Chapter 2

2.1
(@)

] = 0 0 0 0
0 0 0 0
00 0 0
@] = 00 0 O
00 —k kK
0 0 0 0
0 ki 0 —k
ks®)] = 8 3
k™1=1o 0 o o
[K] = [K9] + [@] + [k
0 kg ky  ky otk

(b) Nodes 1 and 2 are fixed so u; =0 and uz = 0 and [K] becomes

_ [tk kg
(1= L —k; k2+kj
{F} = [K] {d}

Fsy _ k +k, -k, Ug
Fax L~k ky+ks] LUy

0 [k, +k —
N _ Ktk k, Us
P L =k, k, +Kk; ] (U,

{F} = [K]{d} =[K]*{F} = [K]* [K] {d}
3
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= [KI* {F} = {}
Using the adjoint method to find [K™]
Ci1=ka + ks Cau= (1P (k)
Ci2= (-1)1*?(~k2) = k2 Ce= kitk
det [K] = | [K] | = (ki + k2) (kz + ks) — (—k2) (= ko)
= |[KI|= (ka + ka) (ko + ks) — ko?
[C"]

K= =
(K det K

[K-1] = ke ktkl Lk ktk

(K +Ky) (Ky + k) — Ko%Ky Ko + kg kg + Ky kg

k, +k; k, 1[0
ok Ktk P

Us
U)Kk kg kg Ky K, Ky

= U3z =
K Ky +Kq Ky +K; kg
= U= (ky +kp) P

K Ky +Kq Ky +K; Ky

(c) In order to find the reaction forces we go back to the global matrix F = [K] {d}

Fix kk 0 -k 0 Uy
FZX - 0 k3 0 _k3 UZ
k, P
Fix= —kiuz=—kg 2
kl k2 +k1 k3 +k2 k3
Ki Ky +Kq kg +Ky Ky
(ky +ky) P

Fox=—ksus=—ks

K Ky + K kg +Kk; Ky

—K; (k; +ky) P
ki Ky + K kg +Ky Kg

2.2
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k1= k2= k3=1000 %

W @ @ ©
k —k|@ k —k]@2
1= |l w1l o

By the method of superposition the global stiffness matrix is constructed.

o @ (©)
k -k 0] k -k 0
[Kl= |-k k+k -k|@=[K]=|-k 2k -k
0 -k k [(3) 0 -k k
Node lisfixed=>ui=0anduz =9
{F} = [K]{d}

5 el |
7

REEE
-[% W=

ko _ o
= Up= — = — =

I =05
2k 2 2
= k(05" +k(1")

| /u1 = \

‘ u2 =7
Uz =
F3X —ku, +kd

T
w
X

|

Fax = (— 1000 —) (0.5") + (1ooo )(1")

Fsx = 500 Ibs
Internal forces
Element (1)

f, @] Tk —k][u=0
£,@ L=k k]lu,=05"
> 0 = (1000 ) (057 = £, =-5001b

W = (1000 —) (05" = £, =5001Ib
Element (2)
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f,, 2 { k —k} {uz = 0.5"} f, ) =—500Ib
= =
fay —k - kJlu =1" fa? =500 Ib

’I k 3 k 3 k 4 k 5

(@) [kW] = [k@] = [kO] = [k®] = [_t _k}

2.3

k
By the method of superposition we construct the global [K] and knowing {F} = [K] {d}
we have
Fo=" = ——6—0—0{ur=0-
F, =0 -k 2k -k 0 0]|u,
Fy =0 D 0 -k 2k —k||u,
=2 —6—6—k—k1t=—"H
0 2k -k 0 |fu, 0 = 2ku, —kus (1)
() JPr=|-k 2k —k|juzr=>P = —ku,+2ku;—ku, (2)
0 0 -k 2k|lu,)] 0 = —kug+2ku, @)
_ U . _ U
= U= =2 ==
2 4 2

Substituting in the second equation above
P=—kuy+2kus—kus

— P= _k[ﬁj +2ku3_k(ﬁ)
2 2

= P=Kkus

= Us

Uz = y Ug =

P

k

P P

2k 2k

(c) In order to find the reactions at the fixed nodes 1 and 5 we go back to the global
equation {F} = [K] {d}

P P
Fix=—-kuz= -k— = Fix=-—
1x 2 2k 1x 2

P P
Fsx= —kus= -K— = Fsx= ——
5x 4 2k 5x 2
Check
Zsz 02F1x+F5x+P=O

6
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2.4

@)

(b)

AN AN AANSAANA

[k®] = k@] = [k®] = [k¥] = [_E _ﬂ

]L

5
3

s

By the method of superposition the global [K] is constructed.

