Q

54545
S5+5+5+ 5

1 5 5 5 5 5 5 5) &
+d+3+S5+3+5+3+5) =015

10. Answers will vary. Sample answer:
The instantaneous rate of change of an automobile’s position is the velocity of the automobile, and can be determined by the
speedometer.

- \/(5 —1) + (157 =16+ 16 ~ 5.66

11.

Section 1.2 Finding Limits Graphically and Numerically

1.

@ D

(b) D,

:\/1+(%)2+\/1+(%—§)2+\/1+(§—%)2+\/1+(

~ 2.693 +1.302 + 1.083 + 1.031 = 6.11

(c) Increase the number of line segments.

X 3.9 3.99 3.999 4.001 4.01 4.1
f(x) | 0.2041 | 0.2004 | 0.2000 | 0.2000 | 0.1996 | 0.1961
. -4 N |
lim ~ 0.2000 Actual limit is —.
xo4x2 —3x — 4 5

X 1.9 1.99 1.999 2.001 2.01 2.1
f(x) | 0.2564 | 0.2506 | 0.2501 | 0.2499 | 0.2494 | 0.2439
. -2 o1

lim ~ 0.25 Actual limit is —.
=2 x° — 4 4
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10.

Chapter 1 Limits and Their Properties

b -0.1 —0.01 —0.001 | 0.001 0.01 0.1

f(x) | 0.2050 | 0.2042 | 0.2041 | 0.2041 | 0.2040 | 0.2033
tim Y6 =360 [Actual limit is Lj
x>0 x NI

X -5.1 -5.01 -5.001 -4.999 -4.99 -4.9
f(x) | —0.1662 | —0.1666 | —0.1667 | —0.1667 | —0.1667 | —0.1671
im M4 =X =3 o 01667 Actual limit is
x—>-5 x+5 6
X 2.9 2.99 2.999 3.001 3.01 3.1
f(x) | —0.0641 | —0.0627 | —0.0625 | —0.0625 | —0.0623 | —0.0610
(x+1)| —(1/4

lim M ~ —0.0625 [Actual limit is —ij
x—3 x -3 16

X 3.9 3.99 3.999 4.001 4.01 4.1

f(x) | 0.0408 | 0.0401 | 0.0400 | 0.0400 | 0.0399 | 0.0392

+1)| - (4/5

tm LD =) 00 nctuat timitis -
x4 x—4 25

X -0.1 —-0.01 —-0.001 | 0.001 0.01 0.1

S(x) | 0.9983 | 0.99998 | 1.0000 | 1.0000 | 0.99998 | 0.9983

. sinx o .
11rr(1) ~ 1.0000  (Actual limit is 1.) (Make sure you use radian mode.)
x— X

b —0.1 —0.01 —0.001 | 0.001 0.01 0.1

f(x) | 0.0500 | 0.0050 | 0.0005 | —0.0005 | —0.0050 | —0.0500

. cosx —1 o .
lmb ———— ~ 0.0000  (Actual limit is 0.) (Make sure you use radian mode.)
x> X

b 0.9 0.99 0.999 1.001 1.01 1.1

f(x) | 0.2564 | 0.2506 | 0.2501 | 0.2499 | 0.2494 | 0.2439
lim —> ~ 0.2500 (Actual limit is 1)
ol x° + x — 4

X -3.1 -3.01 -3.001 | —2.999 | -2.99 -2.9

f(x) | 1.1111 | 1.0101 | 1.0010 | 0.9990 | 0.9901 | 0.9091

x+3

lim

>3 x2 4+ Tx + 12

~ 1.000

0  (Actual limit is 1.)
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Section 1.2 |Finding Limits/Graphically and Numerically 51

X 0.9 0.99 0.999 1.001 1.01 1.1
f(x) | 0.7340 | 0.6733 | 0.6673 | 0.6660 | 0.6600 | 0.6015
.oxt - L. 2
lim ~ 0.6666 Actual limit is —.
x—>1 x% — 3
X 2.1 -2.01 -2.001 -1.999 -1.99 -1.9
f(x) | 12.6100 | 12.0601 | 12.0060 | 11.9940 | 11.9401 | 11.4100
x>+ 8 .
lim ~ 12.0000  (Actual limit is 12.)
x—>-2 x +
X 0.1 -0.01 —0.001 | 0.001 0.01 0.1
f(x) | 1.9867 | 1.9999 | 2.0000 | 2.0000 | 1.9999 | 1.9867
. sin 2x . .
hn(l) ~ 2.0000 (Actual limit is 2.) (Make sure you use radian mode.)
x> X
X 0.1 -0.01 —0.001 | 0.001 0.01 0.1
f(x) | 0.4950 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.4950
. tan x N |
lim ~ 0.5000 Actual limit is —.
x=0 tan 2x 2
lim (4 - x) =1 24. lim/2 tan x does not exist because the function increases
x—3 X7,

x—1

lim /(x)

x—2

lim £ (x) = lim

x—1

lim
x—>2 x

For values of x to the left of 2,

for values of x to the right of 2,

lim

|x -

lim (x2 + 3) =4

:lgrr;(4—x):2

x—1

2|

x=5x — 5

5 does not exist.

(x2+3)=4

without bound as x approaches % from the left and

decreases without bound as x approaches % from
the right.
25. (a) f(1)exists. The black dot at (1, 2) indicates that
1) = 2.

(b) lAim1 /(x) does not exist. As x approaches 1 from the

\x - 2\ B h left, /() approaches 3.5, whereas as x approaches 1
(x _ 2) = —1, whereas from the right, f(x) approaches 1.

|x - 2| (¢) f(4) does not exist. The hollow circle at

(x-2) =1 (4, 2) indicates that fis not defined at 4.

does not exist because the function increases

(d ljn}t f(x)exists. As x approaches 4, f(x) approaches
2: .11_15](x) =2

and decreases without bound as x approaches 5.

limsin zx = 0

x—1

lim sec x = 1

x—0

lim cos(l/ x) does not exist because the function
x—0

oscillates between —1 and 1 as x approaches 0.
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26.

27.

28.

29.

33.

Chapter 1 Limits and Their Properties

(@) f(-2) does not exist. The vertical dotted line
indicates that f'is not defined at —2.
(b) ]imz /() does not exist. As x approaches —2, the

values of f(x) do not approach a specific number.

(¢) f(0) exists. The black dot at (0, 4) indicates that
f (0) = 4

(d) }1_1)1}) /() does not exist. As x approaches 0 from the
left, f(x) approaches %, whereas as x approaches 0
from the right, f|(x) approaches 4.

(e) fi (2) does not exist. The hollow circle at
(2, %) indicates that f(2) is not defined.

(f) )1(12;;’ (x) exists. As x approaches 2, f/(x) approaches
3 limf(x) = 5.

(& f (4) exists. The black dot at (4, 2) indicates that
f(4) = 2.

(h) 111_15 /() does not exist. As x approaches 4, the

values of f(x) do not approach a specific number.

lim f (x) exists forall ¢ = 3.

X—cC

lim f(x) exists for all ¢ # -2, 0.

x—c

lim £(x) exists for all values of ¢ # 4.

x—c

C(r) = 9.99 — 0.79[[~(r — 1)]]
(a) 16

30.

lim f(x) exists for all values of ¢ # 7.

x—c

31. One possible answer is

P
—
-2 -1 1

32. One possible answer is

®) t |3 33 34 3.5 3.6

3.7

C | 11.57 12.36 12.36 12.36 12.36

12.36

12.36

lim C(1) = 12.36

t—>35
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Section 1.2 |Finding Limits/Graphically and Numerically 53

© [,

2

2.5

29

3

3.1

35

4

C

10.78

11.57

11.57

11.57

12.36

12.36

12.36

The lir% C(t) does not exist because the values of C approach different values as 7 approaches 3 from both sides.
t—

34. C(r) = 5.79 - 0.99[[~(t - 1)]]

(a) 12
O_.O—.
Dl)_f -6
4
O I 3.3 3.4 3.5 3.6 3.7 4
cl777 |876 |876 |876 |876 |876 |876
lim (1) = 876
© 1,2 25 2.9 3 3.1 35 4
clers |777 |777 | 777 |876 |876 |876

The limit lim C(t) does not exist because the values of C approach different values as ¢ approaches 3 from both sides.

t—>3

35. Youneed | f(x) - 3| =|(x + 1) = 3| =|x - 2| < 0.4. S0, take 5 = 0.4.1f 0 <|x — 2| < 0.4, then
|x = 2] =|(x + 1) = 3] =] f(x) - 3| < 0.4, as desired.

36. You need | f(x) - 1 =‘% - 1‘ =‘
X -

<X -

and you have

) -1= |

2<— =
101 101

100 102
= —<x-1<—
101

100

:>‘x—1‘>—

101
1 _I_Z—x 1/101 _
x—1 x—1 100/101

1

2—x

1—L<x—1<1+L
101

1

100

= 0.01.

< 001.Let 6 = . 1f 0 <|x - 2| < —— then
101 101
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37.

38.

Chapter 1 Limits and Their Properties

You need to find & such that 0 <|x — 1| < & implies

| £(x) -1 :‘1 — 1< 0.1.That is,
X

70.1<l71<0.1
X

1-0.1< <1+0.1

11
10 10
10 10
9 11
L
9 11

1

-

= |= %=

\%
=
\%

>x—-1>
So take & = ﬁ.Then 0 <|x — 1| < & implies
L <x-1x< 1

11 11

1 1
—— <x-1l< -
11 9

Using the first series of equivalent inequalities, you

obtain

1
‘f(x)—l‘:‘;—l < 0.1

You need to find 6 such that 0 < |x — 2| < & implies
| £(x) = 3] =|x* =1 -3 =|x* - 4] < 0.2. Thatis,
-02 <x? -4<02
4-02< x* <4402
38 < x2 <42
38 < x <42
V38 -2<x-2<+/42 -2
Sotake & = /4.2 — 2 ~ 0.0494.
Then0<‘x—2‘<§implies

—(\/4.2 - 2) <x-2<+J42 -2
38 -2<x-2<~J42 - 2.

Using the first series of equivalent inequalities, you
obtain

| f(x) = 3] =|x* - 4] < 02.

39. lim(3x +2) =8 = L

|(3x +2) - 8| < 0.01

|3x = 6] < 0.01
3|x - 2| < 0.01
0.01

0 <‘x—2‘< 3
So,if 0 <|x - 2|< &
3|x — 2| < 0.01
|3x - 6] < 0.01
|(3x +2) - 8| < 0.01

| f(x) - L|< 0.01.

40. lim(4 - %} -2=-1

x—>4
(4 - fj ~2[< 001
2
‘2 ~ X< o001
2
1
——(x - 4)| < 0.01
2

~ 0.0033 = ¢

0.01
3 2

you have

0<|x-4/<002=5¢

Hence, if 0 < ‘x - 4‘ < 8 = 0.02, you have

‘—%(x - 4)|< 001

< 0.01

[4—"}—2 < 0.01
2

| £(x) - L| < 0.01.
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4L lim(x* =3) =1 =L 4. lim (2x + 5) = -1
(2 =3) = 1| < 0.01 Given & > 0:
x> - 4] < 0.01 |(2x +5) - (-1)|< ¢
|(x + 2)(x - 2)| < 0.01 [2x + 6] < &

|x + 2[[x - 2| < 0.01 2x+3[<e

&
‘x_2‘< 0.01 ‘x+3‘<5:5
‘x+2‘
If you assume 1 < x < 3,then & = 0.01/5 = 0.002. So,let & = £/2.
So, if 0 <‘x - 2‘ < & = 0.002, you have So, if 0 <‘x ‘ 3‘ <5 = g,youhave
lx - 2| < 0.002 = L(0.01) < —(0.01) .
5 |x + 2] |x + 3| < 3
|x + 2] x = 2| < 0.01 254 6[< ¢
2 _
| - 4| < 0.01 (2v 4 9)- ()| < e
|(* = 3) - 1] < 0.01 () - 1)<

| /(x) - L| < 0.01.
2l < 4) =2 - 5. limfbr 1) = 44 -1 = 3
Given ¢ > 0:

(x® +4) - 29\ < 0.01

‘(%x—l)—(—3)‘< £

|x? = 25| < 001
1x+2
|(x + 5)(x - 5)| < 001 32 <e
0.01 Ax - (A< e
‘x—S‘ < 5 (4 5
|x + 5] |x — (4)| < 2¢
If youassume 4 < x < 6, then 6 = 0.01/11 ~ 0.0009. So, let § = 2.
So,if 0 <|x - 5|< & = %,youhave So, if 0 <‘x - (—4)‘ < & = 2¢,you have
s < 220 L o0 v = ()< 2
11 |x+ 5] ‘lx+2‘<g

2
= slx+ 5] < 001 Gx=1)+3[< e

\xz - 25\ < 0.01
‘f(x) - L‘ < &

‘(xz +4) - 29\ < 0.01

| £(x) = L] < 0.01.

43. lim(x + 2) =6
x—4
Given ¢ > 0:
(x+2)-6|<¢
|x—4|<e=0
So, let 6 = ¢. So,if 0 <‘x - 4‘< J = g,you have
|x —4|< ¢

‘(x+2)—6‘<£
‘f(x)—L‘< £.
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46.

47.

48.

x—>1

Given & > 0:

5 5

2x-1< e

x—1]< 3

So, let 6 = %8

So, if 0 <|x - 1|< o = %e,youhave

x 1)< 3
[2x-2|<

|(2x+7)- 2| <.
|/(x) - L] < &

lim 3 = 3

x—6
Given ¢ > 0:
[3-3|<¢

0<e¢
So, any 6 > 0will work.

So, for any & > 0, you have

[3-3|<e
|f(x) - L|< &.
lim (-1) = -1

X2
Given ¢ > 0:|—1 - (—1)| <e
0<e
So, any & > 0 will work.
So, for any & > 0, you have
()= (<&
|f(x) - L| < eé.

lim(2x +7) = 2(1) + 7 = 2

2 _3 2,2
‘(x+7) 5‘ |5x |<.9

49.

50.

51.

hm\/—
Given & > 0:|i/_—o|< e
/x| <2
x|< & =6
So, let & = &°.

