Chapter 2

2.1
(a)
’ . k] 3 k2 4 k3 2
[ 1
P
[k 0 -k O
0 0 0 O
e
~k 0 Kk O
L0 0 0 0
0 0 0 0]
00 0 0
e
00 k -k
0 0 0 0]
0 ki 0 —k
O = 3 3
K71=10 0 0 o
10 —k; 0 Ky

(K] = [+ K27 + K9]

k0 -k 0
0 k O ks
“k 0 k+k,  —k
0 —ky -k, ky+ks

(b) Nodes 1 and 2 are fixed so u; =0 and u, = 0 and [K] becomes

CTkitk, -k
K= L —k, k2+k3}
{F} = [K] {d}

B [ktk -k U3
Fy, - | —ky,  ky+hy ]| (uy
R 01 _ [k +ky, -k, u31
Pl | ~ky ky+ks] luyf
{F} = [K] {d} =[K 1 {F} = [K ] [K] {d}
= [K']{F}={d}
Using the adjoint method to find [K N
Ci=hk+k Cu= (1) (-k)
Cio= D" Ch)=k Co= ki+k
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L R T LS
ky  k +k

det [K] = [K] | = (k) + k2) (ko + k3) — (— k) (— k)
= 1K= (ki + k) (ko + ks) — ko

k= 1€

det K

{k2+k3 kz} {k2+k3 k2}
K = ky ktk] |k ktk

(ky +hy) (ky + k) —ky® Ky ky + kg Ky + Ky g

ky+ky k(0
{u31_ ky  k+k,||P

uy) Tk ky kK ks ks

k, P
= Uz=

ky ky +ky ky +ky ks
L e Ktk P

ky ky + ki ky +ky ky

(¢) In order to find the reaction forces we go back to the global matrix F' = [K] {d}

Fix kl O _kl O ul
Fy, 0 k 0 —k, Uy
E |l |-k 0 k+k, -k Uy
F,, 0 —ky —ky ky +ks | u,
Fiu=-kius=-k b P
ky ky +ky Ky +ky Ky
o F- —k, ky P
ky ky + K, ky +ky Ky
(k +ky) P

Frpo=-kzu,=-k
: T ket

L pe Rtk P
ky ky +k; ks +ky ks
2.2
Z
1 k 2 U F3
M
ki = ky= ks = 1000 12
in.
1 @ 2 3
NN B OB Ry )
-k k|2’ -k k(3

By the method of superposition the global stiffness matrix is constructed.
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nH @ A3)

k —k o kK —k 0
[Kl= |-k k+k —-k|2Q)=I[K]l=|-k 2k -k
0 -k k13 0 -k k
Node 1 is fixed > u; =0 and uz = &
{F} = [K] {d}

Fy, = -k k| {us=96
0 2k -k |{u, 0 = 2ku,-k6
= = =
Fo |k k18] | Fy= —kuy+ké
Uy = @ - é - 1& = 2—05”
2k 2 2

Fi= —k(0.5") + k(1)
Fa= (= 1000 22 0.5”) + (1000 2y (17)
m. mn.

F3,= 500 Ibs

Internal forces
Element (1)

AP [k =k [m=0

£2] T I k=05

= 0= 1000 2) 059 = £,P =—5001b
m.

£, M = (1000 1y 051= £, M =5001b
m.
Element (2)

{ fz,f”} B [ k —k} [u, = o.s"}=> £.2=-5001b

£ =500 1b

5.2 ko kg =1"

23

@ [k“d=[k(2>]=[k<”]=[k(‘”]=[ ¢ _k}

-k k
By the method of superposition we construct the global [K] and knowing {F} = [K] {d}
we have
(F=2 ——k—60—6— =0
F,, =0 -k 2 -k O Uy
F,=P; = -k 2k —k Uy
F,, =0 D 0 —k 2k — Uy
Fs, =17 C —0—+* T ="
5
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0 2k —k 0 ||u, 0 = 2ku, —ku,
(b)y Pr=|—k 2k —k|uzr=P = —kuy+2ku;—ku,
0 0 —k 2k]||u, 0 = —kuy+2ku,
= U= = jUp=—
S )

Substituting in the equation in the middle

P= —ku2+2ku3—ku4

- P= —k(ﬁ) +2ku3—k(ﬁ)
2 2

= P=ku3

R p
uz= —
Tk

P P

Up= — ;Us= —

T oo T %k

(¢) In order to find the reactions at the fixed nodes 1 and 5 we go back to the global
equation {F} = [K] {d}