Also {F}=[K]{d}andui=0andus=¢
F—=2 —R—k—0—0—0+{tr="5
F,, =0 -k 2k -k 0 Of|u,="?
Fi =0 0 0 -k 2k —k||u="?

n a a) fa) | |
'_5X =7 C AV U K K] 5 — O
0=2k Uz — k Us

0= —kuz+2kus—kus
0=—-Kkus+2kus—k o
From (2)

Uz= 2 Uy
From (3)

o+2u,
2

Substituting in Equation (2)

Ug =

Sk (U2) + 2K (2 U2) — K (5”“2)
2
4

o
:>—UQ+4U2—U2—E:0:>U2:
=u -2é =u -é

3 4 3 2
5+2 ¢ 35
> W= > W= —
2 4

(c) Going back to the global equation

7
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{F}

F5x

= F5x:

2.5

[k®] =

[k®] =

[k©®] =

Assembling global

[K]=

Simplifying

[K]=

[K] {d}

—k u; = _ké = Fi = _Q
4
kU4+k5‘k(¥) +ko
ko
4

U1 uz U2 Ug
1 -1 2 -2
NG E
3o
U2 Usg U2 Ug
3 —3’ [k ®] = 4 -4
-3 3] -4 4
Us Uz
f 5 e
-5 5]
[K] using direct stiffness method
[1 -1 0 0
-1 1+2+3+4 0 -2-3-4
0 0 5 -5
|0 -2-3-4 -5 2+3+4+5
1 -1 0 O
-1 10 0 -9 |kip
0 0 5 -5/in
0 -9 -5 14

2.6 Now apply + 3 kip at node 2 in spring assemblage of P 2.5.
F2x = 3 klp

[KHd} =
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[K] from P 2.5
1 -1 0 0] (u=0 F

110 0 -9||u 3
= (A)

0 0 5 -5||lu=0[ |FR

0 -9 -5 14|y, 0

where u; =0, uz =0 as nodes 1 and 3 are fixed.
Using Equations (1) and (3) of (A)

I

Solving
u= 0.712 in., ug = 0.458 in.
2.7
1 K 2
S SV V2 VA VA P
C C
iy — = OO —— 4+,
+ nodal force conv.
fix=C, fx=-C
f= —ko=—k(uz—uy)
fix = — k(uz — u1)
fox = — (= k) (U2—u1)
fix | [k —k) [u
foo ] |k k] lu,
k —k) same as for
[K] = .
—k k| tensile element
2.8

k=1000 Ib/in. & =1000 Ib/in.

500 Ib

1 1 1 1
k; = 1000 ; k2 = 1000
-1 1 -1

So
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1 -1 0
[K]=1000 |-1 2 -1

0 -1 1
{F} = [K] {d}
F=? 6+ u—"0
= |[F,=0 |[=1000{41 2 -1|{u,=?
F; =500 0 -1 1]|uz=?
= 0 = 2000 uz — 1000 us 1)
500 = — 1000 uz + 1000 us 2
From (1)
1000
U= — uz=Uu=05u 3
27 2000 0 ¢ : @)

Substituting (3) into (2)
= 500 = —1000 (0.5 us) + 1000 u3
= 500 = 500 us

= us=1in.
= uz=(0.5) (1in)=u2=0.5in.
Element 1-2
f, @ 1 -17(0 in. f, . ® =—500lb
. :1000[ H _ }:» 1*
f, Y -1 1]05 in. f, Y = 5001lb
Element 2—3
f, @ 1 -17(05in) f,,® =-5001Ib
2 :1000{ H _ }: 2
£, @ -1 1][Lin f3,? = 500 Ib
0
Fix=500[1 -1 0] |0.5 in.|=F, =-5001b
1in.

2.9

k=5000 1b/in. k= 5000 Ib/in
1000 1b

k=5000 Ib/in

4000 Ib

o @
] = { 5000 —5000}
~5000 5000

@ O
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kO] = 5000 -5000
| —5000 5000
3) 4)
K9] = 5000 -5000
| —5000 5000
“» @ @ ®
[ 5000 —5000 0 0
K] = —-5000 10000 -5000 0
0 —-5000 10000 -5000
| 0 0 —-5000 5000
rr=2——+—T—$600——5000—0 — =0
F,, =—-1000 _ | —p000 10000 -5000 0 u,
Fyy =0 ~5000 10000 —5000 | |u,
F,, = 4000 L 0 -5000 5000 | (u,
= up= 0in.
uz= 0.6 1in.
us= 1.4in.
us = 2.21in.
Reactions
u,= 0.6
Fix= [5000 —5000 0 0] { 2 = F1,=—3000 Ib
US = 1.4