So, for 0]x — 0|6 = &, you have
|x| < &
|i/}|< P
|3/;—0|< &
|f(x)—L|< £

lim /x = /4 =2

Given & > 0 [Nx-2|<e

NEEE] VeI N
|x - 4] < &[~/x + 2|

Assuming 1 < x < 9, you can choose 6 = 3e&. Then,
0<|x—4|<s=3=|x-4|< £|\/;+2|

:>|\/;—2|< £.

lim |x - 5| =|(-5) - 5| =|-10] = 10

¥o-5
Given £ > 0: |[x - 5|-10|< ¢
|-(x=35)-10]<& (x-5<0)
|-x-5|< ¢
|x = (-95)|< ¢
So, let & = &.
So for |x - (—5)| < & = &, you have
|—(x+5)|< &
|-(x -35)-10|< ¢
||x—5|-10]< &
|f(x)—L|< e.

(because x — 5 < 0)

INSTRUCTOR USE ONLY
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52.

53.

54.

li_r)l})\x—6\:\6—6\:0
Given ¢ > 0:Hx—6‘—0‘< &
|x-6|<¢
So, let & = &.
Sofor‘x— 6‘< 0 = ¢g,you have
|x —6|< &
|x-6|-0|<¢&
‘f(x)—L‘< £

lim (x2 + 1) =2

x—1

Given ¢ > 0:

‘(x2 +1)—2‘<

)

‘xz —1‘< £
‘(x+1)(x—l)‘< &

&

x -1 < —5—
‘x+1‘

If you assume 0 < x < 2, then § = &/3.

Sofor 0 <|x - 1< & = g,youhave

\x—1\<15<;5

3 ‘x+1‘
‘x2—1‘<g
Mﬁ+g—ﬂ<g

|f(x) - 2|< e

lim
x—>-3

(x* +3x) =0

Given & > 0:

|(* +3x) = 0] < &
|x(x +3)| < &

£

|x +3|<
| x|

If you assume —4 < x < =2, then § = &/4.

So for 0 <‘x - (—3)‘ <5 = %,youhave

‘x+3‘<%s<is

| x|
‘x(x + 3)‘ <e

‘x2+3x—0‘<5

‘f(x) - L‘ < e

Section 1.2 |Finding Limits/Graphically and Numerically

5S.

56.

57.

58.

59.

57

Il
~

lim /(x) = lim 4

x> X7

lim f(x) = lim x = 7
X X7

Vx+5-3

f(x) - x—4
lin}‘ f (x) = é

0.5

\H-"“‘——\_

-0.1667

The domain is [-5, 4) U (4, «). The graphing utility

does not show the hole at (4, %j

x -3
/0= T s
. 1
fimf(x) = 5

4
-3 =] L5

-4

The domain is all x # 1, 3. The graphing utility does not

show the hole at (3, %j

-9
) = =
fimf(x) = 6

10

—

0 10
0

The domain is all x > Oexcept x = 9. The graphing
utility does not show the hole at (9, 6).
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60. /(x) - x-3 64. (a) No. The fact that f(2) = 4 has no bearing on the
s -2
=9 existence of the limit of f(x) as x approaches 2.
. 1
?L%f (x) = 6 (b) No. The fact that lim2 /(x) = 4 has no bearing on
8 the value of fat 2.
B k . 65. (a) C = 27r
j reC 8 _ 3 09549 m
2 2 7w
- 5.5
The domain is all x # £3. The graphing utility does not (b) When C = 5.5:r = o ~ 087535 cm
1
show the hole at [3, gj When C = 6.5:r = ? ~ 1.03451 cm
7

So 0.87535 < r < 1.03451.

1. i =2 hat the val f h 2 .
6 xgn; f(x) 5 means that the values of fapproach 25 as © Aln;x} (277.'}’) —6ic =055 ~ 00796

x gets closer and closer to 8.

62. In the definition of lim /(x), /must be defined on both 66. V = i;;ﬁ, V =248
X—>cC 3
sides of ¢, but does not have to be defined at c itself. The 4
value of fat ¢ has no bearing on the limit as x approaches c. (a) 248 = 57[;’3
63. (i) The values of fapproach different numbers as x R 1.86
approaches ¢ from different sides of c: T o

’ r ~ 0.8397 in.
A (b) 245< ¥V <251

3+

24

t 245 < g;zﬁs 2.51

. L
f —
-4 -3 -2 -1 12 3 4

0.5849 < * < 0.5992
N 0.8363 < r < 0.8431
T (c) For & = 2.51 — 2.48 = 0.03, 5 ~ 0.003

(i1) The values of fincrease without bound as x i
approaches c: 67. f(x)=(1+x)

lim(1 + x)"" = e ~ 271828

x—0

2 3 4 5

(iii) The values of foscillate between two fixed numbers
as x approaches c:

x S ) x J ()

0.1 2.867972 0.1 2.593742
—-0.01 2.731999 0.01 2.704814
—-0.001 2.719642 0.001 2.716942

—0.0001 2.718418 0.0001 2.718146

—0.00001 2.718295 0.00001 2.718268

—0.000001:,. 2:718283 0:000001 pfy 2718280
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‘x+1‘—‘x—1‘ 72. True
68. f(x) = —rt 1
o 73. False. Let
_ N N x—4, x =2
x | -1]-05|-01]0 0.1 | 0.5 1.0 1) = {0 e
fy |2 |2 2 Undef. | 2 2 |2 ’ B
lim /(x) = 2 f(2)=0
Note that for ( - ) 11351[()5) = llg(x —4)=2=%0
x+ 1)+ (x -1
—1<x<1,x¢0,f(x):f=2~ 74. False. Let
y x—4, x #2
N /() = {0, x=2

/__\ lim f(x) = lim(x ~ 4) = 2and /(2) = 0 # 2
- S 75. f(x) = /x

lim /x = 0.5is true.
x—0.25

69. X2 As x approaches 0.25 = 1 from either side,
(1999, 0.001) 4
\/ <2.001,0.0Q/ f(x) = ~/x approaches 1 =05
1.998 2.002 76. f (x) = \/;
0
li = 0is false.
Using the zoom and trace feature, 6 = 0.001. So xl—I}})\/; 18 Talse
(2 - 0,2+ 6) = (1.999, 2.001). f(x) = /x is not defined on an open interval
x2 -4 containing 0 because the domain of fisx > 0.
Note: =x+ 2for x # 2.
77. Using a graphing utility, you see that
70, 0 000 . sinx
(2.999, 0.001) lim =1
/(3.001,0.001) x>0 x
, sin 2x
lim = 2, etc.
x>0 X
2.998 3.002 .
0
So, lim sm_ n
x—0
From the graph, 6 = 0.001. So o
(3 = 0,3+ 5) = (2'999’ 3'001)' 78. Using a graphing utility, you see that
2 _ . tan x
Note: = % _ xfor x # 3. lim =1
x — x—=0 x
lim tan 2x _ 2, etc
71. False. The existence or nonexistence of f(x) at 0 x ’
x = chas no bearing on the existence of the limit tan(nx)
So, lim
of f(x) asx — c. x>0 x

79. If lgrr: f(x) = Lyand 113: f(x) = L,, then for every & > 0, there exists & > 0and &, > 0 such that
|x —c|< 6 = ‘f(x) - LI‘ <cand [x —¢[< 5 = ‘f(x) - Lz‘ < &.Let § equal the smaller of &, and &,. Then for
|x = c|< &, youhave |L, — L,|= ‘Ll - f(x) + f(x) - Lz‘ < ‘Ll - f(x)‘+‘f(x) - Lz‘ < & + &. Therefore,
‘Ll - Lz‘ < 2¢.Since ¢ > 0 is arbitrary, it follows that L, = L,.
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80. f(x) = mx + b,m # 0.Let & > 0 be given. Take 83. Answers will vary.
£ 2
S = = oxt —x—12
|m| 84. lmix_é‘ =7
£
If 0 - 6 = —,th . B
<lx el ] | A foa] | (4 o))
‘me—c‘<g 1 |41 7.1
‘mx - mc‘ <e& 2 | 4.01 7.01
|(mx + b) = (mc + b)| < & 3 | 4.001 7.001
which shows that lim (mx + b) = mc + b. 4 | 4.0001 7.0001
X—C
81. chlin([f(x) - L] = 0 means that for every & > 0 there n| 4-[0] f(4 _ [0.1]”)

exists 0 > 0such that if 11309 6.9

0 <|x-ecl<a, 2 | 399 6.99

then
3 ] 3.999 6.999

-L)-0|< e

‘ (f(x) ) ‘ 4 | 3.9999 6.9999

This means the same as ‘f(x) - L‘ < & when

0 < ‘x - c‘ < 0. 85. The radius OP has a length equal to the altitude z of the

So. li =7 triangle lusﬁSO z—l—ﬁ

o, X1_)nzf(x) = L. gle p 550, 2 = >

! Area triangle = 151 -
82. (a) (3x+1)(3x — 1)x? +0.01 = (92 = 1)x* + — rea tnangle = >

100
1 Area rectangle = bh
=9x* —x? + —
100 1 h
1 Because these are equal, fbtl - fj = bh
= —(10x> — 1)(90x> - 1) 2 2
100 h
. 1-—=2h
So, (3x + 1)(3x - l)x2 + 0.01 > 0if 2
10x? — 1 < Oand 90x* — 1 < 0. Sh=1
1 1 2
Let (a,b) = | ———, —|. 2
9 (- o5 7] i

Forall x # 0in (a, b), the graph is positive. You can »

verify this with a graphing utility.p

(b) Youare given limg(x) = L > 0.Let

& = %L. There exists 6 > 0 such that

0< ‘x - c‘ < ¢ implies that

‘g(x) - L‘ <g¢= %.Thatis,

<g(x)—L<§

3L

_L
2
% < glx) < >

For x in the interval (¢ — &, ¢ + &), x # ¢, you

have g(x) > % > 0, as desired.
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86. Consider a cross section of the cone, where EF' is a diagonal of the inscribed cube. AD = 3, BC = 2.Let x be the length of a
side of the cube. Then EF = x~/2.

By similar triangles, 4
EF _ AG
BC 4D
X2 _3-x E g\
23
Solving for x, 3W2x = 6 - 2x K - 3
(3v2 + 2 =6
= 6 = "2 -6 ~ 0.96.
W2 +2 7

Section 1.3 Evaluating Limits Analytically

1. 5 4. 10

-4 \ 8
3 -10

(@) lim h(x) = 0

f(t) = 1]t - 4
(®) lim, #(x) = =5 (@) lim /(1) = 0
>4
2. 10 . _
(b) lim f(r) = =5
‘-\_\_‘_‘_‘——
0 10 5. lirr;x3 =2=38
-5
6. lim x* = (-2)" = 16
12(v/x - 3) s (-2)
o) = ——
x =9 7. lim (2x — 1) = 2(0) =1 = -1
() lim g(x) = 2.4
(b) lim g(x) =4 8. Xli_)n}3 (3x + 2) = 3(—3) +2=-7
x—0
3. 2 9. lim (x* +3x) = (-3 +3(-3) =9-9=0

\ x—>-3
- o m
\ 10. lim (~2® + 1) = (1) +1=0

-4

1L lim (207 + 4x + 1) = 2(=3)" + 4(-3) + 1

S(x) = xcosx Jim

(@ lim f(x) = 0 =18-12+1=7

(b) Xlir}z}3 f(x) ~ 0.524 12. lim (3x3 Zo? 4 4) 1) - 21 4 s
(:%] 13. lingx/x+1:\/3+1:2

14. liII;l‘\S/X-I— =34+4=2
X—>

15. lim (x +3)° = (4 +3)° =1

x—>—4
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i —1) = 1T = - 26. (a) li =2(4) - 3(4)+1 =21
6. lim (2x 1) = [2(0) 1] = -1 (@) lim f(x) = 2(47) - 3(4)
11 (b) lim g(x) = /21+6 =3
. x—21
17. lim — = —
X2 x 2

© lim ¢(/(0) = £(21) = 3

18. lim3 = =2
Rt 2 342 27. lim sinxzsinzzl
| | x—>7/2 2
19. lim 3 == = —
olx+4  1°+4 5 28. limtanx = tanz = 0
- 2(1) -3 -
20. lim 2x -3 = () = -1 . T
x>l x + 5 1+5 6 29. hn}cos?zcos—zf
. 3x 3(7) 21
21. lim = = -7
=1 x+2 JT+2 3 30. limzsin?:sinﬂ(;)—o
LN+ 2 V242 2
22. lim = =—=-1 31. limsec2x =sec0 =1
=2 x — 4 2-4 -2 x>0
23. (a) liir} fx)=5-1=4 32. lim cos 3x = cos 37 = —1
(b) lim g(x) =4 =64
X.HZ‘ 33. lim sinx = sins—ﬂ = l
(© limg(/(x) = (/1) = g(4) = 64 el 6 2
; 34. lim cosx*coss—ﬂ*l
24. (@ lim fx)=(3)+7=4 T xosap 3002
b) 1 =4 =16
®) Xlg}‘ g(x) . X 3z
) 35. lim tan| — | = tan — = —1
(©) lim g(/(x)) = g(4) = 16 >3 4 4
25. (a) lim f(x) =4-1=3 36. lim sec| 2| = s 7—7[:7_2\/5
x—1 x—>7 6 3
(b)llir:l;g(x): 3+1=2
© tim g(/() = g(3) = 2

37. (a) lim[Sg(x)] = 5 lim g(x) = 5(2) = 10

(b) 1131[ f(x) + g(x)] = limf(x) + limg(x) =3 +2 =5
© lim[f(x)e(x)] = |l f(x) || limg(x) | = (3)2) = 6
fx) limf(x) 3

d 1l _ xoc .
@ ba g(x) 1img(x) 2

. o _ 3 _
38. (a) lim[4f(x)] = 4 lim f(x) = 4[2] 6

x—c

(b) lim[ f(x) + g(x)] = lim f(x) + limg(x) =

© mnl0(o] = [ meto)] - 3]
S Nimf) 3
(d) llf}}g(x) - )lﬂlﬁmcg(x) = 1/7 =3
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x- =1

9. @t /()] = [1m /()] = (4 = o4 5. 1(3) -

M) limf(x) = [imf(x) = /4 =2 x = -,
x—oc x—c 11n31f(x) = 111{11g(x) = -2

(© lim[37(x)] = 3limf(x) = 3(4) = 12 .