P P
F1X= —ku2= —k— =>F|x= -
2k

P
sz—kuz—k—:>FX:—
: ¢ 2k :

N |~

Check
SF,=0=F,+Fs,+P=0

24

k —k
M 127 — 1.0 _ 1.7 _
@ 7= = k7] = [k ]_Lk k}

By the method of superposition the global [K] is constructed.
Also {F}=[K]{d}andu;=0and us=0

=" ———=k—0—0—0F{m =90
F, =0 K 2k —k 0 O |uy=?
F, =0} = —k 2k -k O|{uy=?
F, =0 0 —k 2k —k||u,=2?
R — —O—F— =5
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(b) 0=2kur—kus (1)

O=—ku2+2ku3—ku4 (2)
0= —kus+2kus—ko 3)
From (2)
uz= 2M2
From (3)
0+2u,
Up= ——=
2

Substituting in Equation (2)

2
=>—k(u2)+2k(2u2)—k(6+—252")
S 6
:>—u2+4u2—u2—5 =0=>M2— Z
4] 4]
=>Lt3=2— = U3 = —
4 2
5+2(8
= U4 = J = Uy = ﬁ
2 4
(¢) Going back to the global equation
{F} = [K] {d}

F1x= -k Uy = —ké :>F1x= —ﬁ
4 4

Fs,. = —ku4+k5=—k(¥J +k6
= F5x= ﬁ
4
2.5
, Kip

kip
in.
d d d, d,
1 -1 2 =2
kD1 = : k@1 =
K= J k=1 0 )
dz d4 d2 d4
3 -3] 4 —4
k@1 = : k@1 =
L -3 3] L -4 4
ds, dj
T 5 5T
k(i) —
k] 5 s
7
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Assembling global [K] using direct stiffness method

1 -1 0 0
K- -1 142+3+4 0 -2-3-4
“lo 0 5 -5
0 -2-3-4 -5 2+43+4+5
Simplifying
1 -1 0 0
-1 10 0 -9 |k
[K] = P

2.6 Now apply + 2 kip at node 2 in spring assemblage of P 2.5.

F>,= 2 Xkip
(K1{d} = {F}
[K] from P 2.5
1 -1 0 01 (=0 F
-1 10 0 -9 |u 2
= (A)
0 0 5 —=5||u;=0 K
0 -9 -5 14] |u, 0
where u; =0, u3 = 0 as nodes 1 and 3 are fixed.
Using Equations (1) and (3) of (A)
10 -9 |(|u, ]2
-9 14]lu,f 1o
Solving
u, = 0.475in., wus=0.305 in.
2.7
1 K 2
e OAANANNANO ——
c c

+fiy — = O ANNANANAO —— +f,

+ nodal force conv.

fiu=C, fu=-C

f= —kS=— kur — u)
Jix
Joe=— (= k) (ua—u1)

(ed- 1

(K] k —k) same as for
ok &

— k(uz —uy)

tensile element
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2.8

So
1 -1 0
[K]= 500 | -1 2 -1
0 -1 1
{F}=[K]{d}
F=?
= |F,=0 =
F, =1000
= 0= 1000 u> — 500 u3 (1
500 = —500 uy + 500 us 2)
From (1)
500
= =u, =05 3
27 Joop BT @

Substituting (3) into (2)
= 500 = -500 (0.5 u3) + 500 us
= 500 = 250 u;

= Uz = 2 in.
= = (0.5) (2in.) = u = 1 in.
Element 1-2
1 .
i _soo] T TYIO in] £, =-5001b
f2X<1) -1 1|l in. fzxm = 5001b
Element 2-3
2 .
L o[ 1 1 in _, 2 ==5001b
£ ? -1 1]12in f,.? = 5001b
0
Fi,=500[1 — 1 0] |1 in.|= F,,=-5001b
2 in.
2.9
k=1000 12 k=10002  x=10002
y - in. - in. - in.
1000 b 4000 Ib
1 2 3 4
9
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ey 2

) [ 1000 -1000
[k]=
| —1000 1000
(2) (3)
@ [ 1000 —1000
[£7]=
| —1000 1000
3) “4)
3 [ 1000 —1000
[£7]=
| — 1000 1000
(H 2 3 )
[ 1000  —1000 0 0 ]
(K] = —1000 2000 —1000 0
B 0 —1000 2000 —1000
0 0 —1000 1000 |
(9 hl . FaYaYa) 1000 Fa fa 1 =0)
T1x d \viviv) javivivy A% \vj Hy Aoz
F,, =-1000 |- 000 2000 -1000 O U,
F,=0 - —1000 2000 —1000 | |us
F,, = 4000 L 0 —1000 1000 ] {u,
= u; = 0in.
Uy = 3 in.
usz= 7 in.
us= 11 in.
Reactions
u= 0
M2 = 3
Fi,= [1000 —1000 O 0] . = F1,=-3000Ib
Uy =
ug= 11
Element forces
Element (1)
! [ 1000 —1000 1(0) £, =-30001b
=
L0 | —1000 1000 |(3 £, = 30001b
Element (2)