Element forces
Element (1)

{flx(l)} _ [ 5000 —5000 {o } f,, Y =-30001b

= =
£, @) [-5000 5000 |10.6/ " f, ®— 3000l
Element (2)
fox?| _ [ 5000 ~50007/06] _ f,,?=-4000Ib
£,@] ~ |-5000 5000 ||1.4] " @ _ 000lb
Element (3)

{fgx(”} [ 5000 —5000 {1.4} £, =~ 40001b
B 2.2

=
£, @ [-5000 5000 fi) = 40001b

2.10
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k=500 Ib/in.
M’; 2 8000 b
4
Rigid bar—"" 72
ik =500 Ib/in.
%z
k] = 1000 —1000
| —1000 1000
k2] = 500 -500
| -500 500
K] = 500 -500
| -500 500
{F}= [K]{d}
Fi =2 1000 -1000 0 0 [y =0
F,x, =—8000| _|-1000 2000 -500 -500 ||u,="?
F =2 | 0 -50 500 0 ||u;=0
F, =7 0 -500 0 500 | {u, =0
_-8000 _ .
= U= —— =—4in
2000
Reactions
Fix 1000 -1000 0 0 /(0
F,x| _ |-1000 2000 -500 -500 ||-4
Fax 0 -500 500 0 [0
F, 0 -500 O 500 | (0
F 4000
Fay ~8000
= = b
Fay 2000
= 2000
Element (1)
i, & 1000 —-1000( O 1, 4000
= = =
f.® ~1000 1000 ||-4 fp —4000
2X 2X
Element (2)
fp {500 —500} {—4} fp {—2000}”J
= = =
£, @ -500 500 | O fa, P 2000
Element (3)

12
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211

212

Element (2)

fo| _ [3000 30007 [0015) _ [f5] _ {—15}N
fs, ) | =3000 3000 | | 0.02 fa 15

O] _ [ 500 -5007[-4) _ [£,® {—2000 Ib
i, @ [-s00 5001 of |, @ 2000

1000 N/m 3 3000 N/m 3

]

Element (1)

& = 20mm
[KO] = 1000 -1000 . kO] = 3000 -3000
| —1000 1000 -3000 3000
{F} = [K]{d}
F,=? [ 1000 -1000 O u =0
F,, =0y = | -1000 4000 -3000||u,="?
=? | O —3000 3000 || u3=0.02m
uz = 0.015m
Fix= (- 1000) (0.015) = Fix=—-15N
fix _ 1000 —1000 0 - f1x _ -15 N
for | —1000 1000 0.015 for 15

L4 10,000 N/m 30.000 N/m 10,000 N/m
450 N 7
1 2 3 4

1 -1
[k®]= [k®]= 10000 {_1 1}

3 -3
[k@] = 10000 {_3 3}
{F} = [KI{d}

13
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F, =450 N 1 4 -3 U, =?
2x = 10000 2
Fpp =2 —60—+—H—tt;—0

0=—3ut4uzs=uz= % us= U,=1.33 us
450 N = 40000 (1.33 us) — 30000 us

= 450 N = (23200 ﬂ) Us=>U3=1.93x 102m
m

= Up= 1.5(1.94x 102 = up = 257 x 102m
Element (1)
f 1 -1 0 f.®—-_257N
{ “} = 10000 { _2} = "
foy -1 1] [257x10 f, M = 257 N
Element (2)
f 1 -1] [2.57x1072 f,,? = 193N
{ 2*}: 30000 8 =
fax -1 1] [1.93x1072 fy,? = —193N
Element (3)
f 1 -1] -2 f,, ) = 193N
{ 3X}: 10000 {1.93><10 } _ fa
fax -1 1] 0 f, & =—193N
Reactions

0

- Ny
{Fu} = (10000 —)[1-1] {2.5“10_2

} = Fix=—257N

{Fud= (10000 V) [1 1] {1.93><10_2}
m 0

= Fx=-193N
2.13

60 KN/m 60 kKN/m 60 KN/m

7 60 KN/m SKN
2 o NN VV\— 3
'
1 -1
[k(l)] = [k(2)] = [k(3)] = [k(4)] =60 |: 1 1:|

{F} = [K]{d}

14
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Ry =2
Fpy =0
Fy =5KN ' = 60
Fy =0
oy =2