@ tim[/(x)]” = [lgn f(x)T/z - @ =s s - ‘

40. (a) 1im3/f(x) = 3/limf(x) = /27 =3 /_4

x—c

and g(x) = x — 1 agree except at
x+1

li 2 _ =
(b) 1imf(x) - ~*eri'f(x) _2_3 46. f(x) = 2 X 73 nd g(x) = 2x — 3agree except
e 18 lim18 18 2 x+1
e at x = —1.
~ 2 _ [y ’ 2 lim f(x) = lim g(x) = -5
@ tim[7(0)]" = [tim(x)] = @7 = 729 Jim /() = Jim g(x) =
2/3 23 2/3 :
@ lim[f(x)]" = [limf(x)] =277 =9 /
X—cC X—>c _8 4
x? - x
41. f(x) = x —land g(x) = agree except at '
8
x = 0. \
-8
(a) lin})g(x) = lin})f(x) =0-1=-1 47. f(x) = ); - and g(x) = x* + 2x + 4 agree except
(b) lim g(x) = lim f(x) = -1 -1= -2 at x = 2.
o o I = limg(x) = 12
| (0 < i) -
42. f(x) = —x + 3and h(x) = Magree except at 2
x
x =0. X/
() lgh(x) = lgf(x) =2+3=1 . 9
: 13 o _ 0
(b) limh(x) = lim f(x) = -0 +3 = 3
3
3 _x +1 o
43. f(x) = x(x + I)and g(x) = * - lx agree except at 48. f(x) = — and g(x) = x? — x + | agree except at
x = -1
x =1
(@) limg(x) = limf(x) = 2 lim f(x) = lim g(x) =3
x—1 x—1
(b) lirr}lg(x) = linﬁllf(x) =0 \ 7/
1
4. g(x) = — and f(x) = xzx_ — agree except at » \
x = 0. -1
(a) .lriinlf (x) does not exist. 9. Tim  lim— ~ lim _ 1

x—>0x — x x~>0x(x — 1) x—>0x — 1
li = -1
®) lim/(x)
50. lim—Y — = fim——% = fm—>— = >
x=0x” + 2x x40x(x + 2) x=0x + 2 2
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64

51.

52.

5S.

56.

57.

58.

59.

60.

61.

62.

63.

Chapter 1 Limits and Their Properties

. ox—4 . x—4 Xt +x—-6 . (x+3)(x—2)
1 =1 . =
S 16 xoi(x + 4)(x — 4) 53 lm = xlin33(x+3)(x—3)
R x-2 -5 5
= lim = — — - -
x—>4x + 4 8 x>3x — 3 -6 6
. 3 —x . 3—x .-l 1 o x2 -5 4 ) (x—4)(x—1)
I _ _ _ 1 X x+4
5 9 xlﬁrrg(x—3)(x+3) x4 3 6 5. 1ﬂx2—2x—8_1m(x—4)(x+2)
G R I |
Caoi(x+2) 60 2
lim\/x+5_3:lim\/x+5_3~\/x+5+3
x—4 x -4 x—4 x -4 \/X+5+3
TN G el N S 1
x4 Vx+s+3) oae5+3 Vo3 6
lim\/x+1_2—lim\/x+1_2-\/x+l+2—lim x -3 ~ lim 1 _ 1
=3 x -3 =3 x—3 Nrx+1+2 Xﬁ3(x—3)[\/x+1+2J =3/x+1+2 4

 Nx+5-4/5  Nx+5-5
lim = lim

\/x+5+\/§

x>0 X x>0 X . Jx+5+-/5
o (x+5) -5 . 1 1 V5
= lim = lim = = —
Xﬁox(\/x +5+ \/g) 0 /x+5+/5 25 10
2+ x -2 24 x -2 J2rx+2
lim = lim .
x—0 X x—0 X \/2 + x + \/5
. 2+x-2 . 1 1 V2
= lim = lim = . Sl
DV2 e x N2 oW2Zr a2 V2 4
1 _1
m3tx 3 _ G0y = im——L 1
x>0 X x>0 (3 + x)3(x) x—>0(3 + x)(3)(x) X—>0(3 + x)3 9
l B l 4 - ()C + 4)
limx+4 4 = lim 4()C+4)
x>0 X x>0 X
= hm_il = _1
xﬁ04(x + 4) 16
_2(x + Ax) - 2x . 2x + 2Ax — 2x
lim——— = lim—F———
Ax—0 Ax Ax—0 Ax
= lim2=2
Ax—0
2 2 2 22
lim(x+Ax) X mx +2xAx+(Ax) X limAx(2x+Ax) _ lim(2x+Ax)=2x
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0

(x+Ax)2—2(x+Ax)+1—(x2—2x+1)

x2+2xAx+(Ax)2—2x—2Ax+1—x2+2x—1

Ax

Ax

1im(2x+Ax—2)=2x—2

Ax—0
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65

. (x + )3 - X X+ 3x%Ax + 3x(Ax)2 + (A)c)3 -x
64. lim = lim
Ax—>0 Ax—>0 Ax
{32 + 3xax + (Ax)7) .
= lim = lim (3¢ + 3xAx + (Ax)") = 342
Ax—0 Ax
: ; 72. li = z(-1) = -
65 1im*™% _ fim [sm x)(l} _ (1)(1j _1 ¢13}[¢ sec ¢ = z(—1) v
x—>0 S5x x—0) X 5 5 5
3(1 ) (1 ) 73. lim/zc()S)C = limzsinx =1
66. lim COS X _ lim{{ COS X H _ (3)(0) _0 x—=7/2¢cot x X7
x—0 X x>0 X
74, lim .l—tanx — lim cos x — sin x
. sin x(l — cos x) C[sinx 1-cosx x>afdsin x — cos x  x—z/4sin x cos x — cos® x
67. lIlm————— = lim|—— - —— )
x50 x 0 x X ~ lim —(sin x — cos x)
=(1)(0) =0 x—7/4¢0s x(sin x — cos x)
-1
. = lim
68. 1im =% Otan 0 _ o Sin 0 _ | /A0S x
60 g -0 @ .
= lim (-sec x)
x> /4
. 9 .
69. lim>2 X lim{Slrl X sin x} =(1)sin0 =0 =2
x—>0 x x—0 X
, ., _ _ 75 limsin 3t . (sm StJ( jf ( j
0. limtan X lim sin 2x _ lim{smx . s1n2x} 150 27 Ho
x>0 x x>0x COS” X x>0 x COS” x
= (1)(0) =0 6. limSI_n 2x — i (sm 2x (lj
x—0sin 3x x—>0 sin 3x
) (1—cosh)2_ C[1=cosh 2
T i = il s - 203 -2
- (0)(0) = 0
77. f(x) = 7”‘4'_\/5
X
X -0.1 -0.01 | —0.001 0 | 0.001 0.01 0.1
f(x) | 0358 | 0.354 | 0.354 ? 1 0354 | 0.353 0.349

It appears that the limit is 0.354.
2

-2

The graph has a hole at x = 0.

\/x+2—\/5:1m\/x+ —\/5

x—0

NS TN
\/x+2+\/5

xX+2-2 . 1

Analytically, lim
x>0

X X

= lim

S NN N B N e BN

1
T2

~ 0.354.

“[4
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78.

79.

80.

Chapter 1 Limits and Their Properties

(3) = 4 —/x
x —16
x 15.9 15.99 15999 | 16 | 16.001 | 16.01 16.1
fx) | -0.1252 | —0.125 | -0.125 | ? | -0.125 | —0.125 | —0.1248
It appears that the limit is —0.125.
1
0 ——| 20
-1
The graph has a hole at x = 16.
e N (i) N
Analytically, lim = lim = lim = —
x>16 ¥ — 16 xﬁl6(\/; : 4)(\/— _ 4) >16x/x + 4 8
1
2+x 2
x) ===t =
1) = 25
X —0.1 —-0.01 —0.001 | 0 | 0.001 0.01 0.1
f(x) | -0.263 | —0.251 | —0.250 | ? | —0.250 | —0.249 | —0.238
It appears that the limit is —0.250.
3
-5 '_JE K/—"_ !
I -2
The graph has a hole at x = 0.
1 1
Ty 2-(2+ - -
Analytically, lim2+X 2 _ T el ) I . S O T
x>0 X x>0 2(2 + x) X x%02(2 + x) X x%02(2 + x)
x* - 32
x) =
S() = ——
X 1.9 1.99 1.999 1.9999 | 2.0 | 2.0001 | 2.001 2.01 2.1
fx) | 72.39 79.20 79.92 | 79.99 ? 80.01 80.08 80.80 | 88.41
It appears that the limit is 80.
100
-4 3
-25
The graph has a hole at x = 2.
X - (x = 2)(x* + 267 + 4x + 8x + 16)

Analytically, lim 32 = lim
=2 x — 2 x—2 x -2

(Hint: Usellong division'to, factor x> =732.)

= 1im(x4 +20% + 4x? + 8x + 16) = 80.

x—2
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81 f(t) _ s1ntSt
t -0.1 | -0.01 -0.001 | 0 | 0.001 | 0.01 0.1
f(@® | 296 | 29996 | 3 213 2.9996 | 2.96
It appears that the limit is 3.
4
— 277 [z ﬂ“v' U"\um 27
-1
The graph has a hole at ¢ = 0.
. . sin 3¢ . sin 3¢
Analytically, }gr(l) P tlgr(l) 3[ Iy j = 3(1) =3
82 f(x) _ cosx — 1
) 2x?
X -1 —0.1 —-0.01 | 0.01 0.1 1
f(x) | —0.2298 | —0.2498 | —0.25 | —0.25 | —0.2498 | —0.2298
It appears that the limit is —0.25.
1
e ——"
-1
The graph has a hole at x = 0.
— 2 —
Analytically, cos x2 1 cosx +1 _ c20s x -1
2x cosx +1  2x*(cos x + 1)

—sin’x
2x2(c0s X + 1)

sin? x -1

x? 2(cos x + 1)

s 2 _ —
Jim| 22X ! - 1(Jj L s
=0 x2 2(cos x + 1) 4 4
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83.

84.

85.

86.

87.

Chapter 1 Limits and Their Properties

P
sin x
) =
X 0.1 -0.01 | -0.001 | 0 | 0.001 | 0.01 | 0.1
f(x) | —0.099998 | —0.01 | —0.001 | ? | 0.001 | 0.01 | 0.099998
It appears that the limit is 0.
1
_on -{"f*rﬁ'.rhl;h]l[ﬂ /\uh'.lﬁl.'ﬁ'l'w on
-1
The graph has a hole at x = 0.
s2 2
Analytically, lim B - lim x[sm ol J = 0(1) =0
x>0 x x—0 X
sin x
x) =
X 0.1 —-0.01 —0.001 | 0 | 0.001 | 0.01 0.1
f(x) | 0215 | 0.0464 | 0.01 ? | 0.01 0.0464 | 0.215
It appears that the limit is 0.
2
-3 3
-2
The graph has ahole at x = 0.
. .osinx . 3/ fsinx) _
Analytically, 113})% = 113}) U x [T) = (0)(1) =0.
_ -2 - -2 -
i (x + &) - f(x) _ limS(x+Ax) (Bx-2) _ i X +30x-2-3x+2 . 3A
Ax—0 Ax—0 Ax Ax—0 Ax Ax—0 Ax
limf(x+ ) - f(x) — tim X+ Ax —/x _ lim\/x+Ax_\/;~\/x+Ax+\/;
Ax—0 Ax—0 Ax Ax—0 Ax '\/X + Ax + \/;
. X+ A —x . 1 1
= lim = lim =
MOOANx + A+ fx) AR r s AV 2V
1 o1
lim (X+ )_f(x):hmx+Ax+3 x+3
Ax—0 Ax—0 Ax
_x+3-(x+Ax+3) 1
= lim - —
a0 (x + Ax + 3)(x +3)  Ax
. —Ax
= lim
a—0(x + Ax + 3)(x + 3)Ax
= lim -l S
a0(x + Av + 3)(x +3)  (x +3)
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S A) - f(x) (A A+ AY) - (¥ - 4x) 02 4 2pAr 4 A 4x - 4Ar — X + dx
88. lim = lim = lim
Ax—0 Ax Ax—0 Ax Ax—0 Ax
i M A D) 0x s Ar - 4) = 20— 4
Ax—0 Ax Ax—0
89. lim(4 — %) < lim f(x) < lin(4 + x*) 95. f(x) = xsint
4 < lli%f(x) <4 05
Therefore, lim f(x) = 4. \ A\//
x>0 -05 05
90. llirzl:[b_‘x_au < llg(llf(x) < IILI‘II[I) +‘x—au L
b < limf(x) < b
X—a ) ) 1
Therefore, lim f(x) = b. lll}})(x s ;) =0
91. f(x) = xcosx 96. h(x) = xcos L
x
. 0.5

-4

lirr(l)(x cos x) = 0 0e
' 1
. lim(x cos fj =0
92. f(x) =|xsin x| ¥ 50 x
> 97. You say that two functions f'and g agree at all but one

point (on an open interval) if f (x) = g(x) for all x in

the interval except for x = ¢, where c is in the interval.
o 2m

2 _
N 98. f(x) = al 11 and g(x) = x + 1 agree at all points
Y —

except x = 1.

lim|x sin x| = 0
x—>0

93. f(x) =|x|sin x 99. An indeterminant form is obtained when evaluating a
. limit using direct substitution produces a meaningless
fractional expression such as 0/0. That is,

N\\Z . fgx;
iy

6 for which lim f (x) = lim g(x) =0

x—c x—c

lim‘x‘sinx =0 ] ) )
=0 100. If a function fis squeezed between two functions /# and

g h(x) < f(x) < g(x),and & and g have the same limit

94. f(x) =|x|cos x
Las x — c, then lim f(x) exists and equals L.
xX—c

6

R4

-6

lim|x|cos x = 0
x—>0
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101.