£, [-1000 1000 J|7] £, @ = 40001b
Element (3)

AP T 10000 -1000 T
J ~ L=1000 1000 |

{fzx(z)} [ 1000 1000 ] {s}ﬁ £,,? =—40001b

7} f5.2 ==40001b
T

f4x(3) f4x(3) = 40001b

2.10

k=500 10
1n.
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1, [ 1000 —1000
[k7]=
|-1000 1000
= [ 500 -500
|-500 500
O = [ 500 -500
|-500 500
{F}= [K]{d}
F,=? 1000 —-1000 0 0 7(u=0
Fy,=-4000| |=1000 2000 —500 =500 ||u,=?
Fy =7 0 =500 500 0 ||lu;=0
F, =7 0 -500 0 500 | {u, =0
—4000 .
= Up= —— =-21n
2000
Reactions
F, 1000 —1000 0 0 (0
F, | _|-1000 2000 —500 —500 ||—2
E | | 0o =500 3500 0 [|0
F,, 0 -500 0 50010
F, 2000
F,, —4000
= = b
Fy, 1000
F,, 1000
Element (1)
P [ 1000 —10007( 0 fi? 2000
= ey =
£, |-1000 1000 ||-2 £, —2000
Element (2)
£:2] T 500 —500} {—2} £ {—1000}
= = = lb
£,@ | -500 500 0 £, 1000
Element (3)

L) [ 500 -s007(-2)  [£.7] [-1000]
7.0 =500 5001 of 7 |5, @1 1000

N N
’ 2000 — 2000
% | m 2 m 3 F,

5=20 mm

2.11
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3
O=—2u2+3u3:>u2= E M3:>M2=1.5 us

450 N = 30000 (1.5 u3) — 20000 u3

N
= 450N = (25000 —)u3 = u3=1.8x107m
m

= w=151.8%x10%) = u=2.7%x10>m

i

Element (1)

{f'} = 10000 { !
f2x -1
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0
2.7%1072

-

0 2000 —2000 o 2000 —2000
[k7]= . K=
-2000 2000 -2000 2000
{F} = [K] {d}
F,=? 2000 —2000 0O ;=0
F, =0¢ = [ =2000 4000 —2000 ||u,="?
Fy, =2 0 2000 2000 | | u3 =0.02m
= u; = 0.0l m
Reactions
Fi.= (=2000) (0.01) = F;,=-20 N
Element (1)
f 2000 —20007 ( O f -20
AN e R AR el
P —-2000 2000 | 0.01 b 20/
Element (2)
P [ 2000 —2000} {0.01} o {—20}
R = e N = N
P 2000 2000 | |0.02 A 20
2.12
N N N
10,000 — 20,000 — 10,000 —
7 M 450N m m
! 2 3 4
©) @ ® ’
(1) (3) I -1
k"= k1= 10000 Lo
2 =2
[K®]= 10000 { }
2 2
{F} = [K] {d}
F,=? F—+—0— {0
F, =4500 N 3 2 Uy =?
= 10000
F,, =0 -2 3 Uy =7
F4x =7 O 1 r_ T — G

S’ =-270N
£H.M=270N



Element (2)

f 1 =17 [2.7x1072 £, ®= 180N
{f2x}= 20000 { } N f2x

P 18x107]  £,®=-180N

Element (3)

f T 1 —1] -2 £ O = 180N
{“L 10000 {1'8“0 [
f4xJ —_1 1— 0 J f4x(3) =-180N

0
{Fi:} = (10000 E) [1-1] ,( = Flii==270N
m 2.7x10™

Reactions

-2
(Fa) = (10000 ) 1 1] {1.8><10 }
m 0

= F4=-180N
2.13

K"1= (K¥1= (kV1= (k1= 20 [_1 _1}

1
{F} = [K] {d}
F,=? —t—0—"06 u =0
F,. =0 - 2 -1 0 u, ="
F;,=10kN}: =20 -1 2 -1 uy =17
F,, =0 D 0 -1 2 —f| |ug=?
F;, =? —o0—t Us =
0=2uy —uy = uy, =0.5u,
= Uy = Uy
O=—u; +2uy = u,;=0.5u,
= S5kN=-20u+40 2 up)-20u,
= 5=40u; = u; =0.125m
= us= 0.125m
= uz= 2(0.125) = u3 =0.25 m
Element (1)
fix 1 -17( 0 f.0=-25kN
R =20 =
fos -1 1] [0.125 sz“):z,skN
Element (2)
f 1 17 (0.125 f,, P =—25kN
Ji“ =20 = ff*
Fa -1 1 0.25 f3x(2) =25kN
13
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Element (3)