0=2u, —U; => U, =0.5Uug

}:>U2=U4

= 5kN=-60uz+ 120 (2 uz) —60 u;
= 5=120u; = u;=0.042 m

= us = 0.042 m

= us = 2(0.042) = u3 =0.084 m

Element (1)
el _gof T2 0 f, Y =—2.5kN
foy -1 1] (0.042 f, M = 2.5kN
Element (2)
foc| - go| 1 1] [0.042) _ f, @ =—25kN
fax -1 1] (0.084 fo, @ = 2.5kN
Element (3)
f| L go[ T 1] 0.084} N fo, @ = 2.5 kN
fau -1 1] (0.042 £, =—25kN
Element (4)
{f4x}: 50 [ 1 -1 {0.042 - f P =2.5kN
fox -1 1] (0 fs, @ = —25kN
0
Fix=60[1 —1] {o 042} = Fi=-25kN
0.042
Fsx= 60 [-1 1] o [ = =25 kN

2.14

N 1 -1
[k®] = [k@] = 4000 {_1 J

{F} = [K] {d}
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Fy="?
F,, = — 200

x =

= 4000

100 = 8000 uz — 4000 uz
— 200 = — 4000 uy + 4000 us

—100= 4000 uz = u2 =—-0.025m
100 = 8000 (- 0.025) — 4000 us = uz =—0.075m

Element (1)
f 1 -17 0 £, =100 N
{“}=4ooo { }:» 2
f2x -1 1] [-0.025 f2x(l) =—-100 N
Element (2)
f 1 -17 (-0.025 f, @ =200 N
{ 2*} = 4000 { } =
fay -1 1] |-0.075 fo, (@ =—200N
Reaction
Fix}=4000[1 -1 = Fix=100 N
Fy= a0 11| 0 )<,
2.15
; 500 kN/m :%% 7 kN
3 1000 kN/m
o_
500 kN/m B
2 3 7
2 kN
RSN
(= | 500 500 o[ 500 -500].
|-500 500 -500 500
F=? " 500 0 -500 0 u =0
Fpx=? | _| 0 500 -500 0 | |u,=0
F; =4 kN -500 -500 2000 -1000 Ug="?
Fpy =7 | 0 0 —-1000 1000 u, =0
= us = 0.002 m
Reactions
Fic= (- 500) (0.002) = Fy = — 1.0 kN
Fa = (= 500) (0.002) = Fa = — 1.0 kN
Fax = (- 1000) (0.002) = Fax = — 2.0 kN
Element (1)

{ flx
f3x

500

= Lo

-500 0
=
500 0.002

16

{

fi] _ [~1.OKN
fs, ) | 1.OkN

1000
-1000

—-1000

1000
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Element (2)

f,,] [ 500 —5007 [ 0 f,,]  (-1.0kN
_ - _
fo.] ~ [-500 500 0.002 fa 1.OKN

Element (3)
fox| _ [ 1000 10007 [0.002] _ [f5] _ [ 20N
f,,] | -1000 1000]| © f1 ~2.0kN
2.16
k =100 Ib/in. k =100 1b/in. k =1001b/in.
2
200 1b 200 1b
Fy 100  -100 0 0 0
200 _|-100 100+100  —100 0 | |u
-200( | o0 ~100  100+100 —100| |u,
Fuy 0 0 ~100 100 ] |0
200 _ 200 -100) (u,
-200f/  |-100 200f |u,
Uz = 2 In
,= 2
3
Us=——1n
2.17

1000 N

3 400

ANV -

357
=N

506 =566 V)

400 + 300

0 -300 -300-300 -400 u,

= 500+ 300

1000 N Us
-300—-300 (300+ 300+ 400) -400

Fyy =7 u, =0

L0 -400 —-400 400+ 400 |

0 =1500 uz — 600 us
1000 =-600 uz + 1000 us
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_ 1504
60 4

1000 = —600 u + 1000 (2.5 u)
1000 = 1900 u;

U3 U= 25u;

Uz = @ = i mm = 0.526 mm
1900 1.9
1
us =25 (— mm = 1.316 mm
1.9

——

Fix = —500 (i =-263.16 N
1.9

Fax =— 400 (%} — 400 {2'5($D

= - 400 (i + E) = 736.84 N
19 1.9

YFx=-263.16 + 1000 — 736.84 =0
2.18

@)

1000 Ib
k = 200012 l x
mn.

As in Example 2.4
ﬂ'p: U +Q

U= % kx%, Q=—FXx
Set up table

= % (2000) x2— 1000 x = 1000 x2 — 1000 x

Deformation x, in. 75, Ib-in.
-3.0 6000
-2.0 3000
-1.0 1000

0.0 0

0.5 - 125

1.0 0
18

© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in
whole or in part.



2.0 1000

on
8_xp =2000 x — 1000 =0 = x = 0.5 in. yields minimum 7, as table verifies.