102.

104.

Chapter 1 Limits and Their Properties

£(x) = x. g(x) = sin x, h(x) = sin x 103. s(r) = —1672 + 500
X
2
s 8@ =) . ~16(2) + 500 - (16 + 500)
g h / -2 2 — ¢ -2 2 ¢
-5 5 . 436 + 16¢* — 500
= R
> ; 16(¢ — 4)
When the x-values are "close to" 0 the magnitude of f'is - 2 -t
approximately equal to the magnitude of g. So, 1 6(t _ 2)(t " 2)
‘g‘ / ‘ f‘ ~ 1 when x is "close to" 0. = }T%T

=1
sin? x 1

x, g(x) = sin® x, h(x) =

~JA

-2

~

—_
=

=
Il

When the x-values are "close to" 0 the magnitude of g is

"smaller" than the magnitude of f'and the magnitude of g
is approaching zero "faster" than the magnitude of /. So,

|g|/| /|~ 0whenxis "close to" 0.

s(t) = —16¢> + 500 = Owhen ¢ = , [—

16
55 ,
; 1T _S()_ ) 0 — (167 + 500)
S NS ) RN
? 2 2

> L

2
16(:2 - E]
L 4)

= lim
q[ﬁ] V5
g 2
16 t + ﬂ t — ﬁ
i 2 2
= lim
H(ﬂ) 55
2 T t
= lim |-16/7 + ﬂ = —80\/3 ft/sec
N 2
2

~ —178.9 ft/sec.

The velocity of the wrench when it hits the ground is about 178.9 ft/sec.

im —16(7 + 2) = —64 ft/sec

-2

X The wrench is falling at about 64 feet/second.

500 54/5 55 .
2

sec. The velocity at time a = — is
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107.

108.

109.

110.

Section 1.3 \ Evaluating Limits Analytically 71

_ —4.9(3)° + 200 — (—4.9¢2 + 200
@) =) _  ~490) ( )
153 3 -t 153 3 -t
49(2 -9
= limi( )
t—3 3¢
_ lim4.9(t - 3)(r +3)
t—>3 3 —¢

= lim[-4.9( + 3)]
= -29.4 m/sec
The object is falling about 29.4 m/sec.

200 204/ o 20./5 o
7

—4.9¢% + 200 = Owhen t = , [=—— sec. The velocity at time a =

49 7
— 0 — |—4.9¢ + 200
limM = lim [ - }
t—a a—1 t—a a—1
_ lim4.9(l + a)(t — a)
t—a a—1
= lim [—4 9(: + 2OIH = -28/5 m/sec
t~>20 5
~ —62.6 m/sec.

The velocity of the object when it hits the ground is about 62.6 m/sec.

Let f(x) = 1/x and g(x) = —1/x. lin})f(x) and 111. If b = 0, the property is true because both sides are
" equalto 0.If b # 0, let £ > 0 be given. Because
lim f (x) = L, there exists 0 > 0such that

X—C

limg(x) do not exist. However,
x>0

. .1 1
1152)[](()“) + g(x)] = }(T}){x + (_xﬂ = 1‘3(1)[0] =0 ‘f(x) - L‘ < ¢/|b| whenever 0 <|x — ¢|< &.S0,
and therefore does not exist. whenever 0 < ‘x - c‘ < O, we have
Suppose, on the contrary, that limg(x) exists. Then, \be(x) - L‘ < ¢ or ‘bf(x) - bL‘ <e&
X—=>c
because lim f(x) exists, so would lim[ f(x) + g(x)], which implies that lim[ b7 (x)] = bL.

which is a contradiction. So, limg(x) does not exist.
xoe 112. Given lim f(x) = O

x—c

Given f(x) = b, show that for every & > 0 there exists For every & > 0, there exists § > 0 such that

a 0 > Osuch that ‘f(x) - b‘ < & whenever ‘f(x) _ 0‘ < & whenever 0 < ‘x _ c‘ < 5.

|x = ¢| < 5. Because | f(x) - b| =|b - b| = 0 < & for Now| £(x) - 0] = | £ ()| :Hf(x) _ 0‘ < & for

every ¢ > 0, any value of 6 > 0 will work. . i
|x = ¢| < &. Therefore, hm‘/(x)‘ = 0.
X—c

Given f (x) = x", n is a positive integer, then

limx" = lim(xv"!) 113. M f(x)| < f(x)g(x) < M f(x)|

x—c x—c

= |limx || limx"™" | = ¢| lim(xx"~? 1131( Mf D = llflf(x)g(x) < )I(IEZ(M‘f(x)D
[’lf" mﬁ" } M‘ )}3 ~M(0) < lim /(x)g(x) < M(0)
- Jipime ] - o) ot <

Therefore, lim f(x)g(x) = 0.
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114. () Iflim| /(x)| = 0, then hm[ /()] = o. 122. False. Let
e f(x) = Ix?and g(x) = x*.
A7)« S‘fx‘ Th f(z) (x) forall x # 0. But
en f(x) < g(x)forall x # 0.Bu
hm[ ‘f J < hmf llm‘f ‘ £
e ¥oe lim f(x) = limg(x) = 0.
0 < l1mf( ) x—=0 x—=>0
X—>c
Therefore, lim f(x) = 0. 123. lim1 L lim1 —cosx L+cosx
x—c x—0 X x—>0 X 1+ COS X
(b) Given 11irif(x) =L T cos’x lim sin®x

. x=0x(1 + ox(1 +
For every ¢ > 0, there exists & > 0 such that H x( cos x) " x( cos x)

sin x sin x

‘f(x)—L‘<5whenever0<‘x—c‘<§.Since = lim —
=0 x 1 + cos x

Hf(x)‘—‘LHS‘f(x)—Lkgfor sin x sin x
|x = ¢| < &, thenlim | £ (x)| =| L. [ H }

HO X x=>0] + cos x

= (1(0)

115. Let
; 0, 1ifx is rational
f(x)z 4, ifx >0 124.f(x)={ ifivis ratio
-4, ifx <0 1, ifx isirrational
lim‘f(x)‘ - lim4 = 4. g(x) _ 0, ifx is rational
0 0 x, ifx is irrational

lim /() does not exist because for ) )
x>0 11rr(1) /() does not exist.
xX—>

x<0,f(x)=—4andf0rx20,f(x)= . . . .
No matter how "close to" 0 x is, there are still an infinite

number of rational and irrational numbers so that

116. xlin;/ (x) = Xllnzlrf (x) = limf () =3 lim 7 (x) does not exist.
The value of fat x = 2 is irrelevant. lim g( x) =0
x—0
117. The limit does not exist 2 when x is "close to" 0, both parts of the function are
because the function "close to" 0.
approaches 1 from the right 3 3 secx — 1
side of 0 and approaches 125. f(x) = —5—
—1 from the left side of 0. *
-2 (a) The domain of fisall x = 0, 7/2 + nr.
118. False. lim™2* = % _ ¢ (b) 2
xor X T '\-J'
119. True. ¥ mi Em Ei
120. False. Let i ! i
f(x) _ {x *# 1’ c=1. The domain is not obvious. The hole at x = 0 is not
3 x=1 apparent.
Then lig}f(x) = 1l but f(l) = 1. () lméf(x) ==
2
121. False. The limit does not 4 @) ¢ x2—1 = secxz—l seex+l_ Zsec x -1
exist because f(x) x x secx +1  x*(secx +1)
approaches 3 from the left _ tan®x _ 1 ( sinzx\ 1
side of 2 and approaches 0 2 6 x*(secx +1) cos’x| x> Jsecx +1
from the right side of 2.
-2 . secx —1 (sm x\ 1
So, lim 5 = >
x>0 x Hocos xL X )secx +1

l(l)@ "2
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126. (2) lim— T~ lim

x—=0 X x—0 X

Il —cosx 1+ cosx
; .

1+ cos x
. 1-cos’x
lim—————
x>0x%(1 + cos x)

. sin’x 1
= lim——  ———
x>0 x 1 + cosx
1 1
=M=]==
03)-3
(b) From part (a),
1 —cosx 1 1,

2

~ — = 1-cosx ~
X 2

—Xx° = cosx =
2

(©) cos(0.1) ~ 1 - %(0.1)2 = 0.995

(d) cos(0.1) = 0.9950, which agrees with part (c).

127. The graphing utility was set in degree mode, instead of radian mode.

Section 1.4 Continuity and One-Sided Limits
1. (a) 1im+f(x) =3

(b) lim f(x) = 3

x—4"

lim /(x) = 3

x—>4

©
The function is continuous at x = 4 and is continuous
on (—oo, o).

2. (a) lim f(x) = -2

x—-2"

lim f(x) = -2

x—>-2"

fin ) = =

(b)
©

The function is continuous at x = —2.

3. (a) lim f(x) =0

x—3"

(b)

x—3"

(© limf(x) =0

x—=3
9.

The function is NOT continuous at x = 3.

4. () lim f(x) =3

x—>-3"

lim f(x) = 3

x—>-3"

lim £(x) = 3

x—>-3

(b)

11.

(©)

The function is NOT continuous at x = —3 because

f(—3) =4 # Xler}3f(x),

o

lim f (x) =0 8.

10.

73

l—le forx = 0.
2

(a) lim+ f (x) =3

(®) lim f(x) =3

©) }1_)m2 /() does not exist

The function is NOT continuous at x = 2.
L@ tim f(x) =0

() tim f(x) =2

(©) Xliﬁrl}lf(x) does not exist.

The function is NOT continuous at x =

. 1 1 1

lim = = —
xo8tx + 8 8+ 8 16

. 3 3 3

lim - - = ——
x5~ X+ 5 545 10

. X — 1
lim > = lim ——
x5t X" — rs5tx + 5 10

. 2—-x . 1
lim — = lim — = —
x—2txT — 2t X+ 2 4
lim does not exist because
x>-3"~Jx° =9

; decreases without bound as x — -3
x* -9
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12.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Chapter 1 Limits and Their Properties

Jx -3

ki

lim Cim VX3 Vs 13. lim > = im = = 1
x59" x —9 x59" X —9 \/; +3 x>0 X x>0 X
lim x -9
= —F ~10 _
=9 (x = 9)(Vx + 3) 14, im0 X210
x—>l10t X — 10 xol0tx — 10
= lim 71 = l
oJx+3 6
1 1
_ - B Ay B
lim X+ Ax  x _ 1imw.i: lim A 1
Ar—0" Ax Ar—0" x(x + Ax) Ax m_m*x(x + Ax) Ax
. -1
= lim ——
Axﬁ()*x(x + Ax)
e S
x(x + 0) x?

(x + Ax) + (x + Ax) = (x* + x) i X+ 2x(Ax) + (Ax)’ + x + Ax - X% - x

lim = lim
Ax 0" Ax Ax—0* Ax
2
~ im 2x(Ax) + (Ax)” + Ax
Ax—0t Ax
= lim (2x + Ax + 1)
Ax—0t

=2x+0+1=2x+1

lim f(x) = lim > 5222 24 lim (2x — []) = 2(2) - 2 = 2

x—=3" x—=3" 2 2 x>2"

i = fim (—x® + 4x — 2) = 2 25. lim(2 — [-x]) does not exist because

Jm £10) = fim (" e =2)

lim f(x) = lim (x - 4x + 6) = 2 lim (2 -[]) =2 -(-3) =5

x—>2" x—2" )

lirr; flx) =2 and

' lim (2 - [x]) = 2 - (4) = 6.
x—3t

lim f(x) = lim(x +1) = 2

x—1t x—-1t

lim f(x) = lim (x* +1) = 2 26. lim[l - ﬂ—xﬂj =1-(-1)=2
x->1" x—>1" x—1 2
lim f(x) = 2
x—1 1
27. f(x) = S

limf(x) = lim(l - x) =0
a1 Xl has discontinuities at x = —2 and x = 2 because

lim cot x does not exist because ! (_2) and f (2) are not defined.

X—>r
lim cot x and lim cot x do not exist. x? -1
x>t x> 28. f(x) =
x +1
Erll/zsec x does not exist because has a discontinuity at x = —1 because f(—1)is not
defined.
lim secxand lim sec x do not exist. etne
)c—)(;r/Z)Jr x—(7/2)"
[x]
29. f(x) === +x
lim (S[x] ~ 7) = 53) - 7 = 8 2
¥4 has discontinuities at each integer k because
([x] = 3for3 < x < 4) lim f(x) # lim £(x).
x>k~ x—kT
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

1

1 has a discontinuity at

A

X, X
f(x) =12, X
2x =1, x>1

x = lbecause f(1) =2 # lirr}f(x) =1.

g(x) = ~/49 — x* is continuous on [-7, 7]
f(r) = 3 =~/9 — #* is continuous on [-3, 3].

lim f(x) = 3 = lim f(x)./is continuous on [-1, 4]

x—>0" x>0t

(2) is not defined. g is continuous on [~1, 2).

6 . o
f (x) = — has a nonremovable discontinuity at x = 0.
x

f(x) = 3 has a nonremovable discontinuity at
Y —

x =2

f(x) = x* = 9is continuous for all real x.

f(x) = x* = 2x + lis continuous for all real x.

f(x) = 2 _1 5= o- x)1(2 ) has nonremovable
discontinuities at x = +2 because lim f(x)and

x—2

lim_f(x) do not exist.
x—>-2

is continuous for all real x.

1
f(x)z 2

X

f(x) = 3x — cos x is continuous for all real x.

X . .
f(x) = cos=—~is continuous for all real x.

f(x) = zx

X =X

is not continuous at x = 0, 1. Because

X

xz—x

= ! 1for x # 0,x = 01is aremovable
X —

discontinuity, whereas x = 1is a nonremovable
discontinuity.

f(x) = 2x . has nonremovable discontinuities at
w2
x = land x = —1because limf(x)and lim f(x)do
x—>1 x—-1
not exist.
f(x) == is continuous for all real x.
x

46.

Section 1.4. Continuity and One-Sided Limits 75
x—06
x) =
f( ) x2 —- 36
has a nonremovable discontinuity at x = —6 because

47.