117 G _
{f3x}_20 1 1{0.25} fo @ =2.5kN

= 3
fax -1 1] [0.125 fu ==2.5kN
Element (4)
fu T 1 1] {0.125 P =25kN
=20 =
fo —_1 1— 0 fo(4) =-2.5kN
0
Fi,=20[1 -1] = F,=—2.5kN
{0.125}
0.125
Fse=20[-1 1177 7 = F=-25kN
2.14
) 400 o 1000 N 4000 - 2000 N
%1“““““2 VYV VIV,
1 -1
kM= [k?]1=400 { ]
-1 1]
{F} = [K] {d}
F,="? F——6Ffr=o
F,, =100 +=400|-] 2 —1| qu,=?
F,, =—-200 -1 1] (uz=?
100 = 800 u, — 400 us
—200 = — 400 uy + 400 us
—100=400 ur => u, =—0.25m
100 = 800 (- 0.25)-400 u3 = u3 =—0.75 m
Element (1)
f T1 =17 ( 0 £ O=100N
{lx = 400 { } = lex
Jax -1 1) =025 £, ==100N
Element (2)
f 1 -1 (-0.25 £, P =200N
fAZX = 400 —‘ I }: fA2x
i -1 1) 1=075) T A @2 a00N
Reaction
Fi.} =400[1 -1 = F,=100N
{Fi} [ ] {_0.25} |
2.15
ook SN
3 1 kN
. 1000 XN
o L AAN _%
4
3 7
1 kN
RS

14
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[ 500

O] < —500} [k@)]{ 500 —500} o =[ 1000
|-500 500 ~500 500 ~1000
F,=? 150 0 -500 0 u, =0
Fp,=? | | 0 500 -500 0 1, =0
F,,=2kN[  |=500 =500 2000 —1000| |u;="?
F,, =? L0 0 —1000 1000 |u,=0
=  u3=000lm
Reactions
Fir= (=500) (0.001) = Fj, =— 0.5 kN
Far= (= 500) (0.001) = Fy, =— 0.5 kN
Fyr= (= 1000) (0.001) = Fy, =— 1.0 kN
Element (1)
{fu} [ 500 -500] { 0 }:{fu}_{—o.sm}
7]~ =500 s00] [0.001 il 0.5kN
Element (2)
{f2x1 [ 500 -5007 { 0 }:> {fu} _{—O.SkN}
7..| ~ L=s00  s00] [0.001 Fa 0.5kN
Element (3)
{ﬁ} [ 1000 —1000} Jo.om} . {ﬁ} B { 1kN }
7. 7 [-1000  1000) | 0 7] -k
2.16
F, 100 100 0 07 (0
100 |-100 100+100 100 0 | |u
~100 0  -100  100+100 —100| |u
F,, 0 0 ~100 100] [0
100] 200 -100] [u,
{—100} " =100 200 {uj
Uy = l in.
3
Uz = — 5 in.
2.17

15
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1000

|



500 =566 O D
le =7 = 0
400 + 300
0 —300 -300-300 -400 Uy
= 500+ 300
1000 N Uz
=300 -300 (300+ 300 +400) -400
F,,=? uy, =0
-400 —400 400 + 400
0 = 1500 uy — 600 us
1000 = - 600 u, + 1000 us
1500
Uz = ———— Uy = 2.5u2
60 0
1000 = — 600 uy + 1000 (2.5 uy)
1000 = 1900 u,
Uy = @ = i mm = 0.526 mm
1900 1.9
uz =2.5 (L) mm = 1.316 mm
1.9
Fi, = =500 (L) =-263.16 N
1.9
1 1
F4 =-400 (—) -400 |25 (—j
1.9 1.9
=-400 (L + Ej =-736.84 N
1.9 1.9
2F,=-263.16 + 1000 — 736.84 =0
2.18
(a)
1000 Ib
k = 2000 1 l x
As in Example 2.4
m,=U+Q
U= 1 kx2,52=—Fx
2
Set up table
1
7= < (2000) x*=1000 x = 1000 x> — 1000 x
Deformation x, in. 7, 1b-in.
-3.0 6000
-2.0 3000