T, Ib-in.

T T T T T
-3 -2 -1 1 2 3

Minimum

(b)
k = 500 Ib/in.
1000 Ib
1 2 2
= 5 kx%— Fyx= 250 x*— 1000 x
X, in. 7, 1b-in.
-3.0 11250
-2.0 3000
-1.0 1250
0 0
1.0 — 750
2.0 —1000
3.0 — 750
87zp
—— =500x-1000=0
OX
= x = 2.0 in. yields 7z minimum
(©
19
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k = 2000 N
mm

\T 400 kg x 9.81 2= 3924 N

= % (2000) x2— 3924 x = 1000 x2— 3924 x

on,
—— =2000x—-3924=0
OX
= X = 1.962 mm yields 7z, minimum

78 min = % (2000) (1.962)>— 3924 (1.962)

= 7pmin= — 3849.45 N-mm

@ o= % (400) X 981 X
or,
—— =400x-981=0
OX
= X = 2.4525 mm yields 7z minimum

T min = % (400) (2.4525)>— 981 (2.4525)
= 7pmin= — 1202.95 N-mm

2.19

Now let positive x be upward

FITT7TTEE

T = ] kx2— Fx
2
1
&= = (500) x2— 1000 X

7 = 250 x2— 1000 x
20
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6ﬂp
—— =500x —1000=0
OX

= x=20in.T
2.20

k = 1000 Ib/in.
500 Ib

F = k& x=0)
dU = Fdx
U= [ () dx b
0 3
ET) 0] "‘
3 I
U= ki
3 F=K§
1000 +f
Q= Fx /|

= % kx3— 500 x

or
—P = 0=ke-500
OX

0 = 1000 x2— 500
= x=0.707 in. (equilibrium value of displacement)

7 min = % (1000) (0.707)3-500 (0.707)

7l min = — 235.7 Ib-in.

2.21 Solve Problem 2.10 using P.E. approach

L
k=500 1b/in.

‘ k=1000 1b/in. 3
%1 1000 1b/in 2 8000 1b
L O
2 4

Rigid bar— "] O

77,

k=500 1b/in.

21
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1 1 1
= Z T )= E ky (Uz—U1)2+ E ko (U3—U2)2+ E ks (U4—Uz)2
e=1

— fu® U — f2® U — £ U
— 3@ Uz — 23 Uz — fax® U4

8ﬂp

5_ = —kius+ kg Ul—flx(l): 0 (1)
Uy
0
bl KiUz—Kiug — ko Uz + Ko up— k3 Us
ou,
+ kg Uz — fxl) — Fox@ — 13 = 0 @)
or
E: = kous—kauz — 3@ =0 @)
or
EE = ksUs—ksuz—f4® =0 )

In matrix form (1) through (4) become

s 0 07 [y fi,
ki kot kg Ky kg | fup | | @ £ 4 £, @) -
0 -k, k, 0 Ug f3x(2)
0 -k, 0 K Uy f4x(3)
or using numerical values
1000 -1000 O 0 7 {u=0 Fue
—-1000 2000 -500 -500| |Uu, _ —8000 (6)
0 500 500 0 | |u;=0 Fay
0 -500 0 500 u,=0 Fax

Solution now follows as in Problem 2.10

Solve 2" of Equations (6) for uz=—4 in.

For reactions and element forces, see solution to Problem 2.10
2.22 Solve Problem 2.15 by P.E. approach

=~ 3
3
o

) 1000 kN/m

500 kN/m

2 kN

2 kN

22
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1 1
T = Z T © = E k1 (U3—U1)2+ E ko (U3—U2)2

+ % Ks (Us— Us)2 — f®uy

— 3@ uz— 2@ up — f5x@ U3

— fax® us— fa® uy

orn

—L2 = 0=—kyus+ kyuy— f @

oy,

orn

—L2 = 0=—kous+ koup— @

ou,

orn

8_p = 0 =Ky Uz + K2 Uz— Ko Uz — K3 Us + kg Uz — 3@ — 3 — f3,(D) — k; uy
U3

or

P = 0=kszus— k3 uz— 3@

ou,

In matrix form

ky 0 —k 0 U Fiy

0 k, -k, 0 u,| Fox

Kk —ky, k+ky+ky —kg | |us[ |y =4kN
0 0 —Ky Ky Uy Fay

For rest of solution, see solution of Problem 2.15.
2.23
| =a; +axx
| (0) —ai=1

(L) =a1+a2L =1

|
a2 1
L

I, -1
|:|l+ gx
L

Now V = IR
V :—V1:R(|2—|1)
V=V,=R(l2—11)

==l Y
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