48.

49.

50.

51.

1im6 /(x) does not exist, and has a removable
x—>—

discontinuity at x = 6 because

1 1
li =1l = —.
0= e T 1

B x+ 2
ﬂ”‘(x+a@-ﬂ

has a nonremovable discontinuity at x = 5 because
lirré /() does not exist, and has a removable
X—>

discontinuity at x = -2 because

lim f(x) = lim ! = —l,

x—>-2 x>2x — 5 7
x -1
X)= —————
U Al oy ey
has a nonremovable discontinuity at x = —2 because

lime (x) does not exist, and has a removable
X—>—

discontinuity at x = 1because

1 1
li =1 =
im0 = s = s

x+7
f =127
x+7
has a nonremovable discontinuity at x = —7 because

lim_f(x) does not exist.
x—>-7

-8
f (x) = ‘xfg‘ has a nonremovable discontinuity at
X —

x = 8because limgf (x) does not exist.
x—

x, x<1

f(x) B {xz, x > 1

has a possible discontinuity at x = 1.

L. /(1) =1
1imf(x) = limx =1

2. x—1" x—1" li =1
lim f(x) = limx* =1 Xlg}f(x)
xo1t xo1t

3. f(=1) = limf(x)

f is continuous at x = 1, therefore, f'is continuous for all

real x.
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2x+ 3, x<1

52. f(x) = {xz e

has a possible discontinuity at x = 1.

s

Lof)=1r=1
lim f(x) = lim(-2x +3) = 1
x=>1" x=>1" l =1
lim f(x) = limx* =1 Xlgllf(x)
x—1t x>1

3. (1) = ilinlf(x)
f is continuous at x = 1, therefore, fis continuous for all

real x.

r
53. f(x) =42

3—x, x>2

+1, x<2

has a possible discontinuity at x = 2.

1. f(2):%+1:2

lim f(x) = lim [E + lj =2

3. i -2\ 2 lim /() does not exist.
lim f(x) = lim(3-x)=1[""
x—2" x—2%

Therefore, fhas a nonremovable discontinuity at x = 2.

-2x, x <2

X2 —4x+1, x>2

54, f(x) = {

has a possible discontinuity at x = 2.
1. f(2)=-202)=-+4
lim f(x) = lim (-2x) = —4

2. 7 = lim f(x) does not exist.
lim f(x) = lim (x2 —4x + 1) - 3|2 (x)

x—2t x—2"

Therefore, fhas a nonremovable discontinuity at x = 2.

X
tan—, |x|< 1
55. f(x) = 4
X, ‘x‘ > 1
tanﬂ, -1<x<1
= 4
X, x < —-lorx >1
has possible discontinuities at x = -1, x = 1.
L f(-1)=-1 f) =1
2. Xlin}lf(x) =-1 lig}f(x) =1
30 f(-1) = lim £(x) £(1) = tim(x)

fis continuous at x = =1, therefore, f'is continuous for all real x.
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56.

57.

58.

59.

60.

61.

62.

cscﬂ, x—3‘§ 2
6

/(%) =
2, |x—3|>2

X
csc?, 1<x<5

2, x <lorx>>5

has possible discontinuities at x = 1, x = 5.

1. /(1) = csc% =2 15 = csc%” =2
2 limf(x) = 2 lim £(x) = 2
3. /(1) = limf(x) /(5) = lim /()

fis continuous at x = land x = 5, therefore, f'is continuous for all real x.

f(x) = csc 2x has nonremovable discontinuities at

integer multiples of 7z/2.

X . S
f (x) = tan7 has nonremovable discontinuities at each

2k + 1, k is an integer.

f(x) = [x — 8] has nonremovable discontinuities at

each integer k.

f(x) = 5 — [x] has nonremovable discontinuities at

each integer k.

lin01+ flx)=0
lirf)l, f (x) =0
fis not continuous at x = —2.
50
8 8
“10
lir?{f(x) =0
'lirgli f (x) =0
fis not continuous at x = —4.

20
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63. f(l) =3
Find a so that lim (ax — 4) = 3
x—=>1"
a(l) -4=3
a="71.
64. f(l) =3
Find a so that lim (ax + 5) = 3
x>t
a(l) +5=3
a = -2.
65. f(2) =38
Findasothat limax* =8 = a = £ = 2.
x—2" 2
. . 4sinx
66. lim g(x) = lim =
x—>0" x—>0" X

lim g(x) = lim (a — 2x) = a

x>0t

Let a = 4.

x>0t
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67. Find g and b such that lim (ax + b) = —a + b = 2and lim (ax + b) = 3a + b = -2.

x—>-1* x—37
a—-b=-=2
(+)3a + b =2 2, x < -1
4a = —4 fx)=4=x+1 -1<x<3
a= -1 -2, x >3

2 _ 2 2
68. limg(x) = lim™—~ 75 g(x) =~ T2 ¥
x—a x—a X —a 2X—5, x <4
= lim(x + a) = 2a . ) o
x>a There is a nonremovable discontinuity at x = 4.
Findasuch 2a = 8 = a = 4. 10

69. f(g(x)) = (x - 1)2 /

Continuous for all real x. -2 e 8
-2
1
70. f(g(x)) =
Jx =1 cosx — 1 <0
Nonremovable discontinuity at x = 1. Continuous for 76. f (x) = X o r
all x > 1. 5)6, x>0
1 1 f(0) =5(0) = 0
. f(g(x)) - (x2 + 5) “6 1 (cos x — 1)
lim f (x) = lim =0
Nonremovable discontinuities at x = £1 X?O X X?O x
lim f(x) = lim (5x) = 0

x—0" x—0"

72. f(g(x)) = sin x?

Therefore, lim f(x) = 0 = £(0) and fis continuous on
Continuous for all real x x20

the entire real line.

7.y =[] - x (x = 0 was the only possible discontinuity.)
3
Nonremovable discontinuity at each integer
0.5 /
-7 2
-3 3
15 x
77. f(x) = ———
1 ‘/( ) x4 x+2
74. h(x) = ——— .
(x) (x +1)(x - 2) Continuous on (—oo, o)
Nonremovable discontinuities at x = —land x = 2.

) 78. f(x)zx\/x+3

J L Continuous on -3, )
X
(—1 79. f(x) = sec~

-2

Continuous on:
- (—6, —2),(—2, 2),(2, 6), (6, 10),

x+1
NE

Continuousson, (0500)

80. f(x) =

© 2010 Brooks/Cole, Cengage Learning



81.

82.

83.

84.

85.

86.

f(x) _ sin x

-2
The graph appears to be continuous on the interval
[4, 4]. Because £(0) is not defined, you know that fhas

a discontinuity at x = 0. This discontinuity is
removable so it does not show up on the graph.

. 8
‘/(x):);—z

0

The graph appears to be continuous on the interval
[4, 4]. Because f(2) is not defined, you know that f

has a discontinuity at x = 2. This discontinuity is
removable so it does not show up on the graph.

f(x) = {5x* = x* + 4is continuous on the interval
[1.2]. 7(1) = %and /(2) = -4 By the Intermediate
Value Theorem, there exists a number c in [1, 2] such
that f(c) = 0.

f(x) = x* + 5x — 3is continuous on the interval [0, 1].
/(0) = =3 and f(1) = 3.By the Intermediate Value

Theorem, there exists a number ¢ in [0, 1] such that
f (c) = 0.

f(x) = x* = 2 — cos x s continuous on [0, 7].
f(O) = -3 and f(ﬂ) = 7% -1~ 887 > 0.By the

Intermediate Value Theorem, f(c) = 0 for at least one

value of ¢ between 0 and 7.

f (x) = 3 + tan(%j is continuous on the interval [1, 4].
X

V4
f(l) =5+ tan(ﬁj ~ —4.7 and

f(4) = —% + tan[z?ﬁj ~ 1.8. By the Intermediate

Value Theorem, there exists a number c in [1, 4] such

that f(c) = 0.
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87. f(x)=x3 +x -1
f (x) is continuous on [0, l].
f(O) = —land f(l) =1

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f (x), you find that

Q

x = 0.68. Using the root feature, you find that

0.6823.

Q

88. f(x) =x+5x -3
/() is continuous on [0, 1].
f(0) = —3and f(1) =3

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x =~ 0.56. Using the root feature, you find that
x = 0.5641.

89. g(t) = 2cost — 3¢
g is continuous on [0, 1].
g(O) =2>0and g(l) ~-19 < 0.

By the Intermediate Value Theorem, g(c) = 0 for at
least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(7), you find that

t =~ 0.56. Using the root feature, you find that
t = 0.5636.

Q

90. h() =1+ 6 —3tan 6
h is continuous on [0, 1].
h(0) = 1> 0and K(l) = —2.67 < 0.

By the Intermediate Value Theorem, h(c) = 0 for at
least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of /(8), you find that

0
0

Q

0.45. Using the root feature, you find that
0.4503.

Q
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91. f(x)=x2+x—l
fis continuous on [0, 5].
/(0) = —1and f(5) = 29
-1 <11 <29
The Intermediate Value Theorem applies.
¥ Hx-1=11
X +x-12=0

(x+4)(x—3)=0

x=-4orx =3
c = 3(x = —4 is not in the interval.)
So, f(3) = 11.

92. f(x) =x* - 6x+38
/s continuous on [0, 3].
7(0) = 8and f(3) = -1
-1<0<38
The Intermediate Value Theorem applies.
x? —6x+8=0
(x—2)(x—4)=0
x=2o0rx =4

¢ = 2 (x = 4isnot in the interval.)

So, f(2) = 0.

93. f(x)=x3—x2+x—2
/s continuous on [0, 3].
/(0) = —2and f(3) = 19
-2<4<19
The Intermediate Value Theorem applies.
¥-x+x-2=4
¥ - +x-6=0
(x—2)(x2+x+3): 0
x=2
(x2 + x + 3 has no real solution.)
c=2
So, f(2) = 4.

X2+ x

9. f(x) =

x -1
. . 5
fis continuous on [E’ 4}. The nonremovable

discontinuity, x = 1, lies outside the interval.

5 35 20
—|=—and f(4) = —
f[Z] 6 f( ) 3
3 <6< 20
3
The Intermediate Value Theorem applies.
2
Ax
x -1

¥ +x=6x-6
¥ -5x+6=0
(x—2)(x—3):0
x=2o0rx =3

c=3 (x = 2 is not in the interval.)
So, f (3) = 6.

95. (a) The limit does not exist at x = c.
(b) The function is not defined at x = c.
(c) The limit exists at x = ¢, but it is not equal to the
value of the function at x = c.

(d) The limit does not exist atx = c.

96. Answers will vary. Sample answer:

w
|
1

| x
-2-1 1 1 34567
ol
/

The function is not continuous at x = 3 because
lim f(x) =1 0 = lim f(x).
x—>37

x—>3"

97. If fand g are continuous for all real x, thensois f + g
(Theorem 1.11, part 2). However, f/g might not be

continuous if g(x) = 0.For example, let f(x) = xand

g(x) = x* — 1. Then fand g are continuous for all real

x, but f/g is not continuous at x = +1.
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98. A discontinuity at c is removable if the function f'can be

99.

100.

101.

102.

103.

made continuous at ¢ by appropriately defining (or
redefining) f(c). Otherwise, the discontinuity is

nonremovable.
. x—4
@ s =2
x -4
sin(x + 4)
b x) = —+%
®) f( ) x+ 4
, x>4
()f() 0, 4<x<4
c x) =
l, x=-4
0, x<—4
x = 4 is nonremovable, x = —4 is removable
1
N
L] 1+ @
D S I S
ms
True

1. f(c) = L is defined.
2. limf(x) = L exists.

3. f(c) = liin‘f(x)

All of the conditions for continuity are met.

True. If f(x) = g(x), x # c,then
lim /(x) = limg(x) (if they exist) and at least one of
these limits then does not equal the corresponding

function value at x = c.

False. A rational function can be written as
P(x)/0O(x) where P and Q are polynomials of degree m

and n, respectively. It can have, at most, n
discontinuities.

False. f(1)is not defined and lin}f(x) does not exist.
X—>

lim f(t) ~ 28
1—>4"
lim f(t) =~ 56
t—>4"

At the end of day 3, the amount of chlorine in the pool
has decreased to about 28 oz. At the beginning of day 4,
more chlorine was added, and the amount is now about
56 oz.
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104. The functions agree for integer values of x:

105.

106.

g(x)z3—|[—x]]=3—(—x):3+x
f(x):3+[[x]]:3+x

However, for non-integer values of x, the functions differ
by 1.

f(x) =3+ [[x]] = g(x) -1=2- I[—x]].
For example,
fB)=3+0=3¢(l)=3-(-1)=4

} for x an integer

0.40,
0.40 + 0.05]¢ - 9]}
0.40 + 0.05(1 — 10),

0<r<10

C(l‘) = ¢t > 10, ¢ not an integer

t > 10, ¢ an integer

0.7+
0.6
0.5
0.4 D@
03+
0.2
0.1

oo
oe
oe
oe
oe

There is a nonremovable discontinuity at each integer
greater than or equal to 10.

Note: You could also express C as

o - [040 0<r<10
1) = 0.40 — 0.05[10 — ¢], ¢ > 10

N(e) = 25[2"’ +2 20 zj

t 0 1 | 18] 2 3 |38

N(t) |50 25| 5 | 50|25 5

Discontinuous at every positive even integer. The
company replenishes its inventory every two months.