16
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-1.0
0.0
0.5
1.0
2.0

1000
0

- 125
0
1000

fi4
—~ =2000 x - 1000 = 0 = x = 0.5 in. yields minimum 7, as table verifies.

ox

7. Ib-in.

-3 -1 1
& Minimum
(b)
7, = % kx’ = Fo= 250 x— 1000 x
X, in. 7, Ib-in.
-3.0 11250
-20 3000
-1.0 1250
0 0
1.0 - 750
2.0 — 1000
3.0 - 750
oz,
—— =500x-1000=0
ox
= x = 2.0 in. yields 7, minimum
(©
k = 2000 L

T
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400 kg x9.81 2=3924 N

17

, in.



= & (2000 - 3924 x = 1000 >~ 3924 x
2

or,
—— =2000x-3924=0
ox
= x = 1962 mm yields 77, minimum

1
Zymin= — (2000) (1.962)* - 3924 (1.962)

= 7 min= — 3849.45 N-mm

@ 7, = % (400) X~ 981 x
or,
—— =400x-981=0
ox
= x = 2.4525 mm yields 7, minimum

Ty min= % (400) (2.4525)>— 981 (2.4525)

= 75 min= — 1202.95 N-mm

2.19
i F=1000 Ib
Now let positive x be upward
k=500
|
mT,= — kx"—Fx
2
1 2
m,= 5 (500) x”— 1000 x
7, = 250 x* = 1000 x
anp
—— =500x -1000=0
ox
= x=20in. T
2.20
F=5001b
F=k& (x=9)
dU = F dx

18

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



4000
kx
U= —
3 1000
Q=—-Fx
1 3
m,= — kx’-500x
3
on
—2 = 0=k’-3500
ox

0= 1000 x*— 500

= x=0.707 in. (equilibrium value of displacement)
1
7 min = 3 (1000) (0.707)* =500 (0.707)

Ty min = — 235.7 1b-in.

2.21 Solve Problem 2.10 using P.E. approach

, _ b

Rigid bar— |

3
o_ 1 | 1
7, = Z ”P()= 3 ki (2 — 1)+ Py ka (u3—u2)* + > k3 (s — u2)*
e=1
—f3x(2) Ms—fzx(3) Mz—f4x(3) Uy
or
E)_up = —kiup+kyu—fi,lV =0 (1)
1
or,
@ = kl uz—klul—k2u3+k2u2—k3u4
+k3u2 _fzx(l)_fzx(z)_fzx(3):() )
or
)4 2)
P = hus—koty— f3, 2 =
o, rus—kouz— f3 0 3)
orn
— 2 = kyus—kyus— i, =
o, sus—kauz— fi 0 @

19

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



In matrix form (1) through (4) become

ko -k 0 07 (4 £
—ky ktkytky —ky —ky | juy| LY+ 6.2+ £ )
0 -k k0| ]|u £i?
0 —k; 0 Ik Uy f4x(3)
or using numerical values
1000 -1000 O 0 u=0 F,
—-1000 2000 -=500 -500| |u, _ - 4000 ©)
0 =500 500 0 uy; =0 FE;,
0 -500 0 500 u, =0 Fy,

Solution now follows as in Problem 2.10

Solve 2™ of Equations (6) for up=- 2 in.

For reactions and element forces, see solution to Problem 2.10
2.22 Solve Problem 2.15 by P.E. approach

500 2N S

1
+ 5 ks (ua—u3) = fi" uy

1 2 2
_ﬁ;x( ) u3_f2x( ) up _f3x( ) us

3 4
_fo( )u3_f3x( )M4

orn
—L2 = 0=—kyuzs+ kyu;— fi,"
du,
on
—L = 0=-khus+k uz—fzx(z)
du,
or
a_up =0=kiuz+ kous—kour— ks us+ k3 MS—fo(Z)—foO) _fSX(])_ kiu
3
orn
—L2 = 0=kyus— kyuz— f.
du,
In matrix form
k0 —k, 0] (u £,
0 k2 _k2 0 MZ sz
—k —ky, k+ky+ky —ky | |us|  |F =2kN
0 0 —ks3 ks Uy Fy,

For rest of solution, see solutions of Problem 2.15.

20
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2.23
I =a +ax
I1(0) =a =1
I(L)y=ai+a,L=1
-1

a = —=——

L

I, -1
I =L+ 2 "Ly
L
Now V = IR
V=-Vi=R(L-1)

V=V,=RW-1))

(b=

21
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