N

Number of units
P ow B oW
8 &8 &8 3

>

2 4 6 8 10 12
Time (in months)
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107. Let s(¢) be the position function for the run up to the -1, ifx <
campsite. s(0) = 0 (¢ = 0 corresponds to 8:00 A.M., 112. sgn(x) = 40, ifx =
5(20) = k (distance to campsite)). Let 7(¢) be the Loifx>
position function for the run back down the mountain: (a) lim sgn(x) = -1
r(0) = k, (10) = 0.Let f() = s(t) — r(¢). e
When 7 = 0 (8:00 A.M.), (b) lim sgn(x) = 1

1(0) = 5(0) = r(0) = 0 — k < 0. (¢) limsgn(x) does not exist.
When ¢ = 10(8:00 an), £(10) = 5(10) - #(10) > 0. e
Because f(O) < 0 and f(lO) > 0, then there must be a 4T
value 7 in the interval [0, 10] such that f(r) = 0.1f 2t

f(z) = 0,then s() — r(r) = 0, which gives us

s(t) = r(t). Therefore, at some time ¢, where .
0 < ¢t £ 10, the position functions for the run up and the :Z
run down are equal.
4 113. (a)
108. Let V' = gﬂr3 be the volume of a sphere with radius 7. ol
50+
Vis continuous on [5,8]. ¥ (5) = >007 ~ 523.6and 0
30+
204 01
V(g) = 0487 ~ 2144.7. Because 10+
3
523.6 < 1500 < 2144.7, the Intermediate Value N A

Theorem guarantees that there is at least one value

b) There appears to be a limiting speed and a possible
between 5 and 8 such that ¥(r) = 1500. (In fact, ®) PP &3P P

cause is air resistance.

r =~ 7.1012)
0, 0<x<b

109. Suppose there exists x, in [a, b] such that 114. (@) /(x) = {b, b < x<2b

f(x1) > 0and there exists x,in [a, b]such that y

f (xz) < 0. Then by the Intermediate Value Theorem, el

/() must equal zero for some value of x in

[x1, x5 (or [x, ] if x, < x]). So, f'would have a zero in b o

[a, b], which is a contradiction. Therefore, f(x) > 0 for A o

all xin [a, blor f(x) < 0 forallxin [a, b]. v

110. Let ¢ be any real number. Then lim /(x) does not exist
xX—c

S
IN
=

IN
=

because there are both rational and irrational numbers
arbitrarily close to c. Therefore, fis not continuous at c.

111. If x = 0, then £(0) = 0and lirr(l)f(x) = 0.So, fis ,
continuous at x = 0.

If x # 0, then lim f(¢) = 0 for x rational, whereas
1—>Xx

limf(r) = limkt = kx # 0 for x irrational. So, fis not
=X

—>>x

continuous for all x # 0. A_’

b 2b

Continuous on [0, 2b)].
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2 <ec 116. Let y be a real number. If y = 0,then x = 0.If
y > 0,thenlet 0 < x, < x/2 such that

15, f(x) = {

. . M=t > y (this i ible since the t t
fis continuous for x < cand for x > c. At x = ¢,you anx >y ( 1S 15 possibie since the tangen

need 1 — ¢? = ¢ Solving ¢* + ¢ — 1, you obtain function increases without bound on [0, 71/2)). By the

4Tt d 1545 Intermediate Value Theorem, f(x) = tan x is
- 5 - 5 continuous on [0, xo] and 0 < y < M, which implies

that there exists x between 0 and x such that
tan x = y. The argument is similar if y < 0.

2 [—
17 f(x) =YX "5
X

Domain: x + ¢> 20 = x > —c?and x = 0, [—cz, O) U (0, 00)

Nx+ct - Nx+ct—c Nx+c+e (x+02)—02 1 1

lim = lim = lim = —

. = m
x—0 X x—0 X \/)C+62 +c x—>0x|: /X+C2 +C:| x—0 /x+c2 +c 2¢c

Define /(0) = 1/(2¢) to make f continuous at x = 0.

118. 1. f(c)is defined. 121. The statement is true.

2. limf(x) = limf(c + Ax) = f(c)exists. If y 2 0and y < 1, then y(y B 1) <0< % as

x—c¢ Ax—0

[Let x = ¢+ Ax.As x = ¢, Ax — 0]
3. limf(x) = f(c)

desired. So assume y > 1. There are now two cases.

Casel: Ifx < y — %, then 2x + 1 £ 2y and

e -1 = +1)-2
Therefore, fis continuous at x = c. y(y ) y(y 2) g
< (x + 1) -2y
119. h(x) = ] =x>+2x+1-2y
L < x4+ 2y -2y

:x2
‘\\O -
*g CaseZ:Ifoy—%

_3 F .

-3
2
. o x
h has nonremovable discontinuities at

x = +1,£2,£3,....

\Y
—_—
|

N [—
—
(8]

Il
~<
|
<
+
&1

120. (a) Define f(x) = f»(x) — fi(x). Because f, and
/> are continuous on [a, b], s0 is f.
f(a) = fz(a) - fl(a) > 0 and
J(0) = £2(b) = £(b) < 0 122. P(1) = P(0> + 1) = PO +1=1

By the Intermediate Value Theorem, there exists ¢ in P(2)
[a, b] such that f(c) = 0.
P(5)

fle) = fae) = /i(e) = 0= file) = /ale)
(b) Let f(x) = xand f;(x) = cos x, continuous on Continuing this pattern, you see that P(x) = x for

[0, 7/2], £i(0) < f>(0)and fi(7/2) > fy(7/2).

So by part (a), there exists ¢ in [0, 7/ 2] such that

In both cases, y(y — 1) < x.

P +1) = P(1) +1=2

P22 +1) = P2) +1=5

infinitely many values of x. So, the finite degree
polynomial must be constant: P(x) = x for all x.

¢ = cos(c).

Using a graphing utility, ¢ ~ 0.739.
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Section 1.5 Infinite Limits

1
x -4

1. f(x) =

As x approaches 4 from the left, x — 4 is a small
negative number. So,

lim f (x) = —o

x—>4"

As x approaches 4 from the right, x — 4 is a small
positive number. So,

4. f(x) =

b
(x — 4y
As x approaches 4 from the left or right, (x - 4)2 isa

small positive number. So,
lim f(x) = lim f(x) = —oo.
x—>4" x—4t

-1 lim 2|— ‘: 0
2. f(x) = x> | X7 —
f( ) x—4
As x approaches 4 from the left, x — 4 is a small 6. lim 1 — »
negative number. So, x>2t X + 2
lim f(x) = oo. lim —— = o
x—>4~ x5 X + 2
As x approaches 4 from the right, x — 4 is a small
positive number. So, 7. lim tan X = —o
lim f(X) - . x—>-2" 4
x4t . X
lim tan — = o
x—>-2"
3. f(x) = 14 2 x
(x— ) 8. lim sec— = ®©
. 5. x—-2"
As x approaches 4 from the left or right, (x -4)isa x
. lim sec — = —oo
small positive number. So, > 4
lim f(x) = lim f(x) = oo,
x—>4T x—>4"
9. f(x) = -
x? -9
X -3.5 -3.1 -3.01 | -3.001 | =2.999 | -2.99 -2.9 -2.5
f(x) 0.308 | 1.639 | 16.64 | 166.6 -166.7 | —=16.69 | —-1.695 | -0.364
lim f(x) = o -
x—>-3"
lim /(x) =~ . J’( \;L 5
-2
X
10. f(x) =
f( ) x2 _ 9
X -3.5 -3.1 -3.01 -3.001 | =2.999 | -2.99 | 29 | 25
f(x) -1.077 | =5.082 | =50.08 | —-500.1 | 499.9 49.92 | 4915 | 0.9091
lim f(x) = —© 2
x—-3" :K :k
Jim f(x) = o0 B j: W: ‘
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11.

12.

13.

14.

15.

16.

17.

Section 115 Infinite Limits 85

X
xX) =
) =
X -3.5 -3.1 -3.01 | -3.001 | —2.999 | -2.99 | 2.9 -2.5
f(x) 3.769 | 15.75 | 150.8 | 1501 —1499 | -149.3 | —-14.25 | -2.273
lim f(x) = ©
x—>-3"
VEIg+f(x) =™
4
iNaNE|
1 -~ 1
X
X) = sec—
/(x) = sec”
X -3.5 -3.1 -3.01 -3.001 | —2.999 | -2.99 | 29 | =25
f(x) -3.864 | —-19.11 | —191.0 | —1910 | 1910 191.0 | 19.11 | 3.864
lim f(x) = -0
x—>-3"
VEIg+f(x) =
4
6 1 1 5
1 - 1
lim iz o~ lim iz 18. Sgrgih(s) = —» andsE{r;+h(s) = o,
x0T X x—>0" X
Therefore, x = 0 is a vertical asymptote. Therefore, s = —5 is a vertical asymptote.
lim h(s) = —o0 and lim A(s) = .
s—>57 55t

lim T = ©
x—>2" (x — 2)

lim T =
x—o2" (x — 2)

Therefore, x = 2 is a vertical asymptote.

2 2

= oand lim > =
xo=2tx" — 4

lim >
x—o>-2"X" —
Therefore, x
2 2
lim 5
xs2 X" — 4

2
x—o2t X" —

Therefore, x = 2 is a vertical asymptote.

—0o0
= -2 is a vertical asymptote.

. X
= —0and lim —— = ©

No vertical asymptote because the denominator is never

Z€r0.

No vertical asymptote because the denominator is never

ZC10.

19.

Therefore, s = 5 is a vertical asymptote.

lim& NN
(=) 1)
x> =2

e

Therefore, x = 2 is a vertical asymptote.

lim )627_2 = o
w1t (x = 2)(x + 1)
x> =2

i Ny P

Therefore, x = —11is a vertical asymptote.
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20.

21.

22.

23.

24.

25.

26.

Chapter 1 Limits and Their Properties

T S TR o S
w0~ x*(1 = x) - w0t x*(1 = x) -

Therefore, x = 0 is a vertical asymptote.

lim 2% o
xal’x2(1 - x) -
2+ x

lim—"" - _
xinll*xz(l - x)

Therefore, x = 1is a vertical asymptote.
lim(l - il] = -0 = lim(l - in
t—0* t (-0~ t
Therefore, + = 0 is a vertical asymptote.

(2)x* - 2% —4x  1x(x* - 2x - 8)
3x2 —6x-24 6 x*—2x—8

g(x) =

lx, x # -2,4
6

No vertical asymptote. The graph has holes at x = -2
and x = 4.

3 B 3
x2+x—2_(x+2)(x—l)

f(x) =

Vertical asymptotes at x = -2 and x = 1.
4(x2 +x - 6)

x(x3 —2x* = 9x + 18)

_ 4(x + 3)(x - 2)
x(x - 2)()62 - 9)

/(%)

= — -3,2
x(x—fi)’x;é ’

Vertical asymptotes at x = 0 and x = 3. The graph has

holesat x = —3and x = 2.

f(x):x3+1:(x+l)(x2—x+l)

x+1

x+1
has no vertical asymptote because

. Iy ' _
lim f(x) = lim (x* —x +1) = 3.
The graph has a hole at x = —1.

W) = = x2 -4  (x+2)(x-2)

x +2x2+x+2_(x+2)(x2+1)

has no vertical asymptote because

x—=2 4
lim A(x) = lim = ——.
x—>-2 ( ) xo>-2x2 + 1 5

The graph has a hole at x = 2.

27.

28. h(t

29.

30.

31.

32. g

33.

x+3
241

(x - 5)(x + 3) B
(x - 5)(x2 + 1)
No vertical asymptote. The graph has a hole at x = 5.

_ it = 2)
(¥ (r = 2)(r + 2)(* + 4)

x #5

f(x) =

—%tiz
- (t+2)(12+4)’

Vertical asymptote at # = —2. The graph has a hole at
t=2.

sin 7zx .
f(x) = tan zx = has vertical asymptotes at
oS X
2n + 1 .
X = 5 n any 1nteger.
Sf(x) = seczx = has vertical asymptotes at
oS X
2n + 1 .
X = 7 n any integer.
t .
s(f) = —— has vertical asymptotes at 1 = nz,na
sin ¢

nonzero integer. There is no vertical asymptote at
t = 0since
. t
lim—— = 1.
1=>081n ¢

tan 6 sin 6 .
(0) = = has vertical asymptotes at
0 6 cos @
2n+ )« .
0 = ~——— = — + nz, nany interger.
2 2
There is no vertical asymptote at & = 0 because
im0 .
050 @
2 p—
im > "1 = fim(x - 1) = 2
x=>-1 x + 1 x—>-1
2
-3 3
-5
Removable discontinuity at x = —1
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34.

35.

36.

37.

38.

39.

40.

41.

42.

x> —6x -7

lim—— = lim(x - 7) = -8
x—o-1 x +1 x—o-1
2
-3 3
-12
Removable discontinuity at x = —1
.ox2+1
lim = o
xo-1m x + 1
CoxP 1
lim = —©
xo-1m x + 1

Vertical asymptote at x = —1

8

-

T
1
1
1
-3 - 3
1
1
1
1

N

sin(x + 1
fim S0 )
x>l x +1

Removable discontinuity at

x=-1

43.

44.

45. 1

46.

47.

48.

49.

50.

51.

52.

53.

54.

5S.

Section 1.5 Infinite Limits

fim — X3 XT3
x>-3" (x2 +x - 6) w3 (x +3)(x - 2)
= lim ! = L
ro3 X — 2 5
6x* + x -1 (3x —1)(2x +1)

w12yt 4xT —4x =3
3x-1 5

m =
o>-(2t2x =3 8

. x—1 . 1 1
m =11m2 ==
xolx” + 1 2

lim —
x>0t sin x

. -2
lim =
x~>(7r/2)+ COS X

x hm(\/} sin x) =0

lim
X>7CSC X x>
113%(20% = lim[(x + 2)tan x] = 0
lim xsec(zx) = coand lim xsec(zx) =
x> (1/2)” x> (1/2)"

Therefore, lim_x sec(7x) does not exist.
x—(1/2

lim x? tan zx = oo and
x—(1/2)"

lim x? tan zx = —oo. Therefore,
x—-(1/2)"

lim x? tan zx does not exist.
x—>(1/2)

X2+ x+1 X+ x+1
2 = ©-1 (x—l)(x2+x+l)

lim f(x) = lim = o
x—)l"’f( ) xo1tx — 1
3

- Hig/lzy (2x - 3)(2x + 1)

87

—00,
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56.

57.

58.

59.

60.

61.

62.

63.

Chapter 1 Limits and Their Properties

X -1 _(x—l)(x2+x+l)
f(x)_x2+x+1_ 2+ x+1
limf(x): lim(x—l):0

x—>1" x—>1"

4

1
f(x) - x2 =25
lim f(x) = oo
x5

v

f(x) = sec —
lim+ f (x) = -0

A limit in which f(x) increases or decreases without

bound as x approaches c is called an infinite limit. oo is
not a number. Rather, the symbol

lim f(x) = oo

x—c

says how the limit fails to exist.

The line x = cis a vertical asymptote if the graph of /
approaches *oo as x approaches c.

One answer is

_ x -3 _
Ul P

x -3
X2 —d4x - 12

has no vertical

No. For example, f(x) = — .
X+

asymptote.

64

65.

66.

67

68.

69

. No, it is not true. Consider p(x) = x> — 1. The function
S S C)
f(x)— x-1 x-1

has a hole at (1, 2), not a vertical asymptote.

Moy
me= ——
1- (VZ/CQ)
limm = lim——% = o
v [T (VZ/CZ)
p_k
=

k
lim — =k =
Vln(}+V (OO) >

(In this case you know that £ > 0.)

. (@ r =501 sec2% = @ft/sec

(b) r = 507 seczg = 2007 ft/sec

() lim [507[ sec? 9} = o

(}a(zr/z)_
2(7) 7
a) r = ————=—— = — ft/sec
® 625 -49 12 /
2(15) 3
b) r = ———=——— = —ft/sec
®) 625 - 225 2 /
2x

lim —— = @

©
12571/ 625 — x?

Total distance

. (a) Average speed =
@ £esp Total time
oo 2d
(d/x) + (d/y)
50 = 22
y+x

50y + 50x = 2xy
50x = 2xy — 50y
50x = 2y(x - 25)

25x
x — 25 Y
Domain: x > 25
(b)
x | 30 40 50 | 60
y | 150 | 66.667 | 50 | 42.857
(© lim —2% _ _ o

x—25t/x — 25

As x gets close to.25.mi/h, y becomes.larger and larger.
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Section 1.5 Infinite Limits 89

70. (a)
X 1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001
f(x) | 0.1585 | 0.0411 | 0.0067 | 0.0017 | = =0 =0
0.5
-1.5 15
-0.25
i X —sinx 0
x—0" X
(b)
X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 | 0.0017 | = ~
0.25
-15 1.5
-0.25
lim X —sinx 0
x—0" x2
(©
X 1 0.5 0.2 0.1 0.01 0.001 0.0001
0.1666 | 0.1667 | 0.1667 | 0.1667

f(x) | 0.1585 | 0.1646 | 0.1663

-0.25

1113%1“”‘ = 0.1667 (1/6)
xX—>

d
@ 1 0.5 0.2 0.1

0.01 0.001 | 0.0001

16.67 | 166.7 | 1667.0

Sf(x) | 0.1585 | 0.3292 | 0.8317 | 1.6658

-15

. x—sinx
lim — =
x>0t X
. Xx —sinx
For n > 3, lim —— =
x>0t X

© 2010 Brooks/Cole, Cengage Learning
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_1

1. (@) A= %bh - %rzﬁ - %(10)(10tan 6) - 5(10)'0 = 50tan 6 - 500

Domain: [0, zj
2

(b)
0 0.3 0.6 0.9 1.2 1.5
f(6) 0.47 4.21 18.0 68.6 630.1
100
0 1.5

0

(¢) lim 4=
0->7/2"

72. (a) Because the circumference of the motor is half that of the saw arbor, the saw makes 1700/2 = 850 revolutions per minute.

(b) The direction of rotation is reversed.

(¢) 2(20 cot ¢) + 2(10 cot ¢): straight sections. The angle subtended in each circle is 27 — (2(72[ - ¢j} =7 + 24

So, the length of the belt around the pulleys is 20(7 + 2¢) + 10(z + 2¢) = 30(7 + 2¢).

Total length = 60 cot ¢ + 30(71' + 2¢)
Domain: (O, zj
2

0.3 0.6 0.9 1.2 1.5

(d)

L | 306.2 217.9 195.9 189.6 188.5

N

() lim L = 607 ~ 188.5
p>(/2)”

(e) 450

[SIE]

(All the belts are around pulleys.)

(g) limL =
p—>0"
73. False. For instance, let 76. False. Let
2
-1
f(x) = al or l, x#0
x -1 f(x) = qx
3, x=0.
x )
gx) = 5 .
x*+1 The graph of f'has a vertical asymptote at x = 0, but
74. True f(O) =3

75. False. The graphs of
y =tanx,y = cotx,y = sec xand y = csc x have

vertical.asymptotes:
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Section 1.5 Infinite Limits 91

7. Let f(x) = iz and g(x) = Lw and ¢ = 0. 79. Given 11_>mbf(x) = o,let g(x) = 1.Then
X x
1 1 lim g(x) = 0 by Theorem 1.15.
lim— = oo and lim—- = oo, but 'Hcf(x)
x=>0x x—=0x
1 1 x? -1 . .1 . :
lim| — — 7] - lim — —0 £ 0. 80. Given lim = 0. Suppose lim /|(x) exists and equals L.
x>0\ x2 x4 x>0l x* x—mf(x x>
78. Given hmf(x) = ooand hmg(x) = L: Then, lim—— = —2¢ = — = (.
xo¢ x—e xﬁcf(x) hmf(x) L
X—c

(2) Product:

If L > 0, thenfor & = L/2 > 0 there exists This is not possible. So, lim f(x) does not exist.

8, > Osuch that ‘g(x) - L‘ < L/2 whenever

|
0 <|x - ¢|< &.S0, L/2 < g(x) < 3L/2 Because 81. f(x) = s defined forall x > 3.Let M > Obe
lim f(x) = oo then for M > 0, there exists given. Youneed § > 0such that
x—c 1
8, > Osuchthat f(x) > M(2/L)whenever f(x) = 3 > M whenever 3 < x < 3 + 0.
Y —

‘x - c‘ < 0,.Let o be the smaller of ¢, and

. 1
5,. Then for 0 < ‘x _ c‘ < &, you have Equivalently, x — 3 < i whenever

f(x)g(x) > M(2/L)(L/2) = M. Therefore |x —3|< &, x> 3.

lim f(x)g(x) = oo. The proof is similar for L < 0.
xm'f( )g( ) P So take o = i Then for x > 3and

(3) Quotient: Let £ > 0 be given.
There exists 6, > 0 such that ‘X - 3‘ < 6,
f(x) > 3L/2& whenever 0 <|x - ¢| < & and
there exists ¢, > 0such that
‘g(x) - L‘ < L/2 whenever 0 <|x — ¢| < &,.This

1

x -3

> é = Mandso f(x) > M.

inequality gives us L/2 < g(x) < 3L/2.Let & be
the smaller of &, and &,. Then for

0 <|x = ¢| < &, youhave

3L/2

g)| _
3L/2¢

/(%)

Therefore, lim g(x) = 0.

x—)cf(x)

< N whenever

82. f(x) =

! p is defined forall x < 5.Let N < Obe given. Youneed & > Osuch that f(x) =
Y —

. 1 . 1 1
5 -8 < x < 5. Equivalently, x — 5 > Nwhenever |x = 5| < &, x < 5. Equivalently, —— < Y whenever

x—S‘

‘x - 5‘< d,x < 5.Sotake & = —%.Notethat 0 > Obecause N < 0.For ‘x - 5‘ < ¢ and

! >1:—N,and;:—;<N.

x<5—>—
x—S‘ ) x -5 ‘x—S‘
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Review Exercises for Chapter 1

1. Calculus required. Using a graphing utility, you can estimate the length to be 8.3. Or, the length is slightly longer than the
distance between the two points, approximately 8.25.
11

-9 9

-1

2. Precaleulus. L = /(9 = 1) + (3 - 1)’ ~ 8.25

42_2
3. f(x) = Xt — .
x| -01 -0.01 | -0.001 [ 0.001 | 0.01 0.1

f(x) | -1.0526 | —1.0050 | —1.0005 | —0.9995 | —0.9950 | —0.9524

lim £ (x)

x>0

4

-1.0

X 0.1 -0.01 | —-0.001 | 0.001 | 0.01 0.1

f(x) | 1.432 | 1.416 | 1.414 1.414 | 1.413 1.397

lim f(x) ~ 1.414

x—0

5. limx +4)=1+4=5

x—1

Let & > 0 be given. Choose & = &.Then for 0 <|x — 1| < § = &, you have

|x-1|< ¢

x+4)-5/<¢
[(x+ 4) - 5]

‘f(x)—L‘< &.
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6. limv/x = /9 =3
x—9
Let £ > 0 be given. You need
|\/;—3|<g:>|\/;+3||\/;—3|< £|\/;+3|:|x—9|< £|\/;+3|.
Assuming 4 < x < 16, you can choose o = 5S¢.
So, for 0 <|x - 9|< 0 = 5¢,you have
|x—9|< S¢ <|\/;+3|g
|\/;—3|< &

|f(x)—L|< £.

7. 1im(1—x2) =1-22=-3

x—2

Let ¢ > 0 be given. You need

|1—x2—(—3)|<.93|x2—4|=|x—2||x+2|<83|x—2|<|x12f
Assuming 1 < x < 3,you can choose & = %
So, for 0 <|x - 2| < & = youhave

|x - 2| <

<—
|x+2|

|x - 2||x+2|<¢

|x2 - 4| <¢
|4 - x2| <e¢
(1-#) - (3)| <&
|f x) — L| < e
8. )lcll;ﬂ 9 = 9.Let & > 0be given. J can be any positive 11. lim(x _ 2)2 - (6 _ 2)2 - 16

x—6
number. So, for 0 < |x - 5| < 0, you have

12. 1im(10 - x)* = (10 - 7)* = 3* =81

[9-9|< ¢ 17
|76~ L] < & 13, lim/r+2 = /442 = /6 = 245
4x — x2 x(4 - x) ]
9. hx) = ———=———=4-xx20 14, lim3|y —1]= 3[4 -1]= 9

(@) limh(x) =4 -0 =4

t+2 . 1 1
15. lim lim—— = ——
(b) limlh(x) =4 - (—1) =5 1>-21% — 4 1>=2¢ — 2 4
x>
2 a—
_2 . i =1 =
10. g(x) = . _x3 16 }I_Ig p— }l_l)lg(t +3)=6

(a) liné g(x) does not exist
X—>

b) llmg() _2(0)

INSTRUCTOR USE ONLY

) ) © 2010 Brooks/Cole, Cengage Learning
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94  Chapter 1 Limits and Their Properties
17 mYx -3 -1 lim\/x—z -1 Jx-3+1 . lim[l/(x+1)]—1 ERENCES)
>4 x — 4 >4 x— 4 Jx -3 +1 ¥50 x x>0 x(x + 1)
. (x - 3) -1 o
= lim =1 = -1
(x4 Vr -3+ 1) x4 1
= limi1 _1
x4 /x -3 +1 2
. N4+ x -2 L NA+x -2 N4+ x+2
18. lim = lim .
x—=0 X x—>0 X \/4 +x + 2
= limi1 _1
o0/4 +x+2 4
(/vT+7s) -1 (VT+s) =1 (V1T+5) +1
20. lim = lim .
50 Ky 50| Ky (l/m) +1
1/(1 -1 —
= lim [0+ 5)] = lim ! _ 1
HOs[(l/\/l + s) + 1} 201+ s)[(l/\/l + s) + 1} 2
3 5)(x* = 5x + 25
21 lim 2 * 125 = lim (x i )(x * )
>S5 x + 5 x—>-5 x+5
= lim(x* - 5x + 25) = 75
x—>-5
2 _ _
2. lim St D=2
x>22x” + 8 xo2(x + 2)(x2 - 2x + 4)
. x -2 4 1
= lm—=-—=—
x>2x" —2x + 4 12 3
23. liml S8 _ lim( = j(l_c"”j = (1)0) = 0
x—>0 Sin x x>0\ S1n x X
24, 4x 4(/4) _
x—(z/4)tan x 1
25 lim sin[ (7/6) + Ax| - (1/2) ~ lim sin(77/6)cos Ax + cos(7z/6)sin Ax — (1/2)
Ax—0 Ax Ax—0 Ax
~ qim L (cos Ax — 1) i ﬁismAx:O%_ﬁ(l):ﬁ
Ar—07D Ax Ax—>0 2 Ax 2 2
26. lim cos(7 + Ax) + 1 ~ lim cos 7 cos Ax — sin 7 sin Ax + 1
Ax—0 Ax Ax—0 Ax
) { (cosAx—l)} ) [ sinAx}
= lim|—— | - lim|sin 7
Ax—>0) Ax Ax—>0) Ax
-0 (0)) - 0
27. 1133.[ f(x) - g(x)] = (—%)(%) = -1 29. 1133.[ f(x) + 2g(x)] = =2 + 2(3) =L
() Em/(x) a9 . 2 [ . T [ 3)2
28. 1 = =2¢ = = —= 30. lim| f(x)| = |limf(x)| =|-=| =
xlgz‘g(x) limg(x) 2/3 8 X—>C|:f( ):| x—>ff( ) 4
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Review Exercises for Chapter 1 95

31. f(x) - 7“2)6-"1_\/5
x =1
(a)
x 1.1 1.01 1.001 1.0001

fix) | 0.5680 | 0.5764 | 0.5773 | 0.5773

m Y2 EI=V3 oo (Actual limit is /3/3)
x—1t x—1
(b) 2 The graph has a hole at x = 1.
lim f(x) = 0.5774.
] x>t
1_\_‘_‘—‘——\_
-1 2

0

N2ar+1 -3 N+ 1 -3 Jax+1+4/3
(¢) lim = lim .
x> 1t x—1 x>t x -1 \/2x+1+\/§

~ lim (Zx + 1) -3

xﬁl*(x — 1)(\/ 2x +1 + \/5)

2
= lim——_—
o 2% + 1+ /3
21 \3
23 3 3
_ 3
2. g - L2
x —1
(a)
x |11 1.01 1.001 1.0001

fAx) | —0.3228 | —0.3322 | —0.3332 | —0.3333

_ 3
lim1 Vx ~ —0.333 [Actual limit is —lj
x>t X — 1 3
(b) 2 The graph has a hole at x = 1.
i s )}Lnllf(x) ~ 0.333.
—___“a_rﬂ_—
-3
2
- 1= 1Y ()
(¢) lim = lim . 5
ot x — 1 xort x =1 1+\3/;+(\3/;)
. 1-x
= lim 3
1 (x - 1){1 +3x + (i/;) }
= lirn_—1 = —=

o4 3y o+ (i/;)z 3
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33.

34.

35.

36.

37.

38.

39.

40.

41.

Chapter 1 Limits and Their Properties

s(4) — s()

v = lim

14 4 — ¢
—4.9(16) + 250]| — [ -4.9¢2 + 250
= lim[ ( ) i ] [ T }
14 4 — ¢
49(2 - 16
= limi( )
14 4 — ¢
_ lim4.9(t - 4)(t + 4)
14 4 — ¢

= lim[-4.9(r + 4)] = =39.2 m/sec

The object is falling at about 39.2 m/sec.
497 +250 =0 = ¢ = ?sec
50 o
When a = - the velocity is

lims(a) — S(t) = lim

[—4.9a2 + 250] - [—4.9;2 + 250]

t—a a—1 t—a a—1

49(¢* - a*

I G
t—a a—1

_ lim4.9(t - a)(t + a)
t—a a—1

= lim{-4.9(t + a)]

t—a

- -4sa) o= 7)

= —70 m/sec.

The velocity of the object when it hits the ground is about 70 m/sec.

P | B Gl R
3" X — 3 3 x—3

lin}‘ﬂx — 1] does not exist. There is a break in the graph

at x = 4.
i) =0

limg(x):1+1:2

x>t

lim h(t) does not exist because lim h(t) =1+1=2

t—>1 t—>1"
and_lim h(t) = (1 +1) = L.
fim ) = 2

f(x) = 3x*+7

Continuous on (-, o)

42.

43.

44.

45.

(N _ o2 2
1) = -2

Continuous on (-0, 0) U (0, )

f (x) = [[x + 3]]
lim |Ix + 3]] = k + 3 where £ is an integer.

x>kt

lim [x + 3] = k + 2 where k is an integer.
x>k~

Nonremovable discontinuity at each integer k&

Continuous on (k, k + 1) for all integers k

f(x):3x2—x—2:

x —1

(3x + 2)(x - 1)

x —1

Continuous on (-0, 1) U (1, )

3P -x-2 (Bx +2)(x - 1)
f(x)— x—1 B x -1
lin}f(x) = lin% (3x + 2) =5

Removable discontinuity at x = 1

Continuousson, (+eosl) U (1,00)
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5-x, x<2 x +1
46 /() = {Zx —3, x>2 00 =5
xl—igl*(S - x) =3 xh—>n}12(xx7-:-ll) N %
Xlirg(zx -3 =1 Removable discontinuity at x = —1
Nonremovable discontinuity at x = 2 Continuous on (-, —1) U (-1, =)

Continuous on (-, 2) U (2, )
51. f(x) = csc%

47. f(x) =

(x - 2)2 Nonremovable discontinuities at each even integer.
1 Continuous on

Iim——— = ©

=2y — 2)2 (2k, 2k + 2)

Nonremovable discontinuity at x = 2 for all integers k.

Continuous on (-, 2) U (2, ®) 52. f(x) = tan 2x

1 1 Nonremovable discontinuities when
8. f(x) = )2 = fie -
x X . (2n + )7
1 4
Iim,[/l+— = o .
o0t X Continuous on

Domain: (—oo, 1], (0, =) ((2}1 -z (2n + 1)7[]
Nonremovable discontinuity at x = 0 4 4
Continuous on (-0, —1] U (0, =) for all integers .
3 53. f(2) =5
49. f(x) =
x+1 Find ¢ so that 1im+(cx +6) = 5.
lim f(x) = —oo x—>2
o c2)+6=5
Sl == 2 = -1
Nonremovable discontinuity at x = —1 o= 1
2

Continuous on (-, —1) U (-1, =)

54. lim(x +1) =2
xo1t
lim (x + 1) =4
x—37

Find b and ¢ so that lim (xz + bx + c) = 2and lim (xz + bx + c) = 4.

x—17 x—3"

Consequently you get l+b+c =2 and 9+3b+c=4

Solving simultaneously, b = -3 and c=4
55. fis continuous on [1, 2]. /(1) = -1 < Oand 56. C(x) = 12.80 + 2.50[—[[—x]] - 1], x>0
/(2) = 13 > 0. Therefore by the Intermediate Value - 12.80 — 2.50[[[—x]] i 1]7 x>0
Theorem, there is at least one value ¢ in (1, 2) such that 25
203 -3=0. o—e
o—=e
o—=e

o

10

C has a nonremovable discontinuity at each integer
1,2,3,....
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57.

58.

59.

60.

61.

62.

63.

64.

65.

76.

Chapter 1 Limits and Their Properties

2

(@) lim f(x) = —4

x—=27

(b) lim f(x) = 4

x—2t

(©) “E% /() does not exist.
16) = G

(a) Domain: (-0, 0] U [1, =)
(b) limif(x) =0

(¢) lim f(x) =0
x—1t

2
—14+=
glx) =1+~

Vertical asymptote at x = 0

4x
h(x) =
(=2
Vertical asymptotes at x = 2and x = -2
) 8
S = ——
SR

Vertical asymptote at x = 10

f(x) = csc zx

Vertical asymptote at every integer k

. 1
66. 1 e — il
xalrfnrx4 -1 oo (x2 + 1)(x -1) 4

67. lim

x+1

= lim

x2+2x+1_

x—>1" x -1

68. lim

x—>

X

1

x> —2x + 1
— = ®
-1t x +1

69. lim (x - %} = —©

x>0t

1

70. lim ——— = —©
1273 x2 -4

71. 1

. sin 4x .
im = lim
x—0t 5x x—0"

ﬂ(sin 4xj B ﬂ
S5\ 4x 5

72. lim 26X
x—0T X
73 0im S8 _ gim L
x0T X x—0t X sin 2x
74, lim S _
T im0 x
75. ¢ = 3%000P 100
100 — p

(@) C(15) ~ $14,117.65

(b) C(50) = $80.000

(c) C(90) = $720,000

lim 232 + x + 1 _
x—>-2" X + 2
(d)
im =
o2t 2x — 1
.oox+1 . 1 1
lim 3 = lim - ==
xo-1tx’ + 1 xo-1tx” —x + 1 3
tan 2x
x =
1oy =
(a)
X -0.1 -0.01 —0.001 | 0.001 0.01 0.1
fx) | 2.0271 | 2.0003 | 2.0000 | 2.0000 | 2.0003 | 2.0271
1imtan 2x _ 5
x>0 X
tan 2x
R #0
(b) Yes, define f(x) = x .
2 x=0

Now..f(x).is.continuous at x_= 0.

o 80.000p _

p—1007100 — p
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Problem Solving for Chapter 1

1. (a) Perimeter APAO = x2+(y—1)2+\/m+1

= /7 (x2—1)2+m+1

Perimeter APBO = \/(x — 1)’ + 3% + /x? + »? +1

:\/m+m+l
_\/m+m+l

+

(b) r(x) =
\/(x—1)2+x4 +x+ x4
X 4 2 1 0.1 0.01

Perimeter APAO | 33.02 | 9.08 | 3.41 | 2.10 | 2.01

Perimeter APBO | 33.77 | 9.60 | 3.41 | 2.00 | 2.00

r(x) 0.98 095 |1 1.05 | 1.005
1+0+1 2
li = = _ =1
© Xirgr(x) 1+0+1 2
1 1 X
2. Area APAO = —bh = —(1 ==
@ Atea APAO = b = (1)) = 2
1 1 y X
Area APBO = —bh = —(1)(y) = 57
2
(b) a(x):M:x/sz
Area APAO  x/2
X 4 12 |1 0.1 0.01

Area APAO |2 [ 1| 1/2 | 1/20 | 1/200

Area APBO | 8 | 2 | 1/2 | 1/200 | 1/20,000

a(x) 40201 /10 | 1/100

(¢) lim a(x) = limx =0
x—0" x—0"

3. (a) There are 6 triangles, each with a central angle of 60° = 7z/3. So,

Area hexagon = 6 ~bh| = 6 ~(1)sin” | = ENER
2 2 3 2
h = sin 60°
1
L0000 n N
h=sin6
1
(]
Error = Area (Circle) — Area (Hexagon) = 7 — 3\2/5 ~ 0.5435

Problem Solving for Chapter 1 929
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100 Chapter 1 Limits and Their Properties

(b) There are n triangles, each with central angle of 6 = 27z/n. So,

(©)

(d)

4. (a)

(b)

©

(d)

4, = anh} - nB(l) sin%{} -

n sin(27r/n).

n 6 12 | 24 48 96
A, 2.598 3 3.106 3.133 3.139
(2 (2 .
As n gets larger and larger, 27/n approaches 0. Letting x = 2z/n, 4, = s1n( ”/n) = sm( ”/n)ﬁ Y,
2/n (27/n) x
which approaches (I)z = 7.
4-0 4 12
Slope = —— = — 5. (a) Slope = ——
P =30 73 (a) Slop S
3 . 3 . .5
Slope = 2 Tangent line: y — 4 = —Z(x -3) (b) Slope of tangent line is s
3.5 5
yE-Aty y+12:E(x—5)
Let O = (x,y) = (x, V25 - xz) y = ix _ 169 Tangent line
12 12
2
m = N2 -4 © 0 =(xy) = (x,—\/169 - xz)
’ x -3
: 25— -4 25— 44 _ V169 -2 + 12
limm, = lim - x 5
x—3 x—3 x -3 \/25 _ x2 + 4 X —
. 25 - x* -16 . 12 = /169 — x* 12 + /169 — &7
= lim (d) limm, = lim .
e - 3)V25 -+ ) 250 x5 x5 12 + /169 — »
144 — (169 — x?
L B-96+y - im (19 - )
- x— 2
3 (x - 3)(\/25 — X 4) (x - 5)(12 + /169 — x )
2
Cm C*Y 6 3 = lim -
TN s —xea 444 4 ‘_’S(x—S)(12+\/169—x2)
This is the slope of the tangent line at P. . (x + 5) 10 5
= lim =

169 -2 12412 12

This is the same slope as part (b).

Jathi-3 Jathi-3 Jaih+3
- \/a+bx+\/§

X X
(a+bx)—3

x(\/a + bx + \/3)

Letting a = 3 simplifies the numerator.
So,

\/3+bx—\/§ bx

lim = lim

x”ox(m + \/g)

= lim

b
>0/3 + bx + /3

= \/g, you obtain b = 6. So,

b
Setting ————
S B+

a = 3and b = 6.
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NOT FOR St o o

7. (@) 3+ x>

>3
> =27

Domain: x > —27,x # lor [-27,1) U (1, )

(b) 0.5

A

-0.1

X

-30

12

3+ (27 -2 o

li = < - —— =— ~0.0714
© lim 7x) 27 -1 28 14
a N3P -2 3 AP g2
(d) limf(x) = lim .
x—1 x—1 x -1 \/3 + xl/3 + 2
. 3+ -4
= lim
=y - 1)(\/3 PN 2)
n X -1
= lim
"‘”(xl/3 - l)(xz/3 + x4 l)(\/3 + X3+ 2)
= lim !
Hl(xz/3 + x4 1)(\/3 + x4 2)
1 1

I+1+D2+2) 12

8. lim f(x) = lim(a® - 2) = a® - 2 10.
x>0 x>0
xlir(r)1+ f(x) = xlir(r)l+ e a(becauSe ll_I)I(l) tar; x _ 1]
Thus,
a* -2 =a

at? —a-2 =

(a - 2)(a + 1) =
a=-1,2

9. (@) lim/(x) = 3: g, g
(b) fcontinuous at 2: g;

() lim f(x) = 3: g, g3, 24
x—2

INSTRUCTOR

@ f(L)=[4] =4

76 =[] =0

) =[T=1
(b) lim f(x) = 1

x—1"

lim f(x) = 0

x—o1t

lim f(x) = oo

x—=>0"

lim f(x) = o

x—0"

(c) fis continuous for all real numbers except

x=0,£L, 0 41

USE ONLY
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11.

12. (a) )2

Chapter 1 Limits and Their Properties

44

(@) s
£(0

(5
f(-27
(b) lim f(x

x—>1"

(x) =
lim f(x)
(x) =

U+l =1 =0

=-1

~

3+2=-1

)=
)
)
)

x—1t

lim f(x

x—1/2

(c) fis continuous for all real numbers except
x =0,%1,£2,£3,...

192,000
—_— +
”

V2 — 48

192,000 Sy 4 48
192,000

V2 — v + 48

. 192,000

limr = ———

v—0 48 — v’

Let vy = ~/48 = 4+/3 mi/sec.

(b) vio= 1920 + vy
r

1920 =2 -k + 217

- 2.17

1920
v =yt + 217
. 1920
limr = —
0 2.17 = v

Let vy = ~/2.17 mi/sec (» 1.47 mi/sec).

© . 10,600
v =2 + 6.99
. 10,600
limr =

v>0 6.99 — 2

Let vy = ~/6.99 =

Because this is smaller than the escape velocity for
Earth, the mass is less.

2.64 mi/sec.

14.

(a)
S
(b) (i) hm p(x) =1

x—a®

(ii) lim P, ,(x) = 0

xX—a

(iii) lim Pa’b(x) =0
x—bt

(iv) lim I{Lb(x) =1
x—>b~

(¢) P, ,is continuous for all positive real numbers
except x = a, b.

(d) The area under the graph of U, and above the x-axis,
is 1.

Let a # Oandlet ¢ > 0 be given. There exists

9, > Osuch thatif 0 < ‘x - 0‘ < 0, then

‘f(x) - L‘ < &.Let 8 = 6,/|al. Then for

0<|x-0[<s=yg

| x| <
a

‘ax‘< o
‘f(ax) -

As a counterexample, let

L‘< E.

1, x#0
a = 0and f(x) = {2 o
, X =

Then hn% f(x) =1=L,but
iy () =l 0) = iy 2 = 2
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